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—— Abstract

We provide a spectrum of new theoretical insights and practical results for finding a Minimum
Dilation Triangulation (MDT), a natural geometric optimization problem of considerable previous
attention: Given a set P of n points in the plane, find a triangulation 7', such that a shortest
Euclidean path in T between any pair of points increases by the smallest possible factor compared
to their straight-line distance. No polynomial-time algorithm is known for the problem; moreover,
evaluating the objective function involves computing the sum of (possibly many) square roots. On
the other hand, the problem is not known to be NP-hard. We provide practically robust methods
and implementations for computing the MDT for benchmark sets with up to 30,000 points in
reasonable time on commodity hardware, based on new geometric insights into the structure of
optimal edge sets. Previous methods only achieved results for up to 200 points, so we extend the
range of optimally solvable instances by a factor of 150.

Moreover, we resolve an open problem by establishing a lower bound of 1.44116 on the dilation
of the regular 84-gon (and thus for arbitrary point sets), improving the previous worst-case lower
bound of 1.4308 and greatly reducing the remaining gap to the upper bound of 1.4482 from the
literature. In the process, we provide optimal solutions for regular n-gons up to n = 100.

Related Version arXiv:2502.18189

1 Introduction

Triangulating a set of points to optimize some objective is one of the classical problems in
computational geometry. On the practical side, it has applications in wireless sensor net-
works [25, 26], mesh generation [1], computer vision [23], geographic information systems [24]
and many other areas [5].

In this paper, we provide new results and insights for a previously studied, natural objective
that considers triangulations as sparse structures with relatively low cost for ensuing detours:
The dilation of a triangulation T of a point set P is the worst-case ratio (among all s,t € P)
between the shortest s-t-path 77 (s,t) in T and the Euclidean distance d(s,t) between s and
t, i.e. p(T) = max{lrr(s:H)l/a(s,t) | s,t € P,s # t}. The Minimum Dilation Triangulation
(MDT) problem asks for a triangulation T' that minimizes the dilation p(T'), see Figure 1 for
examples. Despite this importance and attention, actually computing a Minimum Dilation
Triangulation is a challenging problem. Its computational complexity is still unresolved,
signaling that there may not be a simple and elegant algorithmic solution that scales well.

Our contributions We present practically robust methods and implementations for comput-
ing an MDT for benchmark sets with up to 30,000 points in reasonable time on commodity
hardware, based on new geometric insights into the structure of optimal edge sets. Previous
methods only achieved results for up to 200 points (involving one computational routine
of complexity ©(n*) instead of our improved complexity of O(n?logn)), so we extend the
range of practically solvable instances by a factor of 150. We also resolve an open problem
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Figure 1 MDT solutions for four instances. The red edges indicate a dilation-defining path.

from Dumitrescu and Ghosh [9] by establishing a lower bound of 1.44116 on the dilation of
the regular 84-gon. This improves the previous worst-case lower bound of 1.4308 from the
regular 23-gon and greatly reduces the remaining gap to the upper bound of 1.4482 from [22].
In the process, we provide optimal solutions for regular n-gons up to n = 100.

Related work The complexity of finding the MDT is unknown [11, 18]. Giannopoulos
et al. [12] prove that finding the minimum dilation graph with a limited number of edges
is NP-hard. Cheong et al. [4] show that finding a spanning tree of given dilation is also
NP-hard. Kozma [16] proves NP-hardness for minimizing the expected distance between
random points in a triangulation, with edge weights instead of Euclidean distances. All
practical approaches in the literature are based on fixed-precision arithmetic. Klein [14] used
an enumeration algorithm to find an optimal MDT for up to 10 points. Dorzan et al. [§]
present heuristics for the MDT and evaluate their performance on instances with up to 200
points. Instances with up to 70 points were solved by Brandt et al. [3] using integer linear
programming techniques and the edge elimination strategy from Knauer and Mulzer [15].
Recently, Sattari and Izadi [21] presented an exact algorithm based on branch and bound
that was evaluated on instances with up to 200 points.

2  Exact algorithms

Now we present two exact algorithms: INCMDT is an incremental method that uses a SAT
solver for iterative improvement, until it can prove that no better solution exists. BINMDT
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is based on a binary search for the optimal dilation p; once the lower and upper bound are

reasonably close, the approach falls back to INCMDT to reach a provably optimal solution.

2.1 Enumerating possible edges

We implemented a novel and practically efficient scheme for enumerating a set of edges that
induces a supergraph of the MDT with dilation strictly less than a given bound p. The
approach is based on the well-known ellipse property (used in [3, 12, 15]) and enumerates
candidate edges using a quadtree-based filtered incremental nearest-neighbor search that
identifies potential neighbors while excluding points in so-called dead sectors. Due to space
constraints, all details are deferred to the full version.

