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—— Abstract
We consider versions of the TRAVELING SALESMAN PROBLEM in which the cost of travel changes
along the way: In the HARMONIC TSP (HTSP), the cost of each traversed edge is its length divided
by the number of previously visited vertices, while in the CUMULATIVE TSP (CTSP), it is its length
multiplied by this number. Both problems are related to the MiNIMUM LATENCY PROBLEM, which
aims at minimizing the average arrival time of a tour; as we show (along with geometric properties),
these problems are distinct. In addition to observations placing these variants into context, our
main contribution is a constant-factor approximation for the HTSP on general metric instances.

1 Introduction

The TRAVELING SALESMAN PROBLEM (TSP) is a classical problem of combinatorial opti-
mization, seeking a cheapest round trip that visits each of a given set of points. In its original
formulation, the cost of a TSP tour is simply the sum of edge lengths; however, in many
applications from transportation and logistics, the price of traversing an edge also depends on
the context within a tour: In ride-sharing or group travel, the cost per passenger may decrease
as additional riders join the route and share expenses. Conversely, in some pick-up and freight
services, the total load grows over the course of the route, increasing fuel consumption and
handling costs. This leads to variants in which the travel cost changes along the way, either
inversely proportionally, referred to as the HARMONIC variant (HTSP), or proportionally
(the CUMULATIVE variant (CTSP)) to the number of previously visited vertices.

Numerous variants with travel cost that change dynamically have been studied before,
including the DISCOUNTED-REWARD TSP [9], the TIME-DEPENDENT TSP, and the TIME-
DEPENDENT VEHICLE ROUTING PROBLEM [1, 2, 3, 11, 16, 21]. Most closely related to the
variants of this paper is the well-studied MINIMUM LATENCY PROBLEM (MLP) of minimizing
the average arrival time of a Hamiltonian path that visits a given set of points. Blum et al. [8]
gave a 144-approximation algorithm for metric instances. Goemans and Kleinberg [15]
improved the factor to 10.78, Archer and Williamson [4] to 9.28, and Chaudhuri et al. [10]
to 3.59 with run-time 5(114). Arora and Karakostas [6] also presented a quasi-polynomial
time approximation scheme for the special case of traveling on a tree.

As part of our contribution, we observe that the MLP, the HT'SP and the CTSP are distinct.
Furthermore, optimal solutions for the CUMULATIVE TSP and the MINIMUM LATENCY
PROBLEM are always within constant factors of each other, whereas this is generally not true
for the HARMONIC TSP and the MLP.

Formally, we define the HARMONIC and CUMULATIVE TSP variants as follows.
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Harmonic Traveling Salesman Problem (HTSP)

Given: A connected, weighted graph G = (V, E) with n vertices, a starting vertex vy € V,
and a weight function ¢: £ — ]Ra' .

Wanted: A permutation 7: {0,...,n — 1} — V, with 7(0) = vg, such that the total cost

n

T (n (i — 1), 7(i ((r(n —1),7(0
C:;[(( Z') ())}Jr(( ), m(0))

is minimized, with ¢(v;,v;) denoting the weight of a shortest path from v; to v;.

Cumulative Traveling Salesman Problem (CTSP)

Given: A connected, weighted graph G = (V, E) with n vertices, a starting vertex vy € V,
and a weight function c: £ — R

Wanted: A permutation 7: {0,....,n — 1} = V, with 7(0) = vg, such that the total cost

n—1

C= Z [i-l(m(i—1),7(0)] +n-L(r(n—1),7(0))

=1

is minimized, with ¢(v;,v;) denoting the weight of a shortest path from v; to v;.

In both variants, any solution corresponds to a sequence of edges obtained by concatenating
the shortest paths from 7 (i) to (i + 1) for ¢ = 0,...,n — 1. When traversing an edge e
of weight c(e) as part of a shortest path from 7 (k) to w(k + 1), we say that the vertices
7(0), ..., (k) have already been collected at this time. Traversing e increases the cost of the
current tour by an amount of 1/x - ¢(e) or k - c(e), respectively. We refer to 1/k or k as the
current speed factor, which depends on the number k of previously collected vertices.

Our Contributions We provide the following insights and results.

1. We discuss the relationship to the MINIMUM LATENCY PROBLEM, as well as geometric
properties of optimal tours, and show that both CTSP and HTSP can be solved by a
simple dynamic programming approach on trees with a fixed number of leaves.

