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—— Abstract

The Traveling Salesman Problem with Neighborhoods (TSPN) generalizes the classical Traveling
Salesman Problem by requiring a tour to visit polygonal regions rather than fixed points, a natural
goal that arises in various applications. While the geometric TSP allows arbitrarily close approx-
imation and provably optimal solutions for benchmark instances of significant size, the TSPN is
considerably more challenging, both in theory (due to APX-hardness) and practice, for which only
benchmark instances up to 16 regions have been solved to provable optimality. In this paper, we pro-
pose a branch-and-bound algorithm that solves polygonal TSPN instances to optimality. Through
computational experiments on 500 benchmark instances with 50 polygons each, our method achieves
a 85.6 % optimality rate within 60s. We also explore the impact of key design choices, providing
insights into effective solution strategies for TSPN.
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1 Introduction

A natural generalization of the classical Traveling Salesman Problem (TSP) is the Traveling
Salesman Problem with Neighborhoods (TSPN), which asks for a shortest roundtrip that
visits each of a given family Py, ..., P, of regions in the plane.

50 polygons, solved in 0.75s

Figure 1 Example TSPN instance with a feasible solution.

While the geometric TSP allows both polynomial-time approximation schemes [21, 4]
and solution to provable optimality for point sets of considerable size (such as the 85900-
city instance solved by [1, 7]), the TSPN is considerably more challenging, both in theory
(with APX-hardness [9, 10]), and practice (with the state of the art being provably optimal
solutions for benchmark instances up to 16 regions [16]).

Contribution. We present a branch-and-bound algorithm that solves TSPN instances
to provable optimality. Across 500 benchmark instances with 50 polygons each, 85.6 %
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8:2 A Branch-and-Bound Algorithm for the TSPN

are solved to optimality within 60s, significantly advancing the state-of-the-art. We also
evaluate the impact of various algorithmic design choices.

Related Work. A special case of TSPN is the Close-Enough TSP (CE-TSP), where
each neighborhood is a circle, which is also related to the Lawn Mowing Problem [2, 3, 13, 14].
Branch-and-bound algorithms have been studied for CE-TSP [11, 8]; however, the TSPN al-
lows arbitrary (including non-convex) neighborhoods, making it more general. Many heuris-
tics and approximation algorithms for the TSPN rely on assumptions (e.g., fatness [22],
disjoint neighborhoods [9, 10], or comparable region diameters [12]) to manage its APX-
hardness. Specialized approaches address specific settings such as aerial vehicle routing [19],
and hybrid methods combine meta-heuristics with TSP solvers [24]. Non-convex Mixed
Integer Nonlinear Programming (MINLP) formulations have been proposed for TSPN, in-
cluding symmetric and asymmetric variants [16], with algorithmic improvements to reduce
solution times. However, computational tests were limited to smaller or convex neighbor-
hoods. Other work derives approximations and bounds for the metric TSPN using the
Minimum Spanning Tree with Neighborhoods [6].

2 Branch-and-Bound Algorithm

Our algorithm (Algorithm 1) builds on the branch-and-bound framework by Coutinho et
al. [8] for the CE-TSP, improving and extending it to handle the TSPN. We begin by con-
structing a root node using a universal ordering on a subset of the polygons (see Section 2.2).
From there, we branch by selecting a polygon that is not yet visited in the current solution
and creating a new branch for each possible insertion position (Section 2.3).

For the sequence of polygons in each node, we solve a Second-Order Cone Program
(SOCP) to obtain the optimal solution for that ordering (Section 2.1). If this solution
intersects all polygons, it is a feasible solution; otherwise, the SOCP value provides a valid
lower bound to prune the node if a superior solution is already known. Because evaluating a
single node can yield multiple child nodes, we apply a search strategy to decide which node
to process next (Section 2.4).

Throughout the search, the algorithm maintains the best known (feasible) solution and
the node with the lowest lower bound, which together define the current optimality gap. We
may terminate once this gap is smaller than a desired threshold.

Figure 2 A sequence with only 4 polygons is feasible for this example instance with 10 polygons.
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Algorithm 1 Branch-and-Bound Algorithm

Require: Set of polygons 7
Preprocess and simplify Z.

Q] > Queue of leaf nodes to explore
Q.push(GETROOTNODE(Z)) > See Section 2.2
ub +— o0
while Q # ) Amin{v".lb | v' € Q} < ub do

v <~ GETNEXTNODE(Q) > Search strategy, see Section 2.4

Remove v from Q
if v.lb > ub then
continue
end if
if Solution in v covers all polygons in Z then
ub < v.lb
else
for child € BRANCH(v) do > Branching, see Section 2.3
Q.push(child)
end for
end if
end while
return Solution corresponding to ub, or L if no solution was found.

2.1 Touring a Sequence of Polygons

» Theorem 2.1. Let Py, ..., P,_1 C R? be convex polygons. Then the shortest tour visiting
these polygons in order can be computed in polynomial time.

