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Efficient Algorithms for Petersen’s Matching Theorem

Therese C. Biedl* Prosenjit Bose!

Abstract

Petersen’s theorem is a classic result in matching theory
from 1891, stating that every 3-regular bridgeless graph
has a perfect matching. Our work explores efficient al-
gorithms for finding perfect matchings in such graphs.
Previously, the only relevant matching algorithms were
for general graphs, and the fastest algorithm ran in
O(n?/?) time. We have developed an O(nlog® n)-time
algorithm for matching in a 3-regular bridgeless graph.
When the graph is also planar, we have as the main re-
sult of our paper an optimal O(n)-time algorithm. We
present three applications of this result, terrain guard-
ing, adaptive mesh refinement, and quadrangulation.

1 Introduction

In 1891, Petersen [29] published a pioneering paper
in matching theory, and he is now considered omne
of the two principal founders of matching theory [23,
p. xi]. In the paper, he proved what is now known as
Petersen’s theorem: “Ein primitiver graph vom dritten
Grade muss wenigstens drei Blitter haben.”! In modern
terminology (see Section 2), the theorem implies that
every 3-regular bridgeless graph has a perfect matching.

Petersen’s original proof is very complicated. The
American school of topologists recognized the impor-
tance of the theorem [3], and two members of that
school, namely Brahana in 1917 [6] and Frink in 1926
[27], published simplified proofs. The interested reader
can find extracts from Frink’s paper [27] and Petersen’s
paper [29] in [3]. Frink’s proof contained a slight flaw
which was later corrected by Konig [20] in the first text-
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book on graph theory ever written {23, p. xvi]. Indepen-
dently, Errera [12] published another proof of Petersen’s
theorem. Petersen’s theorem is now usually known as a
simple corollary of the theorem of Tutte (23, 35] char-
acterizing the existence of perfect matchings in general
graphs.

The goal of this paper is to find an efficient algo-
rithm for Petersen’s theorem, that is, to construct a per-
fect matching in a 3-regular bridgeless graph efficiently.
The fastest known maximum matching algorithm for
general graphs [25] runs in O(m+/7n) time, where n and
m are the numbers of vertices and edges, respectively.
For 3-regular graphs, m = O(n), so this algorithm runs
in O(n®/?) time. For some specialized graph classes,
there are algorithms that compute a perfect matching in
less time [16, 32], but none of these graph classes include
all 3-regular bridgeless graphs. We develop an algorithm
for such graphs with time complexity O(nlog®n), us-
ing recent results on dynamic maintenance of 2-edge-
connectivity information [18].

In our main applications of Petersen’s theorem, the
graph is also planar. In this case we obtain an optimal
O(n)-time algorithm, which is self-contained in that it
does not rely on results on dynamic maintenance of 2-
edge connectivity information. The collection of all pla-
nar 3-regular bridgeless graphs is exactly the collection
of duals of planar triangulations where the outside face
is a triangle. A perfect matching in a 3-regular graph
gives us a pairing of triangles in the dual graph such that
every triangle has a unique partner. Section 1.1 shows
how such a pairing gives a good heuristic for placing
guards to watch a triangulated terrain. Pairings are also
important for adaptive refinement of triangular meshes
for numerical simulations and for converting triangula-
tions into quadrangulations, as described in Sections 1.2
and 1.3, respectively.

The rest of this paper is outlined as follows. This
section continues with applications of algorithms for
Petersen’s theorem. Section 2 defines our terminology.
In Section 3, we describe a simple O(n?)-time algorithm
based on Frink’s proof of Petersen’s theorem {27], and
show how to improve it to O(nlog? n) time. Section 4
presents a linear-time algorithm for planar graphs. We
conclude in Section 5.



1.1 Terrain Guarding. A classic problem in com-
putational geometry is the problem of illuminating or
guarding an object, using as few guards as possible.
Qur resuits on perfect matchings provide an improve-
ment in the time complexity needed to find good guard
placements in terrains, as we explain in this subsection.

Much of the research in the area of illumination
has been carried out in two dimensions (see [28, 33] for
overviews). A step towards the corresponding problems
in three dimensions is the study of polyhedral terrains,
i.e., polyhedral surfaces that intersect every vertical line
in at most a single point. The problem of guarding a
polyhedral terrain was investigated by deFloriani et al.
[10] who showed that the minimum number of guards
can be found using a set covering algorithm. Cole and
Sharir [9] subsequently showed that the problem is NP-
hard. Goodchild and Lee [15] and Lee [22] presented
some heuristics for placing guards at a subset of the
vertices of a terrain.

