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—— Abstract

A graph has an edge-contact representation with polygons if its vertices can be represented
by interior-disjoint polygons such that two polygons share a common edge if and only if the
corresponding vertices are adjacent. In this work we study representations in 3D.

We show that every graph has an edge-contact representation with polygons in 3D, while this
is not the case if we additionally require that the polygons are convex. In particular, we show that
every graph containing K5 as a subgraph does not admit a representation with convex polygons.
On the other hand, K4 4 admits such a representation, and so does every K, where every edge
is subdivided by a vertex. We also construct an infinite family (G,,) of graphs where G,, has n
vertices, 6n — o(n) edges, and admits an edge-contact representation with convex polygons in 3D.

Lines 174

1 Introduction

A graph has a contact representation if its vertices can be represented by interior-disjoint
geometric objects such that two objects touch exactly if the corresponding vertices are
adjacent. In concrete settings, one usually restricts the set of geometric objects (circles, lines,
polygons, ...), the type of contact, and the embedding space. Numerous results about which
graphs admit a contact representation of some type are known. Giving a comprehensive
overview is out of scope for this extended abstract. We therefore mention only few results.
By the Andreev—Koebe—Thurston circle packing theorem [3, 20] every planar graph has a
contact representation by touching disks in 2D. Contact representations of graphs in 2D
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rangements and Drawings as FWF project I 3340-N35; A.W. acknowledges support by DFG project
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fruitful discussions.
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1:2 Representing Graphs by Polygons with Edge Contacts in 3D

have since been considered for quite a variety of shapes, including triangles [4, 8, 13, 14, 19],
axis-aligned rectangles [1, 5, 11], curves [15], or line segments [6, 7, 16] in 2D and balls [17],
tetrahedra [2] or cubes [12, 18] in 3D. Evans et al. [10] showed that every graph has a
contact representation in 3D in which each vertex is represented by a convex polygon and
two polygons touch in a corner if and only if the corresponding two vertices are adjacent.

In this work we study contact representations with polygons in 3D where a contact
between two polygons is realized by sharing a proper edge that is not part of any other
polygon of the representation. The special case where we require that the polygons are
convex is of particular interest. Note that we do not require that the polyhedral complex
induced by the contact representation is a closed surface. In particular, not every polygon
edge has to be in contact with another polygon. By Steinitz’s theorem [21], every 3-connected
planar graph can be realized as a convex polyhedron, whose dual is also a planar graph.
Thus all planar graphs have such a representation with convex polygons.

Results. We show that for the case of nonconvex polygons, every graph has an edge-contact
representation in 3D. For convex polygons, the situation is more intricate. We show that
certain graphs do not have such a representation (even some 3-trees). On the other hand,
many nonplanar graphs (for example, K4 4) have such a representation. In particular, graphs
that admit an edge-contact representation with convex polygons in 3D can be considerably
denser than planar graphs.

2 Representations with General Polygons

First we show that every graph can be represented by nonconvex polygons; see Figure 1.

Figure 1 A realization of K5 by nonconvex polygons with edge contacts in 3D.

» Proposition 2.1. Every graph can be realized by polygons with edge contacts in 3D.

Proof. To represent a graph G with n vertices, we start with n rectangles such that the
intersection of all these rectangles is a line segment s. We then cut away parts of each
rectangle thereby turning it into a comb-shaped polygon as illustrated in Figure 1. This
step ensures that for each pair (P, P’) of polygons, there is a subsegment s’ of s such that s’
is an edge of both P and P’ that is disjoint from the remaining polygons. The result is a
representation of K,,. To obtain a realization of G, it remains to remove edge contacts that
correspond to unwanted adjacencies, which is easy. |

If we additionally insist that each polygon shares all of its edges with other polygons,
the polygons describe a closed volume. In this model, K7 can be realized as the Szilassi
polyhedron; see Figure 2. The tetrahedron and the Szilassi polyhedron are the only two
known polyhedra in which each face shares an edge with each other face [22]. Which other
graphs can be represented in this way remains an open problem.
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Figure 2 The Szilassi polyhedron realizes K7 by nonconvex polygons with edge contacts in
3D [22].

3 Representations with Convex Polygons

We now consider the setting where each vertex of the given graph is represented by a convex
polygon in 3D and two vertices of the given graph are adjacent if and only if their polygons
intersect in a common edge. (In most previous work, it was only required that the edge of
one polygon is contained in the edge of the adjacent polygon. For example, Duncan et al. [9]
showed that in this model every planar graph can be realized by hexagons in the plane and
that hexagons are sometimes necessary.) Note that it is allowed to have edges that do not
touch other polygons. Further, non-adjacent polygons may intersect at most in a common
vertex. We start with some simple observations.