Proof. A convex polygon P; can be represented by linear constraints S;(z,y). We formulate
the problem as a Second-Order Cone Program (SOCP), which can be solved in polynomial
time via interior-point methods. For each i, introduce a point (z;, ;) € R? constrained by
Si(xi,yi), ensuring (z;,y;) € P;. For readability, all indices are assumed modulo n.

To encode the total tour length, let d; > 0 be the distance between (z;, y;) and (241, Yi+1)-

We introduce auxiliary variables z;, J; subject to

T > wi— w1, D0 2 i1 —Te, Ui > Yi—Yirt, Ui 2> Yiv1 — Vi

. . A2 - L ~1 .
and impose second-order cone constraints d? > 27 + §?. Minimizing >, d; can be done in

polynomial time, and yields the shortest tour as d; will be tight in the optimal solution. <«

To handle non-convex polygons P/, including those with holes, we propose an alternative
constraint set S;(z,y) that employs binary variables and can be expressed as a Mixed Integer
Second-Order Cone Program (MISOCP). Suppose each P/ can be decomposed into a finite
set of convex polygons R;, see Figure 3. We introduce a binary variable r. € B for each
¢ € R; and require exactly one of these polygons to be active by enforcing EceRi r. = 1.
For each convex polygon ¢, let S¢(z,y) denote its associated constraints. We then ensure
(x,y) € P/ by imposing the implications r. = S¢(z,y) for all ¢ € R;. These implications
can be enforced via indicator constraints (available in many solvers) or through Big-M
linearizations, where M can be limited by the bounding box of P;.

For polygons without holes, a minimum convex decomposition can be computed in poly-
nomial time [17, 5]. For polygons with holes, a decomposition is always feasible by triangu-
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) ¥

Figure 3 A non-convex polygon (left) and its decomposition in convex areas (right).
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Figure 4 Root node strategies (left to right): Random, longest edge + farthest polygon, convex
hull, and an example demonstrating poor convex hull performance.

lation, but finding a minimal decomposition is NP-hard [20]. Solving the resulting MISOCP
is also NP-hard, and the use of indicator variables or Big-M constraints can lead to weak
relaxations, making these methods computationally expensive in practice. Thus, we will in-
vestigate later to lazily decompose the polygons in our branch-and-bound algorithm, instead
of using the MISOCP formulation directly.

2.2 Root Node

The root node’s initial polygon sequence must be extendable to an optimal solution. Any
sequence of up to three polygons trivially satisfies this condition. We evaluate three meth-
ods for selecting these polygons: Random: Select any three polygons at random. Longest
Edge+Farthest Polygon (LEFP): Pick two polygons with the largest pairwise distance,
then add the polygon farthest from these two. Convex Hull (CHR): Exploit the obser-
vation that any set of disjoint polygons on the instance’s convex hull must appear in the
same order in some optimal solution. Although this strategy may include more than three
polygons in the root sequence, certain instances can yield weaker relaxations at the root
node. Figure 4 illustrates all three strategies, including a case where CHR performs poorly.

2.3 Branching

When the (partial) tour in a node does not cover all polygons, we branch by selecting a
missing polygon and creating a new branch for each possible insertion position. Figure 5
illustrates this approach. We compare two strategies for choosing the polygon to branch on:
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Random: Select a missing polygon uniformly at random. Farthest Polygon: Select the
polygon that lies farthest from the current tour.

Figure 5 Path from the root to a leaf in a BnB tree using the farthest polygon branching strategy.

Because each polygon is initially replaced by its convex hull for efficiency, a polygon may
appear in the partial sequence but still be effectively unvisited. If the MISOCP formulation
is used, we can simply replace the convex hull with the polygon itself. Otherwise, we must
branch on this polygon by decomposing it into convex parts and creating one branch per
part (see Figure 6). This ensures that every leaf node includes the polygon, with at least
one leaf containing its optimal hitting point.

4/1\5

Figure 6 Branching on a non-convex polygon by decomposing it into convex pieces.

2.4 Search Strategies

We implement four different strategies to select the next node for exploration during the
branch-and-bound search: Random: Pick a node uniformly at random from the queue.
BFS: Choose the node with the best, i.e., smallest, lower bound. DFS: Continue ex-
ploring the best child of the current node, aiming to quickly improve the upper bound.
DFS+BFS: Initially proceed like DFS, but whenever a node is pruned or a new feasible

EuroCG’25
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8:6 A Branch-and-Bound Algorithm for the TSPN

solution is discovered, sort the queue by lower bounds. This approach combines the fast
upper-bound updates of DFS with the tighter lower-bound focus of BFS.

3 Experiments

In the following, we investigate how various algorithmic choices affect performance. We
tested 500 instances, each containing 50 random polygons: 45 % convex, 45 % concave (up
to 10 units), and 10 % larger concave polygons with holes (up to 20 units), see Figure 7 for
examples. The instance n50_ps70_001 is used for the convergence plots throughout this
section. We regard a solution as optimal if its optimality gap is below 0.01 % within 60s.