Most of the work to date on guarding triangu-
lated polyhedral terrains has focused on the underlying
combinatorial problem of guarding a triangulated plane
graph. A plane graph is guarded by a set of guards
(placed on vertices or edges) if at least one guard is in-
cident to every face of the graph. The relation between
the geometric and underlying combinatorial problems is
. based on the observation that the visible region associ-
ated with a guard contains the union of all faces incident
to that guard, and that this is all it contains when the
underlying polyhedral terrain is convex. Therefore, up-
per bounds on the number of guards needed to guard
a plane graph provide upper bounds on the number of
guards needed to guard polyhedral terrains.

Bose, Shermer, Toussaint and Zhu [5] showed that
|n/2] vertex-guards are always sufficient and sometimes
necessary to guard an n-vertex triangulated polyhedral
terrain. With respect to edge-guards (guards free to pa-
trol an entire edge of the terrain), they established that
at least | (4n—4)/13] edge-guards are necessary to guard
the surface of an n-vertex triangulated polyhedral ter-
rain, in the worst case. The complementary result that
/3] edge-guards are always sufficient was proved by
Everett and Rivera-Campo [13]. Both sufficiency results
apply to arbitrary triangulated polyhedral terrains and
are based on the four-color theorem, for which practical
algorithms are not known to exist.

Recently, Bose, Kirkpatrick and Li [4] presented
O(n®/?)-time algorithms to guard an n-vertex triangu-
lation with |n/2] vertex-guards or |n/3] edge-guards.
The key behind these algorithms is to avoid the use of
the four-color theorem by relying instead on matchings.
Specifically, since the dual graph of the triangulation is
3-regular and bridgeless, it has a perfect matching. Re-
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moving the edges in the primal graph that correspond to
the matched edges in the dual graph makes the primal
graph bipartite, and thus yields a vertex 2-coloring of
the triangulation. The authors show that using this K3-
free 2-coloring, one can obtain guard-placements with
{n/2] vertex-guards or |n/3] edge-guards. '

The time complexity of these algorithms is dom-
inated by the time to find the perfect matching in a
planar 3-regular bridgeless graph. Therefore, with our
results these algorithms can be implemented in optimal
O(n) time.

1.2 Adaptive Mesh Refinement. Many numerical
simulations involve the solution of continuous {e.g.,
partial differential) equations in some domain, which for
our purposes is just a polygon. One typically discretizes
this problem to a finite mesh (i.e., subdivision) of the
domain. In general, the more detailed the mesh, the
more accurate the simulation. However, the areas of
the domain that require the most accuracy are often
difficult to predict before simulation, and may vary over
time. One can solve this problem by adaptively refining
the mesh where the most error occurs.

One method for adaptive refinement of triangular
meshes is newest-vertez bisection [26). In this method,
each triangle has one vertex marked as the newest
vertez, denoted in our figures by a small circle near
the vertex. The neighbor of a triangle is the triangle
incident to the opposite edge of the newest vertex. A
triangle is compatible if either it has no neighbor or if
its newest vertex opposes its neighbor’s newest vertex,
that is, the neighbor relation is symmetric. To refine
two compatible triangles, we bisect each triangle from
its newest vertex to the midpoint of the opposite edge
(see Figure 1), and assign the vertices at the midpoint
to be the newest vertices of the new triangles.

<~

Figure 1: A uniform newest-vertez bisection applied to
a pair of triangles.

o

Hence, to start applying newest-vertex bisection,
we must assign the newest vertices such that every
triangle is compatible. Conceptually, we need a perfect
pairing of triangles; then we can assign newest vertices
to make each pair of triangles neighbors. However,
any number of boundary triangles can “pair with the
boundary.” Consider a modified dual graph, where a
“boundary vertex” is created for every boundary edge in
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the primal (see Figure 2). Then any perfect matching in
this graph results in a compatible assignment of newest
vertices. Indeed, this graph is always 3-regular and
bridgeless [26], so by Petersen’s theorem it has a perfect
matching.
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Figure 2: The relationship between perfect matchings
and pairings in triangulations. We show a triangulation
with a modified dual graph, and a compatible assignment
of newest vertices obtained from a perfect matching.