» Proposition 3.1. FEvery planar graph can be realized by convex polygons with edge contacts
in 2D.

Proof. Let G be a planar (embedded) graph with at least three vertices (for at most two
vertices the statement is trivially true). Add to G a new vertex r and connect it to all
vertices of some face. Let G’ be a triangulation of the resulting graph. Then the dual G*
of G’ is a cubic 3-connected planar graph. Using Tutte’s barycentric method, draw G* into
a regular polygon with degq/ (r) corners such that the face dual to r becomes the outer face.
Note that the interior faces in this drawing are convex polygons. Hence the drawing is an
edge-contact representation of G’ — r. To convert it to a representation of G, we may need
to remove some edge contacts, which can be easily achieved. |

Note that Proposition 3.1 also follows directly from the Andreev—Koebe—Thurston circle
packing theorem. So for planar graphs vertex and edge contacts behave similarly. For
nonplanar graphs (for which we need the third dimension), the situation is different. Here,
edge contacts are more restrictive. We introduce the following notation. In a 3D representation
of a graph G by polygons, we denote by P, the polygon that represents vertex v of G.

» Lemma 3.2. Let G be a graph. Consider a 3D edge-contact representation of G with
convex polygons. If G contains a triangle uvw, polygons P, and P, lie on the same side of
the plane that supports P,.

Proof. Due to the convexity of the polygons, P, and P, either both lie above or both lie
below the plane that supports P,, otherwise P, and P, cannot share an edge. In this case,
the edge vw of G would not be represented; a contradiction. <

» Proposition 3.3. Forn > 5, K,, is not realizable by convex polygons with edge contacts
in 3D.
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1:4 Representing Graphs by Polygons with Edge Contacts in 3D

(a) The arrangement of the polygons Py, ..., P,. m (b) Quadrilateral ) spanned by e, and e;.

Figure 3 Illustration for the proof of Proposition 3.4.

Proof. Assume that K, admits a 3D edge-contact representation. Since every three vertices
in K, are pairwise connected, by Lemma 3.2, for every polygon of the representation, its
supporting plane has the remaining polyhedral complex on one side. In other words, the
complex we obtain is a subcomplex of a convex polyhedron. Consequently, the dual graph
has to be planar, which rules out K, for n > 5. |

» Proposition 3.4. Let K/ be the subdivision of the complete graph K,, in which every edge
is subdivided with one vertex. For every n, K/, has an edge contact representation with convex
polygons in 3D.

Proof sketch. For n < 4 the statement is true by Proposition 3.1. We sketch the construction
of a representation for n > 5; see Figure 3. Let P be a convex polygon with k = 2(72‘) vertices,
called vy, vs, ..., v, such that vyvy is a long edge and the remaining vertices form a flat
convex chain connecting v, and vi. We represent each high-degree vertex of K, by a copy of
P. We arrange those copies in pairwise different vertical planes containing the z-axis such
that all copies of vv; are arranged vertically at the same height and at the same distance
from the z-axis; and such that the convex chain of each copy of P faces the z-axis but does
not intersect it. Consider two different copies Ps and P, of P in this arrangement. They
contain copies ez and e; of the same edge e of P. It can be shown that e; and e; are coplanar.
Moreover, they form a convex quadrilateral ) that does not intersect the arrangement except
in es and e;. We arbitrarily assign each edge vo;—q1v9;, 1 <i < k/2= (g), to some edge st of
K, and use the quadrilateral () spanned by es and e; to represent the subdivision vertex of st
in K. As any two such quadrilaterals are vertically separated and hence disjoint, those (g)
quadrilaterals together with the n copies of P constitute a valid representation of K. <

» Proposition 3.5. K, 4 is realizable by convex polygons with edge contacts in 3D.

Proof sketch. We sketch how to obtain a realization. Start with a box in 3D and intersect
it with two rectangular slabs as indicated in Figure 4 on the left. We can now draw polygons
on the faces of this complex such that every vertical face contains a polygon that has an
edge contact with a polygon on a horizontal or slanted face. The polygons on the slanted
faces lie in the interior of the box and intersect each other. To remove this intersection, we
pull out one corner of the original box; see Figure 4. <
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' Figure 4 A realization of K, 4 by convex polygons with edge contacts in 3D.

In contrast to Proposition 3.5, we believe that the analogous statement does not hold for
all bipartite graphs, i.e., we conjecture the following:

» Conjecture 3.6. There exist values n and m such that the complete bipartite graph K, ,
s mot realizable by convex polygons with edge contacts in 3D.