2. We establish a constant-factor approximation algorithm for the HTSP.

Throughout the remainder of this paper, we assume that the triangle inequality holds.

2 Basic Observations

Relationship to the Minimum Latency Problem Like the HTSP and the CTSP, the
MLP asks for a permutation 7 of the vertices minimizing a cost function, the latency
L= Z?:_ll (n —1) - €(v;—1,v;); closing the tour by returning to vy does not incur any further
latency. Thus, any solution to the MLP can also be considered as a solution to the HTSP or
the CTSP. We now evaluate the respective quality of the solutions.

The instance depicted in Figure 1 shows that no constant or logarithmic approximation
factor can be guaranteed for the HT'SP by using an optimal MLP solution: For both problems,
only two options are reasonable: (a) first visiting all the vertices on the left, followed by those
on the right, or (b) vice versa. For the HTSP, the total cost of (a) is in O(In k), while that
of (b) is in ©(k), making (a) optimal for large k. However, (b) is optimal for the MLP for
any k: in particular, the total latency of (a) is 7&*/2 + 9k/2 whereas that of (b) is 7%%/2 4 3k/2.
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Figure 1 An instance showing that the MLP provides no approximation for the HTSP.

An optimal MLP solution does not yield an optimal CTSP solution either, even though
the CTSP cost of a permutation and the MLP latency of the reversed permutation only
differ by the simple tour length: Consider the permutation (v, ...,v,—1) and its inverse
as solutions for the CTSP and the MLP, respectively. The cost of the CTSP solution
is C = " (i (vi1,05)) + n - £(v,_1,v0). The total latency of the MLP solution is
L= (n—1) (vo,vn_1) + 3071 (n—j — 1) - £(vn_j, vnjo1) = Soiy (i — 1) - £(vi1,v;) +
(Tl — 1) . f(l}n_l, ’UQ) =C — (Z?;ll é(vi_l, ’Ui) + é(Un_h 110)).

Figure 2 illustrates an instance for which the optimal CTSP and the inverted MLP
solutions are distinct: Out of the 24 possible permutations, vg, v4, V2, v3,v1 With C' = 75 is
optimal for the CTSP; the optimal MLP solution is vg, v1, v2, v3, v4 with L = 47.

Vg 11 U3

Figure 2 A simple instance showing that the MLP and the CTSP are not equivalent.

However, the inverse of an optimal solution for the MLP yields a 3-approximation for
the CTSP. Based on the MLP solution, from L = C — (Z?;ll L(vi—1,v;) +€(vn,17v0)),

Z?;ll L(vi—1,v;) < L, L < C, and £(v,_1,v9) < L, we may infer L < C < 3L. Assume
that (vo, ..., v,—1) is an optimal solution for the MLP with total latency Lopr. Inverting this

permutation yields a CTSP solution with cost C' < 3 Lopr < 3+ Copr-

Dynamic Program for Trees with Bounded Number of Leaves Paths as in Figure 1
and trees with a bounded number of leaves can be solved in polynomial time via dynamic
programming. For the HTSP, consider a path v, ..., vo(= wo), ..., w, with [ vertices on the
left and 7 on the right of the root vy = wg. Define ¢, (u,u’) as the cost of moving from u
to u’ after m vertices have been visited (with no additional speed factor changes), with the
exact form of ¢, depending on the problem variant.

For 0 <i:<land 0 <j<r,lets;; be the minimum accumulated cost of a partial tour
that has visited the first ¢ vertices on the left and the first j vertices on the right of the
root, ending at (and thus newly visiting) v;. Define s; ; analogously for tours ending at w;.
To compute s; ;, we consider the two possible predecessors v;_1 and w; of v;:

0 ifi=0and j =0,
1, ifi<0orj<o,

min{sﬂyj +lipi1(vie,ve), Si-1, + @Hj,l(wj,vi)}, otherwise.

EuroCG’25
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We can compute s; j analogously, yielding O(n?) states in total, each requiring O(1) time to
compute. Having visited all [ 4+ r non-root vertices, we return to vy = wq, so the total cost is

min{slm + lipr(vr,v0),  Sir + El_i_r(wr,wo)}.

A standard backtracking procedure (storing which minimum was chosen) recovers the tour
in linear time. Analogous arguments are applicable to the CTSP.