The time complexity of assigning the newest ver-
tices is thus dominated by the time to find the perfect
matching in 2 planar 3-regular bridgeless graph. With
our results this can be implemented in optimal O(n)
time.

1.3 Quadrangulations. In a variety of numerical
simulations, such as those involving the flow of in-
compressible fluid, triangulations can be inappropriate
meshes. This is because triangles are rigid and can lock
(they are unable to move), effectively halting the sim-
ulation. In such cases, it is preferable to use a quad-
rangulation, that is, a subdivision of the domain into
quadrangles (quadrilaterals). There are other applica-
tions where quadrangles have several advantages over
triangles, including scattered bivariate data interpola-
tion [21] and elasticity analysis [1].

In contrast with triangulations, which have been
studied for several decades [2], relatively little is known
about quadrangulations. For this reason, several peo-
ple have considered the problem of converting tri-
angulations to quadrangulations, most recently in a
computational-geometry setting {31].

‘We obtain an immediate result in this area using the
modified dual graph described in the previous section.
By deleting the duals of matched edges, except those
on the boundary or the outside face, we obtain a weak
guadrangulation, that is, 2 mesh that has quadrangles
except for some triangles along the boundary. Weak
quadrangulations are usually acceptable for numerical
simulations. By our results, this weak quadrangulation
can be found ir optimal O(n) time.

2 Terminology

This section defines the standard graph-theory termi-
nology used in this paper.

Maximum matching is a classic problem in graph
theory with many practical applications [23]. Briefly,
let G = (V, E) denote a graph with vertex set V' and
edge multiset E, where each edge e € F is a set (v,w)
of two vertices v,w € V. Unless we specify that G
is simple, we allow it to have multi-edges and loops.
Edges with multiplicity one, two, and three will be
called simple, double, and triple edges, respectively. A
matching in G is a subset M of edges such that for
every vertex v, at most one edge e covers v; that is,
satisfies v € € € M. An edge e is called matched if it
is contained in the matching, and unmatched otherwise.
A mazimum matching M is a matching with largest
possible cardinality. A perfect matching (or I-factor) is
a matching such that every vertex is covered. Given
a matching of a graph, an alternating cycle is a cycle
(a closed path that does not repeat any vertices) where
every other edge is matched. Reversal of an alternating
cycle, that is, switching matched and unmatched edges,
yields another matching. An augmenting path is a path
between two vertices without incident matched edges
where every other edge of the path is matched.

A graph is k-regular if every vertex has degree k,
that is, k incident edges. An edge cutin a graph G is a
subset C of edges such that G — C has more connected
components than G; that is, there are vertices v,w € V
that are connected by a path in G but not in G — C.
G is k-edge connected if the smallest edge cut in G has
cardinality k. A bridge in a graph G is a 1-edge cut. We
call a graph bridgeless if it has no bridges, that is, it is
2-edge connected.

A graph is called planer if it can be drawn in the
plane without edge crossings. A specific plenar embed-
ding is given by the circular clockwise order of edges
around each vertex. A planar drawing subdivides the
plane into pieces called faces; these faces are determined
by the planar embedding alone. Whenever we speak of
a planar graph, we assume that some (arbitrary) planar
embedding has been fixed beforehand; this can be com-
puted in linear time [19, 24]. The dual graph G* of a
planar graph G is obtained by creating a vertex in G*
for every face in G, and adding an edge (F, F3) in G*
for every edge e in G that is incident to the two faces
F and F; (F1, F>) is called the dual edge of e.

3 Non-planar Case

3.1 Frink’s Proof of Petersen’s Theorem. In this
section, we overview Frink’s proof of Petersen’s theorem,
which is the basis for our algorithms. Frink’s original
proof [27] is available in [3]. It contains a slight flaw
which was corrected in Konig’s detailed version of the
proof [20].. As we will see, the proof is constructive,
leading to a simple O(n?)-time algorithm.



The proof is by induction on n. Let G be a
bridgeless 3-regular graph. Note that any loop in a
3-regular graph is incident to a bridge; since G is
bridgeless, it has no loops. In the base case the graph
only has triple edges. Pick one of the three edges in each
connected component to obtain a perfect matching.

Assuming we are not in the base case, find a simple
edge e = (v,w), the reduction edge. Let a, b, and w
be the three neighbors of v, and let ¢, d, and v be the
three neighbors of w (see Figure 3). Because e is simple,
a,b # w and ¢,d # v, but we may have some of g, b, ¢,
and d being equal.