By Proposition 3.1, all planar 3-trees can be realized by convex polygons with edge
contacts (even in 2D). When switching to 3D, also nonplanar 3-trees can have a realization
by convex polygons with edge contacts; see for example Figure 5. However, this is not the
case for all nonplanar 3-trees.

@ Figure 5 A nonplanar 3-tree with a realization by convex polygons with edge contacts in 3D.
The gray vertices form a Kjy.

» Proposition 3.7. Not all 3-trees can be realized by convex polygons with edge contacts
in 3D.

(a) A 3-tree that is not 1 (b) Schematic drawing of a potential realization. Net of the three

realizable by convex poly- 132 gray polygons and traces of the planes that contain the red and
gons with edge contacts 133 green polygons, which must touch each of the gray polygons. The
in 3D. The gray vertices 13+ line of intersection between two of the gray polygons is drawn
form a 3-cycle. 135 twice (dashed).

M Figure 6 Illustrations for the proof of Proposition 3.7.

1:5
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Proof sketch. We claim that the 3-tree in Figure 6a, which consists of K3 3 plus a cycle that
connects the gray vertices of one part of the bipartition does not have a representation with
convex polygons. The details are presented in the appendix. |

It is an intriguing question how dense graphs that admit an edge-contact representation
with convex polygons in 3D can be. In contrast to the results for corner contacts [10]
and nonconvex polygons (Proposition 2.1) in 3D, we could not find a construction with a
superlinear number of edges. The following construction yields the densest graphs we know.

» Theorem 3.8. There is an unbounded family of graphs that admit edge-contact represen-
tations with convex polygons in 3D and have the property that a graph with n vertices has

6n — o(n) edges.

Proof sketch. We first construct a contact representation of m = [/n] regular octagons
arranged as in a truncated square tiling; see Figure 7(a). Since the underlying geometric
graph of the tiling is a Delaunay tessellation, we can lift the points to the paraboloid such
that each octagon is lifted to coplanar points. We call the corresponding (scaled and rotated)
polyhedral complex I'; see Figure 7(b). Next we place |y/n] copies of I in a cyclic fashion as

1o (@) The plane octagon structure. 1o (b) The complex T'.

Figure 7 Proof of Theorem 3.8: construction of the complex I'.

shown in Figure 8(a) and we add vertical polygons in to generate a contact with the /m
vertical edges of the octagons; see Figure 8(b). To connect the horizontal edges, we use the

151 (@) The placement of the copies of I 151 (b) One vertical polygon.

Figure 8 Proof of Theorem 3.8: placement of the copies of I" and vertical polygons.
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“inner space” of our construction as illustrated in Figure 9(a). Finally, a slight perturbation
fixes the following two issues: First, many of the horizontal polygons lie on the same plane
and intersect each other. Second, many edges of vertical polygons run along the faces of I'.
To fix these problems we modify the initial grid slightly; see Figure 9(b). <

/\‘/\

-

(a) The location of a horizontal polygon 164 (b) The modifications for I to separate
as seen in a cross section. 165 nondisjoint faces.

Figure 9 Proof of Theorem 3.8: horizontal polygons and final modifications.

4 Conclusion and Open Problems

An application of Turdn’s theorem [23] with Proposition 3.3 implies that the maximum
number ec,(n) of edges in an n-vertex graph that admits an edge contact representation with
convex polygons is at most 2n?. Theorem 3.8 gives a lower bound of 6n — o(n) for ecy(n).
We tend to believe that the latter is closer to the truth than the former and conclude with
the following open problem.

» Question 4.1. What is the mazimum number e.,(n) of edges that an n-vertex graph
admitting an edge contact representation with convex polygons can have?
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A Appendix: Remaining Details of Section 3

» Proposition 3.4. Let K], be the subdivision of the complete graph K, in which every edge
is subdivided with one vertex. For every n, K| has an edge contact representation with convex
polygons in 3D.

Proof. It is clear that the proposition holds for n € {1,2}. We now show it for n > 3.

Let P be a convex polygon with k = 2(%) vertices v1,vs,...,v) in the plane. Assume
that v1 and vi lie on the x-axis and that the rest of the polygon is a convex chain that
projects vertically onto the line segment v7vy, which we call the long edge of P. We call the
other edges short edges. We choose P such that no short edge is parallel to v7vy.

For the n high degree vertices in K/, we take n copies Py, ..., P, of P and place them
in 3D such that their long edges lie on the vertical boundary of a cylinder Z that has the
z-axis as center; see Figure 10(a). For s = 1,2,...,n, each polygon Ps lies on a distinct
halfplane that is bounded by the z-axis, and all polygons lie inside the cylinder Z. Finally,
all polygons are positioned at the same height, implying that for any vertex v; of P, all
copies of v; lie in a horizontal plane h; and have the same distance to the z-axis.