Our enumeration scheme significantly reduces the number of edges to consider, improving
runtime efficiency. It also computes a dilation threshold ¥(st) for each edge st to quickly
exclude edges when lowering the dilation bound. As part of our computation, we also obtain
an initial triangulation and its dilation, as well the intersecting possible edges I(st) for each
possible edge st. In both algorithms, we may gradually discover triangulations with lower
dilation; these are used to exclude additional edges using the precomputed dilation thresholds
J(e). To keep track of the status of each edge, we insert all points and possible edges into a
graph data structure we call triangulation supergraph. In this structure, we mark each edge
as possible, impossible or certain. Initially, all enumerated edges are possible. If, at any point,
all edges intersecting an edge e become impossible, e becomes certain. If an impossible edge
becomes certain or vice versa, the graph does not contain a triangulation any longer. If this
happens, we say we encounter an edge conflict.

2.2 SAT formulation

Given a triangulation supergraph G = (P, F), we model the problem of finding a triangulation
on possible and certain edges using the following simple SAT formulation. Let E, C E be
the set of non-impossible edges when the SAT formulation is constructed. For each edge
e € E,, we have a variable z.. We use the following clauses in our formulation.

Lo, V ey Vei,es € E, teg € I(e1) (1)
e V \/ Te; Ve € E, (2)
e;€l(e)

Clauses (1) ensure crossing-freeness and clauses (2) ensure maximality. When an edge e
becomes certain, we add the clause x.; similarly, when an edge becomes impossible, we add
the clause —z.. Both algorithms are based on this simple formulation; in the following, we
describe how they use and modify it to find an MDT.

Clause generation The following subproblem, which we call dilation path separation, arises
in both our algorithms: Given a dilation bound p, a triangulation supergraph G = (P, E)
excluding only edges that cannot be in any triangulation with dilation less than p, a current
triangulation T and a pair of points s,t € P such that |mp(s,t)| > p-d(s,t), find a clause
C that is (a) violated by T and (b) satisfied by any triangulation 7" with p(T”) < p. For a
description of how we compute E’ in practice, see the full version.

» Lemma 2.1. Assuming a polynomial-time oracle for comparing sums of square roots, there
is a polynomial-time algorithm that solves the dilation path separation problem.
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Figure 2 Progress of the incremental algorithm on an instance with n = 50 points. Green edges
indicate changes in the triangulation, red edges indicate a dilation-defining path.

Proof. Let IT be the set of all s-t-paths 7 in G with |7r| < p - d(s,t). We begin by observing
that, along every path m € II, there is an edge e € E that is not in T'; otherwise, we get
a contradiction to |mr(s,t)| > p-d(s,t). Let E' C E\ T be a set of edges such that for
each 7 € II, there is an edge e € ' on 7. Then, C' = \/eeE, T, is a clause that satisfies the
requirements; note that if IT is empty, the empty clause can be returned.

T contains no edge from E’, so C is violated by T. Furthermore, if a triangulation T”
with p(T") < p does not contain any of the edges in E’, it contains none of the paths in
I1. Therefore, mr/(s,t) uses an edge that is not in E, which has been excluded from all
triangulations with dilation less than p; a contradiction. E’ can be computed by repeatedly
computing shortest s-t-paths 7; as long as m < pd(s,t), we find an edge e ¢ T on 7, add e to
E’ and forbid it in future paths. The number of edges bounds the number of iterations of
this process; using the comparison oracle, we can efficiently perform each iteration. |

2.3 Incremental algorithm

Based on the SAT formulation and the algorithm for the dilation path separation problem,
INCcMDT is simple. Given an initial triangulation 7" with dilation p, we enumerate the set of
candidate edges and construct a triangulation supergraph G with bound p. We construct the
initial SAT formula M and solve it; if it is unsatisfiable, the initial triangulation is optimal.
Otherwise, we repeat the following until the model becomes unsatisfiable or we encounter an
edge conflict, keeping track of the best triangulation found, see Figure 2.

We extract the new triangulation 7" from the SAT solver and compute the dilation p’
and a pair s,t of points realizing p’. If p’ is better than the best previously found dilation
p, we update p and mark all edges e with ¥(e) > p' as impossible. We then set T =T’ and
solve the dilation path separation problem for p, G, T, s and t. We add the resulting clause
to M and let the SAT solver find a new solution.
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2.4 Binary search

Preliminary experiments with INCMDT showed that we spend almost all runtime for
computing dilations, even for instances for which we could rely exclusively on interval
arithmetic, requiring no exact computations. For many instances, most iterations of INCMDT
resulted in tiny improvements of the dilation. To reduce the number of iterations (and thus,
dilations computed), we considered the binary search-based algorithm BINMDT.