Figure 3: The straight and crossing reductions in Frink’s
proof.

Reduce the graph by removing the vertices v and w,
and interconnecting a, b, ¢, and d with two new edges
called reduced edges. There are two possible reductions
(see Figure 3): Either connect a to ¢ and b to d, called
the straight reduction; or connect a to d and bto ¢, called
the crossing reduction.? Clearly both reductions lead to
3-regular graphs.

LEMMA 3.1. [20, p. 182] One of the reductions results
in a bridgeless graph with the same number of connected
components as the original graph.

As a result of this lemma, one reduced graph
satisfies the conditions of Petersen’s theorem. By
induction find a perfect matching in this reduced graph.
To complete the proof, this matching must be extended
to a perfect matching in the original graph. This
operation is purely local if at most one of the two
reduced edges is in the matching of the reduced graph
(see Figure 4 for the case of the straight reduction).

If both reduced edges are matched, then reverse an
alternating cycle containing one of the reduced edges.
If the other reduced edge was in the alternating cycle as
well, then now neither of the reduced edges is matched;

ZIn the non-planar case, where the drawing of the graph is
arbitrary, these names effectively mean “one reduction” and “the
other.” We use this terminology to be consistent with the planar
case, where these names gain significance, assuming that the
planar embedding is as in Figure 3.
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Figure 4: Exztending to o perfect matching in Frink’s
proof. Matched edges are drawn thick, and unmatched
edges are drawn hollow.

otherwise, exactly one of reduced edges is matched. In
either case, extend the matching as in Figure 4. This
argument relies on the following lemma.

LEMMA 3.2. Given any 3-regular bridgeless graph with
¢ perfect matching and some edge e in the graph, there
ezists an alternating cycle that includes e. The cycle
can be found in linear time.

Proof. The first part of this lemma is proved in [27]
and {20, p. 187]. For the second part, we show
how finding an alternating cycle reduces to finding
an augmenting path, which (see e.g. [34]) can be
done in O(m) time using the Gabow-Tarjan set union
algorithm {14].

We distinguish two cases. If e = (v,w) is matched,
then delete e and find an augmenting path in the graph.
This augmenting path must connect v and w (all other
vertices have an incident matched edge) and can thus
be completed to an alternating cycle containing e.

If e is not matched, then let e; and ez be the other
two edges incident to v. One of them, say e;, must
be matched because we have a perfect matching. No
alternating cycle can contain both unmatched edges ¢
and ey, so the alternating cycle containing e is also an
alternating cycle in G — e2. We can find this alternating
cycle by finding an augmenting path in G — {e;,e2}.
This path must connect v and the other endpoint of
ey (all other vertices have an incident matched edge).
Because the only incident edge of v is e, this augmenting
path must contain e, and can thus be completed with
e; to an alternating cycle containing e.
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Converting induction into recursion, we have a sim-
ple algorithm for Petersen’s theorem. Each step of the
recursion, i.e., checking for the base case, finding an edge
of multiplicity one, picking and applying an appropri-
ate reduction, and optionally finding and reversing an
alternating cycle, takes at most linear time, and hence
the matching algorithm takes O(n?) time.

3.2 Improving the Time Complexity. The two
main bottlenecks in reducing the time complexity are
(a) determining which of the two reductions results in
a bridgeless graph with the same number of connected
components, and (b) finding an alternating cycle. In
this section, we show how to avoid the necessity of
finding alternating cycles, hence removing bottleneck
(b), and how to solve bottleneck (a) in O(log* n) time,
reducing the overall complexity to O(nlog* n) time.

We can remove the use of alternating cycles in
Frink’s proof by entirely avoiding the case where both
reduced edges are matched. To do this, we strengthen
Petersen’s theorem to the following: Every 3-regular
bridgeless graph has a perfect matching not using a
particular edge e™M, called the non-matching edge. This
result follows immediately from Lemma 3.2, but makes
the induction easier and the resulting algorithm faster.