(a) The arrangement of the polygons Py, ..., P,. 258 (b) Quadrilateral @ spanned by e, and e;.

Figure 10 Illustration for the proof of Proposition 3.4.

Leti € {1,2,...,k—1}. Then the edge e = v;v;11 is a short edge of P. For s =1,2,...,n,
we denote by e; and v] the appearance of e and v; in P;, respectively. We claim that, for
1 < s <t < n, the edges e, and e; span a convex quadrilateral that does not intersect any
P; with j & {s,t}. To prove the claim, we argue as follows.

By the positioning of P and P; inside Z, the supporting lines of e; and e; intersect at a
point z on the z-axis, implying that es; and e; are coplanar. Moreover, v and v! are at the
same distance from z, and the same holds for v{,; and vl +1- Hence the triangle spanned by
z, v§, and v} is similar to the triangle spanned by z, v¥,_, and v}, implying that v;v} and
v _va 1 are parallel and hence span a convex quadrilateral Q. Finally, no polygon P; with
J & {s,t} can intersect Q as any point in the interior of @ lies closer to the z-axis as any
point of P; at the same z-coordinate, which proves the claim.

We arbitrarily assign each edge va;—1v92;, 1 < i < k/2 to some edge st of K,. By our
claim, the edge e, of P and the edge e; of P; span a convex quadrilateral @) that does not
intersect any P; with j & {s,t}. We use @ as polygon for the subdivision vertex of the edge st
in K. The quadrilateral @ lies in the horizontal slice of Z bounded by the horizontal planes
hoi—1 and hg; for some 1 <14 < k/2. Since any two such slices are are vertically separated
and hence disjoint, the (”) quadrilaterals together with the n copies of P constitute a valid

2
representation of K. <
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» Proposition 3.7. Not all 3-trees can be realized by convexr polygons with edge contacts
in 3D.

Proof. Consider the 3-tree in Figure 11a, which consists of K33 plus a cycle that connects
the gray vertices of one part of the bipartition. The other part of the bipartition consists of
three colored vertices (red, green, blue). For the sake of contradiction, assume that there is a
representation by convex polygons with edge contacts and distinguish two cases: Either the
three polygons are coplanar or not.

(a) A 3-tree that is not 285 (b) Schematic drawing of a potential realization. Net of the three

realizable by convex poly- 286 gray polygons and traces of the planes that contain the red and
gons with edge contacts 287 green polygons, which must touch each of the gray polygons. The
in 3D. The gray vertices 288 line of intersection between two of the gray polygons is drawn
form a 3-cycle. 280 twice (dashed).

Figure 11 Tllustrations for the proof of Proposition 3.7.

If the gray polygons are coplanar, then all edge contacts must lie in the same plane. This,
however, contradicts the fact that K33 is not planar.

If the three edges are not coplanar, the gray polygons form a prism-like shape. Note
that every colored vertex together with the gray vertices forms a K4. Hence, by Lemma 3.2,
all gray polygons must lie on one side of the supporting plane of a colored polygon. Each
supporting plane of a colored polygon intersects the gray triangular prism in a triangle. Two
of these triangles must intersect (otherwise one of the outer colored polygons would be cut off
by the middle colored polygon and would not have any contact with the gray polygons). The
two intersecting triangles (say, the red and the green) cross each other exactly twice, and the
two points of intersection lie on two distinct sides s; and so of the gray prism; see Figure 11b.
Let s3 denote the side of the gray prism that does not contain any of these intersection
points. Each of the two crossing triangles intersects s3 in a line segment. These two line
segments partition sz into three regions. For i € {1,2,3}, let p; denote the gray polygon
that lies on side s;. Polygon ps lies in the middle (bounded) region of ss, otherwise it cannot
have an edge contact with both the red and the green polygon. The two crossing triangles
partition each of the remaining two sides s; and s, into four regions. Two of these regions
are unbounded; the other two are bounded and triangular. To realize edge contacts with ps,
polygons p; and p; have to be located in the triangular region of s; and so, respectively,
that is adjacent to the middle region of s3. However, in this case p; and ps cannot possibly
touch; a contradiction. <

» Theorem 3.8. There is an unbounded family of graphs that admit edge-contact represen-
tations with convex polygons in 3D and have the property that a graph with n vertices has
6n — o(n) edges.