At any point in time, aside from the dilation pyy, of the best known triangulation, BINMDT
maintains a lower bound pj, on the dilation, initialized as described in the full version. As
long as pup — p1p > o for a small threshold value o, BINMDT performs a binary search. It
computes a new dilation bound p = 1 (pi, + pup). It then uses the SAT model in a similar
way as INCMDT to determine whether a triangulation T with p(T') < p exists. If it does, it
updates pup = p(T); otherwise, it updates p, = p. Once pyp — pip falls below o, BINMDT
falls back to a slightly modified version of INCMDT to find the MDT, starting from the best
known triangulation with dilation py,. For more details, see also the full version.

3 Empirical evaluation

Now we present experiments to evaluate our algorithms. Code at data are publicly available!.

We used Python 3.12, with a core module written in C++-20 for all computationally heavy
tasks; the code was compiled with GCC 13.2.0 in release mode. We use CGAL 5.6.1 for
geometric primitives and exact number types, Boost 1.83 for utility functions and pybind11
2.12 for Python bindings and use the incremental SAT solver CaDiCaL 1.9.5 via the PySAT
interface for solving the SAT models. All experiments were performed on Linux workstations
equipped with AMD Ryzen 9 7900 CPUs with 12 cores/24 threads and 96 GiB of DDR5-5600
RAM running Ubuntu 24.04.1.

Experiment design We collected and generated a large set of instances, consisting of

instances from the following instance classes. In all cases, the coordinates of points in the

instances are either integers or double precision floating-point numbers.

random-small [3] The 210 instances (30 for each size n € {10,20,...,70}) were generated
by placing uniformly random points inside a 10 x 10 square.

random Two sets of randomly generated instances (total of 800 instances) with points with

float coordinates chosen uniformly between 0 and 103, ranging from 50 to 10,000 points.

public [7, 6, 20, 19, 10] Well-known publicly available point sets used in the CG:SHOP
challenges [7, 6], TSPLIB instances [19], instances from a VLSI dataset [20] and point
sets from the Salzburg Database of Polygonal Inputs [10]. In total, we collected 486
instances with up to 10,000 points and an additional 38 with up to 30,000 points.

Comparison to state of the art We compare our approaches to two exact algorithms for
the MDT. Note that both use floating-point arithmetic and are not guaranteed to find the
optimal solution (although we can confirm that all previous solutions are within a small
relative error). The first approach is the IP approach from [3] and the second is the branch
& bound (BnB) algorithm from [21].

For random-small, both INCMDT and BINMDT outperform the IP and BnB approach
by a large margin (up to four orders of magnitude), see Figure 3. All instances are solvable

! Code and data: https://doi.org/10.5281/zenodo. 14266122
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Figure 3 (Left) Runtime comparison with the approaches from [3] and [21] on the random-small
set. (Right) BINMDT is significantly faster than INCMDT on the random benchmark set.
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Figure 4 Experiments on the public benchmark set. (Left) Using the improved Delaunay
triangulation as an initial solution significantly improved the performance. (Right) The dilation of
the MDTs is at most v/2 for all instances.

in less than 0.1s. Additionally, [21] provided results for TSPLIB [19] instances (part of our
public instance set) with up to 200 points. Our approach is significantly faster than theirs,
solving each of these instances to provable optimality in less than 1s instead of up to 1248s;
a table with all instances and runtimes can be found in the full version.

Algorithm comparison We now compare INCMDT to BINMDT; see the full version for
more detail. We conduct our first experiment on the random instances with up to 10,000
points; this experiment confirms that BINMDT achieves a significantly lower runtime. For
more details, see Figure 3.

We also conduct an additional experiment on the public instances up to 10,000 points to
determine whether performing greedy, local improvements to the Delaunay triangulation,
which we use as initial solution, is worthwhile; see Figure 4. The improved Delaunay
triangulation significantly reduces the runtime of BINMDT for almost all instances. Detailed
results for all public instances, as well as an additional experiment on the public instance
set showing that BINMDT can solve instances with up to 30,000 points in less than 17h to
provable optimality, can be found in the full version.
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Figure 5 Dilations and runtimes for regular n-gons for 4 < n < 100. Red dots improve the
current lower bound of 1.4308 that comes from the regular 23-gon. The dashed black lines mark the
known upper bound of 1.4482 and the previous best lower bound of 1.4308.

Regular n-gons The worst-case dilation of a regular n-gon has received considerable
attention [17, 9, 22|, with a lower bound of 1.4308 and an upper bound of 1.4482. Improving
this gap is an open question posed by [9], originating from [2, 13]. With our exact algorithm,
we were able to compute bounds for n € {4,5,...,100} and found that the dilation of a
regular 84-gon is at least 1.44116, see Figures 1 and 5 and the full version for details.

4  Conclusion

We have presented exact algorithms for minimum dilation triangulations, greatly outperform-
ing previous methods from the literature. This has also yielded insights into the intricate
structure of optimal solutions for regular n-gons, together with new lower bounds on the
worst-case dilation of triangulations. This demonstrates the value of computational tools for
gaining analytic insights that seem out of reach with purely manual analysis.
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