Note that in Frink’s proof the choice of the reduc-
tion edge was arbitrary; now choose one of the edges
incident to eNM. Assume that there exists a simple
edge e that is incident to eNM; with respect to the la-
beling of Figure 3, e"M = (a,v) (say) and e = (v, w).
Reduce as before, and set the new non-matching edge
to be the reduced edge that is incident to one of the
ends of ™M, thus either (a,c) or (a,d). In the result-
ing graph compute a perfect matching that does not use
the non-matching edge. Hence not both reduced edges
are matched, so the matching can be extended as before
(Figure 4); note that this does not cause e"M = (q,v)
to be matched. ’

Unfortunately, all edges incident to €™ may be
double edges, but e is not allowed to be a double edge.
In this case, perform another reduction: pick some
double edge incident to €™M, and reduce this double
edge and the two other incident edges (one of which is
eNM) down to a single non-matching edge (see Figure 5).
Recursively compute a perfect matching in the resulting
3-regular bridgeless graph, and extend it to a perfect
matching of G by adding one side of the double edge to
the matching.

Hence, each step of the induction takes constant
time except for determining the correct reduction if e
has multiplicity one. This amounts to testing whether
one of the reductions results in a bridgeless graph with
the same number of connected components. If not, then

NM
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Figure 5: Reduction and eztension for a double edge
incident to the non-matching edge eM. The non-
matching edge is drawn hollow.

choose the other reduction by Lemma 3.1. By Menger’s
theorem, a graph is bridgeless exactly if there exist
two edge-disjoint paths between any pair of vertices.
A reduction can only potentially destroy this property
between pairs from a, b, ¢, d that are not connected
by a reduced edge [20, p. 182]. So testing whether the
graph is bridgeless reduces to testing the existence of
two edge-disjoint paths between a constant number of
pairs of vertices.

Thus we want to maintain a dynamic graph subject
to insertion and deletion of edges, and support queries
that ask whether a pair of vertices has two edge-disjoint
paths between them. This 2-edge-connectivity problem
has a fairly long history. It was a long-standing open
problem whether deterministic polylogarithmic update
time was possible. Previously, the best worst-case result
was O(y/n) update time [11], and the best randomized
result was O(log® n) expected update time [17]. Re-
cently, Holm, de Lichtenberg, and Thorup {18] devel-
oped a data structure with O(log* n) worst-case update
and query time.

Therefore, we can find perfect matchings in 3-
regular bridgeless graphs in O(nlog? n) time, which is
asymptotically smaller than the best previous algorithm
running in O(n%/2) time [25].

THEOREM 3.1. Let G be a 3-regular bridgeless graph,
and let €™ be an edge of G. Then there exists a perfect
matching of G that does not contein e™™, and it can be
found in O(nlog® n) time.

4 Planar Case

Since our interest in perfect matchings arose from appli-
cations with planar graphs, we would like to improve the
time complexity even further in this case. This section
describes an algorithm for finding perfect matchings in
planar 3-regular bridgeless graphs in O(n) time, which
is optimal.

For planar graphs we avoid using a dynamic 2-
edge-connectivity data structure and instead read the
required information from the dual graph, since a bridge
in the primal graph is a loop in the dual graph. So
fix a planar embedding, if not given already, compute
the dual graph, update the dual graph throughout the



changes to the primal graph, and test for loops as
needed. The main impediment to this plan is that the
crossing reduction used in the previous section does
not preserve the planar embedding. To remedy this
we exploit the remaining freedom in the choice of the
reduction edge in order to avoid the crossing reduction,
and instead choose between two straight reductions one
of which maintains bridgelessness.

We begin by describing the main reduction. The
following section formulates and implements the nec-
essary primal and dual graph operations, and the last
section gives the details of the algorithm.

4.1 The Main Reduction. Assume that eNM and
all its incident edges are simple; all other cases will be
treated in Section 4.3. Let eNM = (v,w), and let z; and
z, be the two other vertices incident to w in counter-
clockwise order after v (see Figure 6). By assumption
these four vertices are distinct. Define F; to be the face
incident to (v,w) and (w,z;), F; to be the face incident
to (v,w) and (w,z,), and H to be the face incident to
(w, z;) and (w, z,). Let G; denote the third face incident
to z;, and G, denote the third face incident to z..

Figure 6: Definitions of vertez and face names, and the
result of reducing edge (w,z;).

Note that any two faces with a common edge are
distinct because the graph is bridgeless, but we may
have F, = G;, F; = G, or Gi = G,. Here we discuss the
case G1 # Gy; the other case is again left to Section 4.3.
We want to apply the straight reduction to either (w, z;)
or (w,z,) (see Figure 6), and have to show that one of
them leads to a bridgeless graph.