Proof. We give a construction with respect for constructing G; for which we can make
the graphs arbitrarily large. Instead of specifying the graph we will describe the contact

1:11
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representation (the dual). We will leave out a few details and discuss the general idea first,
before giving the actual construction. In particular, some of the polygons might first have an
intersection that is not a common edge.

Pick some number n. Note that in the end the total number of faces will exceed n, but
only by o(n). We start with constructing a representation that has m = [y/n] faces. The
faces are arranged as the regular octagons in a truncated square tiling; see Figure 12(a).
We choose the grid dimension such that height and width are equal. For this we fill up the
last row/column with extra octagons exceeding m if needed. Note that we only consider
the octagons and leave the quadrilaterals as holes. The underlying geometric graph of the
tiling is a Delaunay tessellation, which can be easily checked by the empty-circle-property.
As a consequence we can lift the points to the paraboloid such that each octagon is lifted to
coplanar points. We call the corresponding polyhedral complex I'. For convenience we scale
the height of I' down and rotate such it “stands upright” as shown in Figure 12(b).

329 (@) The plane octagon structure. 329 (b) The complex T

Figure 12 Proof of Theorem 3.8: construction of the complex T'.

Next we make |/n] copies of I" and place them in a cyclic fashion as shown in Figure 13(a).
To finish the construction we add further polygons. These polygons attach to the holes in
every copy of I'. Every hole is a quadrilateral with two (nearly) vertical and two horizontal
edges. To generate an adjacency with the vertical edges we add vertical polygons. Note that
in the initial plane tiling, the 2m vertical edges lie on roughly 2,/m lines. Hence, in T', each
of these lines defines a vertical plane and the contained edges of the quadrilateral are part of
a convex chain. As a consequence we can add vertical polygons in every of these planes to
generate a contact with the vertical edges; see Figure 13(b).

We are left with connecting the horizontal edges. For this we use the “inner space” of
our construction. Pick one edge of I. The copies of that edge in the other copies of I' lie on
a horizontal plane. Further, if we have scaled properly, these edges span a convex polygon as
shown in Figure 14(a).

We have ignored two issues, which we will fix now. First, many of the horizontal polygons
lie on the same plane and intersect each other. Second, many edges of vertical polygons
run along the faces of I'. To fix these problems we modify the initial grid slightly. Every
octagon is replaced by a convex 16-gon by adding a 2-vertex chain on every horizontal and
vertical edge. We call the inner edges of the 2-chains connectors. Every connector has a
corresponding octagon edge it overarches. If the corresponding edge is a horizontal edge in I’
we call the connector horizontal; otherwise vertical. All connectors will be placed such that
they are parallel to their corresponding octagon edges. We make sure that if a set of vertical
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/

339 (@) The placement of the copies of T". 339 (b) One vertical polygon.

Figure 13 Proof of Theorem 3.8: placement of the copies of I" and vertical polygons.

edges were on a common line then also their vertical connectors lie on a common line. On
the other hand we make sure that none of the horizontal connectors lie on a common line;
see Figure 14(b). For the modified plane embedding we use now the same lifting as before,
which means that every 16-gon is lifted to the same plane as its corresponding octagon.
Our modification has achieved the following. The planes spanned by a (lifted) horizontal
connector and its copies are all horizontal but disjoint. The (lifted) vertical connectors of
vertical edges that belonged to a vertical polygon lie on a common plane and the connectors
span a convex polygon that does not intersect the interior of faces in I'. As a consequence
we can establish the horizontal and vertical polygons at the connectors to get the same
connectivity as before, but the face interiors are disjoint.

Ky_\/

363 (@) The location of a horizontal polygon 36 (b) The modifications for I" to separate
34 as seen in a cross section. 3¢ nondisjoint faces.

Figure 14 Proof of Theorem 3.8: horizontal polygons and final modifications.

As the last step we bound the edges of the dual graph of the constructed structure, i.e.,
we count the number of face-adjacencies in the polyhedral complex. For convenience we refer
to the complex with the octagons, since it has the same incidences. Note that we have n
octagons but only O(n/m) = O(m) horizontal and O(m+/m) vertical polygons. For n’ being
the total number of faces, we have o(n’) faces that are not octagons. Ignore the octagons on
the boundary of I" for now. Every octagon has 8 neighbors, 4 of them with other octagons.
This implies that in total we have 6n adjacencies (when adding up, the octagon-octagon
adjacencies are counted twice). The octagon edges on the boundary of T" and its copies have
fewer adjacencies, but there are only O(m+/m) many of them. Hence, in total we have only
o(n) of them. Consequently, most of the n’ faces are octagons with 8 neighbors and only
o(n') faces are different. This yields 6n’ — o(n') adjacencies as stated. <
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