Figure 7 Optimal solutions for n50_ps70_001 (left) and n50_ps70_002 (right).

Our algorithm is implemented in C++ and uses Gurobi 12.0 [18] to solve the mathemat-
ical programs. Geometry operations rely on Boost.Geometry 1.83 [15] and CGAL 6.0.1 [23]
with exact predicates and constructions. We compiled using g++ 13.3 and ran all tests on
an AMD Ryzen 7900 workstation with 96 GiB of DDR5-5200 RAM under Ubuntu 24.04.

Preprocessing Initial preprocessing to simplify the instances showed a modest improve-
ment on some instances and improved average runtimes slightly. However, no additional
instances were solved in time; see Figure 8.

Warm Start Heuristically computing an initial solution only benefited the random search
strategy (Figure 9). For other strategies, the high upfront cost (usually between 10s to
60s) of the naive algorithm used outweighed gains.

Root Node The choice of root node sequence critically affects performance (Figure 10).
Using a convex hull root node (CHR) was generally fastest, while a LEFP approach per-
formed better on instances with large polygons. A random strategy is not recommended.

Search Strategy DFS found solutions fastest, whereas BFS proved optimality fastest. A
combined DFS+BFS strategy is a good compromise; see Figure 11. It excels when
slightly relaxed optimality tolerances are acceptable.

Polygon Selection When selecting the next polygon to branch on, choosing the farthest
polygon consistently outperformed random selection (Figure 12).
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133 Figure 8 Runtime (left) and bound convergence (right) for different preprocessing settings.
134 Sometimes pre-simplification improved initial bounds and sped up convergence.
60 00 ——v—=o
50 -
2 600 o
= 40 B R B
- 2 500
E 30 G
= E 400
£ 20 3
8300 o TEmm s s
0 NS 00OFW IR | T T ek
200
0
False True 0 20 40 60
initial solution time [s]
Exploration Strategy exploration, initial solution bound
I DFS+BFS Random, False lower
3 DFS ——— Random, True == upper
I BFS
I Random

138

Figure 9 Runtime analysis (left) and random node exploration bound convergence (right) for

139 different initial solutions. Other exploration strategies showed no improvement from warm starts.
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7 Figure 10 Runtime (left) and bound convergence (right) for different root node choices. CHR
performed best overall; however, for larger polygons, LEFP was more robust.
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7 Figure 11 Runtime for 0.01 % (left) and 5% (right) optimality gap using different search strate-
gies. With a 5% gap, DFS+BFS converges quickly.
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Figure 12 Runtime (left) and bound convergence (right) for different polygon selection methods.
Furthest polygon significantly improved performance over random.

Decomposition Modeling Decomposition branching yields faster and more reliable perfor-
mance than indicator modeling in Gurobi (Figure 13). Although indicator modeling is
simpler to implement, it leads to weaker relaxations.

Optimality Tolerance Relaxing the optimality gap significantly reduces runtime for gaps of
5% to 10 %; see Figure 14. Differences between 0.01 % and 0.1 % are negligible, but a
gap of 5% or higher often saves substantial time.

Threats to Validity All solutions were validated, and a set of unit tests ensured cor-
rectness of core components. Results were checked for consistency between upper and lower
bounds. Moreover, the selected 500 instances may not be fully representative of real-world
scenarios, though the set provides diversity by fixing instance size and varying polygon
shapes.

4  Conclusion and Future Work

In this paper, we presented a branch-and-bound algorithm for the TSPN and evaluated the
impact of various design decisions on its performance. While most of the results aligned with
our expectations, it was surprising to find that manually branching on the decomposition
of non-convex polygons outperformed handling them with Gurobi. Looking ahead, we have
several ideas for further improvements, including enhanced early-pruning strategies and more
advanced parallelization techniques.
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A  Pre-Simplification

We apply several simplification rules to reduce the complexity of an instance. that do not
exclude any optimal solution.

Superset Elimination If a polygon p € Z fully contains another polygon ¢ € Z, then p
can be safely removed from the instance as any solution covering ¢ will also cover p,
see Figure 15.

Figure 15 Example instance (left) with superset elimination applied (right). A polygon can be
removed if it fully contains any other instance polygon.

Hole Removal For a polygon p € 7 that contains a hole i, h can be removed if there is
another polygon ¢ € Z that does not intersect h. If not all holes can be removed, the
polygon can be replaced by any other polygon that contains at least one other polygon
and the complements of all remaining holes, see Figure 16.

Figure 16 Example instance (left) with hole removal applied (center left). A hole can be removed
if there is another polygon that does not intersect it. The hole in the instance (center right) cannot
be removed but the polygon can be simplified (right).
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Convex Hull Filling If a polygon p € Z cuts the instance into seperate sets 77,7, C Z such
that any TSPN tour connnecting Z; and Z, must intersect p, then p can be simplified to
its convex hull, see Figure 17.

S S
s

181 Figure 17 Example instance (left) with convex hull filling applied (right).
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