LEMMA 4.1. If G # G, then applying the straight re-
duction to either (w,z;) or (w,z;) results in o bridge-
less graph. The correct reduction can be found by testing
whether F, is adjacent to G; or by testing whether F; is
adjacent to G,.

Proof. Assume we applied the reduction to the edge
(w, z1). In the dual graph, this corresponds to identify-
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ing the faces F, and G, after deleting the edges (F7, F> ),
(F.,H) and (H, F) (see Figure 7).

Figure 7: The straight reduction of (w,z;), and corre-
sponding changes to the dual graph. Stars and dashed
lines denote vertices and edges in the dual graph, respec-
tively.

Assume the primal graph contains a bridge after the
reduction; this corresponds to a loop in the dual graph.
The incident vertex of this loop must be the combined
vertex F, = G, since the primal graph was bridgeless
before the reduction, and no edges have been added
in the dual graph during the reduction. Hence, if the
primal graph has a bridge after the reduction, then F.
and G; must have been adjacent before the reduction.

Now if Gi # G-, then not both (F}.,G:) and (F},G,)
can be edges in the dual graph. Assume to the contrary
that they were. In the dual graph a triangle is formed
by H,F,,F;. Add a new dual vertex T to the middle of
this triangle, and join T to H, F;., and F;. Clearly this
maintains planarity. However, there is a K3 3 formed by
the dual vertices T, Gr, Gy and F,., F;, H, and these are 6
distinct vertices since G, # G;. This is a contradiction,
since no planar graph can contain a K3 3.

Figure 8: If G; # Gy, then not both (Fi,G-) € E(G”)
and (F,,G:) € E(G*); otherwise we have a planar K3 3.

Thus, if F, and G; are adjacent, then F; and G,
cannot be adjacent, and reducing edge (w,z,) yields a
bridgeless graph; otherwise, reducing edge (w, z1) yields
a bridgeless graph. Alternatively the correct reduction
can be found by testing whether F; is adjacent to G,.

Note that this lemma allows the graph to become
disconnected, unlike Frink’s lemma (Lemma 3.1).
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4.2 Data Structure. We now formulate and imple-
ment the dynamic graph operations needed to perform
reductions. Refer to Figure 7 for the main reduction.

Consider first the update operations. In the primal
graph we want to delete isolated vertices, and to delete
and insert edges. These edge operations correspond
in the dual graph to contracting two vertices and to
splitting a vertex, respectively. We avoid some of these
operations by not keeping the primal and dual graph
in lock-step, but rather performing a small sequence of
operations in the primal graph and a small sequence
of operations in the dual graph, obtaining once more
a pair of dual planar graphs. It is the responsibility
of the main algorithm, not the update operations in
this section, to maintain the correspondence between
the primal and dual graphs. For update operations in
the dual graph, we will make do with the ability to
delete isolated vertices, delete edges, and contract pairs
of vertices. We have already seen that these suffice in
the main reduction.

As for queries, we want to list the vertices and edges
incident to a vertex in the primal graph, and we want
to be able to find the dual of an edge in either graph;
note that this allows us to find the incident faces of
edges and vertices as well. Finally, to decide on the
correct reduction, we want to answer adjacency queries
of the form, “Are F; and F> adjacent vertices in the
dual graph?”

To solve this problem we use incidence lists to store
edges in cyclic order around the vertices, both in the
primal and the dual graph. Every edge refers to both its
entries in the incidence lists, and to the dual edge in the
other graph.. Since the maximum degree of the primal
graph is three, this allows us to perform the operations
in the primal graph and to find the dual of an edge in
constant time.

However, the operations in the dual graph in general
take more than constant time, since the maximum
degree is not bounded. To remedy this problem, we
will narrow our sights and limit the dual operations.

For our main reduction, observe that we only need
to contract a vertex to F; or F;, and we only need to
query whether a vertex is adjacent to F; or F,; in fact,
queries to one of these suffice. Call the non-matching
edge e™M the special edge. One of the two faces incident
to it will be maintained as a special face; in the dual
graph we call it the special vertez. The special vertex
will be one of F; or F,, not always the same one; we can
find out which one by storing a flag. The other of £,
F, will be called the sibling of the special vertex.

The main reduction (see Figure 7) disconnects the
primal graph if F,. = G, so we must deal with a non-
matching edge in each connected component. Thus the

special edge will change as. the algorithm progresses.
The special vertex will retain its identity; its sibling
may change, but only after the old sibling is contracted
into the special vertex.