More generally, for a tree with k leaves, one extends the state to k dimensions (one per
leaf), each corresponding to a branch of the tree. The first ¢ vertices collected by an optimal
HTSP solution will form an interval (including the root vertex) in each of the branches.
In the CTSP, after the first ¢ vertices have been collected by an optimal solution, the vertices
not yet collected will form an interval in each branch. These properties can be used to
formulate dynamic programs, considering the cost of visiting an additional vertex in any of
the branches, and leading to a run-time of (’)(k : nk).

Edge Crossings for Geometric Instances of the HTSP Due to the triangle inequality,
optimal solutions for the EUCLIDEAN TSP never contain any crossing edges, reducing
possible solutions to the set of simple polygonizations, whose worst-case cardinality is
between €2(4.642™) [12] and O(54.543™) [19, 20], and thus considerably less than the full set
of (n — 1)! permutations. Simple connectedness is also a prerequisite for several geometric
approximation techniques, such as the PTASs by Mitchell [17] and Arora [5].

However, simplicity does not hold for geometric instances of the HT'SP; in fact, there
may be ©(n?) edge crossings in an optimal solution. We demonstrate this by constructing
a set of n points in a polar coordinate system as follows. We define the polar radius r; of
v; as T = 2i2, forcing the optimal solution to visit the vertices in the order vg, ..., v,_1, Vg,
regardless of their respective polar angles. It is straightforward to show that visiting any
vertex v; with j > ¢ before v; results in a suboptimal total cost, as the additional cost
incurred by collecting v; first is overcompensated by the resulting speed factor improvement
for the exponentially larger distance to v;. Now that the sequence of the vertices v; in the
optimal solution has been determined based on their polar radius, we construct their polar
angles ¢;, ensuring that the solution contains ©(n?) crossings. For i = 1,2, 3,4, we set ;
to 37”, 0, 3, and 7. For i > 4, we alternatingly set ¢; to 0 + ¢; and 7 + ¢; with increasing
g; > 0, such that every edge v;_1v;, each chosen in the optimal solution, crosses every edge
VU1, V102, ..., Vi_3V;_2. An example of this construction is shown in Figure 3.

3 Constant-Factor Approximation Algorithm for the HTSP

We propose an approximation technique for the HTSP by applying existing approximation
algorithms for the £-TSP and the k-MST problem; this has some resemblance to the approach
used by Blum et al. [8] for the MLP, but yields a different analysis and approximation factor.

Let m = (vg,v1,...,u,) be a permutation of V' with optimal total weight, and let ¢;
abbreviate the weight ¢(v;_1, v;) of a shortest path p; from v;_; to v;. Consider an alternative
solution 7’ formed by altering 7 in the following way: After reaching the 27-th (new) vertex
of m, 7 =0,1,...,log n, we retrace our path back to vg. We then repeat the process, following
the same sequence of vertices, until we reach the 27t'-th vertex of . The arrows in Figure 4
illustrate this construction.

» Lemma 3.1. The total cost of a solution ' constructed from an optimal solution ™ as
described above is at most 6 times as high as the cost of .
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Figure 3 Instance (not to scale) with ©(n?) crossings in an optimal solution. The latest chosen
edge is highlighted in orange, and the dashed lines represent large distances, growing like 21,

Proof. For each path p; with length ¢;, we compare the sum of the speed factors with which
p; is traversed in 7’ to the speed factor of p; in an optimal solution.

Given the decreasing speed factor, we may bound the total cost C/ of 7’. Summing up
the speed factors of the p; (as illustrated in Figure 4) yields:

Co<ofsae2. tyo tyg by g )

T 2 4 8 9flogn]
11 1 1

+£2(1+2-§+2~1+2 §+...+2-2“0g7ﬂ)
11 1 1

+£3( 15427 +2 §+...+2-2ﬂom)
11 1 1

+£4( 15427 +2 §+...+2-2“0g7ﬂ)
1 1 1

+ 05 ( 1 +2 §+...+2-2“0m)

¥

Rewriting the geometric series yields
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Figure 4 Illustration for the cost analysis of 7’.