We verify in the next section that the following dual
operations, together with deletions of edges and isolated
vertices, are sufficient to determine which reduction
should be done, and to do the reduction.

e Query whether a vertex v in the dual graph is
incident to the special vertex.

e Contract a vertex v of the dual graph with the
special vertex or its sibling. The contracted vertices
share a face in the dual graph, and this face is
known at the time of the contraction.

To implement the queries, we store with every dual
vertex v an integer v, that specifies the number of
edges between v and the special vertex. To answer the
adjacency query for v, we test “v, > 0,” which takes
constant time.

To delete an edge ¢ = (v,w) in the dual graph,
decrement v, if w is special, decrement w; if v is special,
and delete e in the incidence lists of v and w. This takes
constant time.

To contract v into z, where z is the special vertex
or its sibling, merge the incidence lists of v and z at
the place indicated by the face containing both v and
x; this takes constant time. For each neighbor w of v,
update the endpoints of edge (v, w) to now be (z,w),
and in addition, if z is special, increment w,. This takes
more than constant time for a single contraction, and we
account for the work by charging it to the edges that are
updated. For an edge e in the dual graph, let e, denote
the number of endpoints of e (0, 1, or 2) that are the
special vertex or its sibling. Note that every edge update
during a contraction increases e, for some edge e, since
we only contract to the special vertex or its sibling. The
only way e, could decrease would be if one endpoint
of e were deleted, or if the two endpoints of e were
contracted. But we only delete isolated vertices, and
we never contract adjacent vertices, because this would
create 2 loop in the dual graph, therefore a bridge in the
primal graph. Hence e, never decrease, which implies
that endpoints of e are updated during contractions at
most twice during the lifetime of e. Therefore the total
time spent during contractions is O(n).

Finally, in order to deal with many connected com-
ponents in the primal graph, we keep a stack consisting
of one non-matching edge from each connected compo-
nent. We pop the stack to obtain the current special
edge, implicitly determining the current connected com-
ponent. In order to preserve the identity of the special



vertex, we maintain the invariant that if e is the top
edge on the stack (i.e., e belongs to the next connected
component to be handled) then in the planar embedding
there exists a face that contains e and at least one edge
of the current component. This means that when the
current component is deleted, the special face becomes
incident to e, the new special edge. See the next section
for details.

4.3 Algorithm. With our dual graph operations in
hand, we now explain the details of the reduction to
find a perfect matching. We distinguish cases by the
multiplicity of the non-matching edge eMM.

€™M has Multiplicity Three. If the special edge eN™
has multiplicity three, then its connected component C
is a triple edge. We add one of the other two edges
to the matching, and are done with C. If the stack is
empty, we are done. Otherwise, delete the three edges
of C and their dual edges. Contract the three faces
of C into one dual vertex; the special vertex has then
absorbed its sibling. Pop the stack to obtain the new
special edge. By the stack invariant, the special face is
incident to this new special edge. The other incident
face of this edge is the new sibling. See also Figure 9.

Figure 9 The case where we transit from one connected
component to the next. The special dual vertez and its
stbling are circled.

€™M has Multiplicity Two. If the multiplicity of "M
is two, reduce the edges incident to "™ down to a single
non-matching edge (see Figure 10). The dual graph can
be updated by deleting three edges and contracting two
vertices. Recursively compute a perfect matching in the
resulting graph, and extend it by adding the other side
of the double edge M.

e™™ has Multiplicity One.  Assume henceforth
that eNM has multiplicity one. If there is a double
edge incident to e™M, reduce the edges incident to the
double edge down to a single non-matching edge (see
Figure 11). The dual graph can be updated by deleting
three edges and contracting two vertices. Recursively
compute a perfect matching in the resulting graph, and
extend it by adding one of the sides of the double edge.
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Figure 10: The case where the non-matching edge is a
double edge. The special dual verter and its sibling are
circled.

Figure 11: The case where the non-matching edge is
incident to a double edge.

So we assume from now on that eNM and all
incident edges are single edges. Let ™™ = (v,w), and
define z,, z,, F, F;,G;,G, and H as in Section 4.1 (see
Figure 6). Let us first consider the case where G; = G,.
We have two subcases, depending on whether z; and z,
are adjacent.

¥ Gi = G, and z; and z, are adjacent, ie., if H
is a triangle, then reduce H to a single vertex (see
Figure 12). In the dual graph, this corresponds to
deleting the three incident edges of H, and then deleting
H. Recursively compute a perfect matching of the
resulting graph, and extend it by adding the edge of the
triangle {w,z;,z,} that is not incident to a matched
edge yet. Note that such a “triangle reduction” would
be possible at any triangle and even in a non-planar
graph, but we apply it only in this case.

Figure 12: The case where G, = G, and H is a triangle.

If Gi = G, but H is not a triangle, then there is
a 2-edge cut (see Figure 13). In this case, remove the
edges of the 2-cut, contract z;, w, and z, to one vertex
w', and connect the two vertices of degree 2 with a new
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edge e. In the dual graph, this corresponds to deleting
three incident edges of H, see Figure 13.

Figure 13: The case where G; = G, and H is not a
triangle, so (G,, H) is a multi-edge in G*. We split the
graph into two connected components.

The current connected component C has now split
in two, the component C' containing MM and the
component C, containing e, the new non-matching edge.
Push e (the non-matching edge in the new component)
onto the stack, and continue working on the other
component. To prove that the stack invariant still holds,
consider three moments of time: %y is the time before the
reduction, £; is the time just after the reduction when
we push e onto the stack, and 2 is the time when we
pop e from the stack. The stack invariant held at time
10, and it still holds at time t,, since the face G; = G,
is incident to both e and C’. It will also hold at the
time ¢,. For let ¢* be the edge below e on the stack.
By the stack invariant, there existed at time ¢ a face F’
common to e¢* and C, which at time ¢; is part of C' or
C. or both. If F is part of C. at time ¢;, then it is also
part of C,. at time 2., therefore the stack invariant holds
at t». If F is part of C’' at time #;, then at time ¢, the
component C’ has been deleted, face F therefore has
been expanded into the face common to e and C’, and
has thus become incident to component C.. So again
the stack invariant holds at time ..

Recursively compute a perfect matching in the
resulting graph, and extend it by adding an edge
incident to w that is not incident to a matched edge
yet (see Figure 14).

) 7N\

Figure 14: The case where G; = G, and (G, H) is a
multi-edge in G*. We show how to eztend the recursively
computed matching to a perfect matching of G.

This leaves the case G; # G,, which has been

treated already in Section 4.1. Determine whether
the special dual vertex is F; or F,., test adjacency
of the special vertex to G, or G, respectively, and
apply the straight reduction to the appropriate edge,
either (w,z,) or (w,z;), as described in the proof of
Lemma 4.1.

If, say, we reduced edge (w,z,), and if F,. and
() were identical, then the primal graph now becomes
disconnected. Declare the other reduced edge to be a
non-matching edge, and push it on the stack. The stack
invariant holds since the face F. = G is incident to
both non-matching edges. An argument similar to the
one used before shows that it still holds when this newly
created component is popped off the stack.

Note that we can use the data structure of the dual
graph to test for distinctness, and for adjacency since
F; or F; is special. Hence choosing the correct reduction
edge, and adding entries to the stack, if necessary, takes
constant time. Recursively compute a matching in the
resulting graph, and extend it as in Figure 4.

This finishes the discussion of all cases. As we saw
in the discussion of the data structure, the total time
for all of the reductions is O(n), hence we obtain the
following theorem. '

THEOREM 4.1. Let G be a planar 3-regular bridgeless
graph, and let €™ be an edge of G. Then there exists
a perfect matching of G that does not contain eNM, and
it can be found in O(n) time.

5 Conclusion and Open Problems

It has been known for over a century that a perfect
matching always exists in a 3-regular bridgeless graph,
but until now, no very efficient algorithm was known
to find one. Our algorithms take O(nlog*n) time
for non-planar graphs, and optimal O(n) time for
planar graphs. As a consequence, we reduce to linear
time the complexity of algorithms in three application
areas: terrain guarding, adaptive mesh refinement, and
quadrangulation.

Several algorithmic questions about matchings in
special graphs remain.

1. Find a perfect matching in a non-planar 3-regular
bridgeless graph in O(n) time.

2. How quickly can we find a maximum matching in
a 3-regular graph that has bridges? Does planarity
help?

3. Plesnik [30] generalized Petersen’s theorem to ar-
bitrary regularity as follows: any r-regular (r — 1)-
edge-connected graph with an even number of ver-
tices has a perfect matching not using r — 1 given
edges. Further generalizations are also known [8, 7].
How quickly can these matchings be found?
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