[logn] 1 k [logn] k
cﬂ/<£1+el-<2 > <2> )MQ-( 1+2 Z ( ) )

k=0

lognl /1N % [log j1—2 k
v (- nogw”Z() 2y (@)

With the convergence of the geometric series, the coefficient of ¢; in this equation becomes

[log n] 1\ * [logj1—2 k
2[10@;]]71—‘[—2 Z < > —2 Z ( )

flogﬂ—l [logj1—2
1 1
(= 2.9_9.l9_ (=2
()7 e ()7
1 [log 41 1 [log ] 1 [log j1 1
() s () <o) <0t
(2) 2 2 J

Thus, each path weight ¢; is weighted at most 6 times as much as in 7 (in which it is weighted
with 1/7). It is straightforward to establish this bound for the coefficients of ¢; and ¢;. <«

IN

2F=1 vertices and return to vy while bounding the cost

For each round &, we need to visit
with respect to the k-th round of #n’. Let Cf be its total cost (accounting for speed factors)
and )y its simple weight (only totaling edge weights). We analyze two options for finding a

round-trip from vy via k additional vertices.



S. P. Fekete, D. Krupke, C. Rieck, A. Schmidt, and T. Wallner 9:7

The first variant uses the related k-MST problem, asking for a tree of minimum total
length spanning exactly k vertices. In the rooted variant, we are given a vertex vy that has
to be included in the spanning tree. Clearly, the (unrooted) k-MST problem can be reduced
to the rooted k-MST problem by going through all of the n possible roots. The problem has
been proven to be NP-complete [7, 18]. Garg [14] provides a polynomial-time 2-approximation
for this problem in metric graphs.

» Theorem 3.2. There is a 24a-approzimation for the HTSP in metric graphs, with «
denoting an approximation factor for the rooted k-MST problem.

Proof. Clearly, the total weight Anist k. of a vg-rooted (28! +1)-MST is not higher than \.

Each rooted (2¥~! 4+ 1)-MST yields a tour by traveling every edge exactly twice. Consider
the solution resulting from traversing, one after the other, the vo-rooted (28! 4 1)-MST for
k =1,2,.... Then, when traversing the (2¥=! 4-1)-MST, at least 2¥=2 + 1 (1 in case of the
2-MST, i.e., k = 1) have been collected before. Hence, the cost Cygr x of traversing this
particular tree is Cvigt,r < - 2AMsT,5- In the k-th round of 7', the best speed factor
is at least

1
2k—241

1
2k—147" o 2F—141

Thus, we obtain Cystr < ﬁ < 2X st < 2 3,6_721} < Crry < 4-Chr . So, we can
4-approximate 7’. With that, Lemma 3.1 yields the theorem. |

» Corollary 3.3. There is a 48-approximation for the HTSP in metric graphs.

The arguments for using a k-MST algorithm to approximate a round of 7’ can be adapted
to using an algorithm for k-TSP, asking for a minimum cost tour visiting exactly k vertices;
clearly the problem is NP-hard [7]. Garg [13] gave a 3-approximation for the rooted variant
of the k-TSP in metric graphs.

By applying the same arguments as in the k-MST approach, but without the factor 2 for
traversing the spanning trees, we obtain the following.

» Theorem 3.4. There is a 12a-approzimation for the HTSP in metric graphs, with «
denoting an approrimation factor for the rooted k-TSP problem.

Proof. Because the vg-rooted (28~1 + 1)-TSP solution is the shortest tour visiting 2~ 4 1
vertices including vy, its total weight Atgp j is not higher than \;. We concatenate the
vo-rooted (2871 4 1)-TSP tours, with cost Crgp i each, for k = 1,2, ...

By Crspi < rlzﬂ “Arspx and Cr/ > ﬁ Ak > ﬁ - ATsp K, We obtain
k—1

Crspr < 72,9_12“ cATsp k< 7;_21} -Cr i <2 Cpr . By combining this with Lemma 3.1,

the theorem follows. |

» Corollary 3.5. There is a 36-approximation for the HTSP in metric graphs.

4 Conclusion

We introduced both the HARMONIC TRAVELING SALESMAN PROBLEM and the CUMULATIVE
TRAVELING SALESMAN PROBLEM, in which the cost of traveling an edge depends inversely
proportional (or proportional, respectively) on the number of previously visited vertices. We
provided a number of new results, including exact solutions in trees with a fixed number of
leaves, and approximation for general metric instances.

There are numerous open questions, including the existence of better approximation
algorithms, possibly making use of special geometric properties, as well as exact methods for
computing provably optimal solutions for benchmark instances of interesting size.

So, the cost Cysj of the round is Cp/ p > o= Ap > 2]%11“ AMST k-

EuroCG’25
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