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Abstract
In general multi-coverage, we are given a set of n points p1, . . . , pn in the plane. The task is to
choose m locations q1, . . . , qm and assign a radius rj to each qj , such that each pi is covered by disks
centered at κ(pi) ≥ 1 different qj with corresponding radius rj , such that the sum of disk areas is
minimized. We provide fast heuristics and exact methods that compute provably optimal solutions,
which we extend to the generalization in which disk centers are subject to separation constraints.

Related Version arXiv:2502.13773

1 Introduction

Covering a set of geometric locations is an important optimization problem that arises in
different areas. As shown in Figure 1a, this includes scenarios from robotics, e.g., controlling a
set of ground locations from a finite set of drones with downward communication links [15, 7],
requiring a set of different altitudes that balance safe separation between drones with reliable
communication to the ground. The latter requires sufficient signal strength, so communication
areas (and thus energy consumption) depend quadratically on the altitude. For any location,
observation with more than one drone is often needed to ensure sufficiently robust coverage.
Similar problems exist in diverse application domains, including wireless sensor networks
[1, 3, 4, 17, 5], facility placement [2, 6] and pesticide application [14, 8].

In the general multi-coverage (GMC) problem, we are given a point set S, m sensors,
and a coverage function κ : S → N; the goal is to assign a center qi and radius ri for each
disk i ∈ [1, . . . , m] so that each pi ∈ S is covered by at least κ(pi) disks. The objective is
to minimize the sum of disk areas π

∑m
i=1 r2

i . An additional constraint arises by enforcing
sufficient separation between coverage centers: For distance ℓ, the dispersive multi-coverage
problem (DGMC) asks for a GMC with ∥qi − qj∥ ≥ ℓ for all i ̸= j and i, j ∈ [1, . . . , m]. (See
Figures 1b and 1c for examples of optimal solutions.)

2 Related Work

Alt et al. [2] studied the GMC with κ(p) = 1. A related, but simpler, problem explored
in previous works uses a given set C of disk centers; with given coverage multiplicities
κ(pi), this is known as the non-uniform minimum-cost multi-cover (MCMC) problem. If
∀p ∈ S, κ(p) = k it is referred to as the uniform MCMC.

Approximation algorithms with constant factors depending on κ for uniform and non-
uniform MCMC were given by Abu-Affash et al. [1] and BarYehuda and Rawitz [3], re-
spectively. Bhowmick et al. [6] achieved constant approximation for non-uniform MCMC
independent of κ. Huang et al. [12, 13] gave a PTAS for κ(S) > 1.
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(a) Kilobot robots
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(b) GMC
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(c) DGMC

Figure 1 (a) Ground-based Kilobot robots, commanded by overhead controllers via infrared
communication [16]. Optimal (minimum total area) solutions with n = 10, m = 5, and κ between 1
and 3. (b) Without separation constraints. (c) Enforcing a minimum distance of ℓ = 3.

Also related is placing a minimum number of unit disks to multi-cover a point set of
size |S| = n. Gao et al. [10] gave a 5-approximation with runtime O(n + κmax), and a
4-approximation algorithm with runtime O(n2). Filipov and Tomova studied coverage with
the minimum number of unit disks [9], providing a stochastic algorithm with expected
complexity O(n2).

3 Solving GMC: Lower Bounds

We consider approaches for solving the GMC problem, implying lower bounds for the DGMC.

3.1 GMC heuristic
The heuristic starts with an initial k-means solution to partition the point set into m clusters.
These clusters are expanded to ensure each point p is covered κ(p) times and locally optimized
to minimize the total area of the disks. See full version for a detailed description.

3.2 Integer Programming
To formulate the GMC as an IP, we need a discrete set of candidate sensor positions. We
discuss computing a (preferably small) sufficient set C of candidate disks in Section 3.2.1.
Given C, we can formulate the integer program in Section 3.2.2.

3.2.1 Computing the Candidate Set
Without separation constraints, there are three ways that a set of points S′ ⊆ S can be
covered optimally (i.e., with minimum-area) by a disk.
a) For S′ = {p1}, a disk centered at p1 with radius 0 is optimal.
b) For S′ = {p1, p2}, there is a unique disk with radius ∥pi−pj∥

2 centered at the midpoint of
p1, p2 that is the minimum-area disk that contains both points.

c) For |S′| ≥ 3, any disk covering S′ can be shrunk until it has either (i) two points p1, p2 ∈ S′

on its boundary (see case b) or (ii) at least three points p1, p2, p3 ∈ S′ on its boundary.
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Figure 2 Solutions from uni_lg with n = 30 and m = 30 and different separation constraints.

The above allows us to enumerate all necessary disks for the GMC: We add a disk with
radius 0 and center pi for all points pi ∈ S. Then for all pairs pi, pj ∈ S, we compute the
disk centered between pi, pj . For all triples pi, pj , pk ∈ S, we compute the unique disk that
has pi, pj and pk on its boundary. When the triangle between the points is obtuse, a disk
in C (defined by two of the points) already contains the third point and has a smaller area.
Thus, we only add a disk defined by three points if we encounter an acute triangle.

In total, this yields O(n3) possible positions. Using a k-d- or ball-tree one can find the set
S′ ⊆ S of points that intersect a given disk in O(

√
n + |S′|) time. This yields a worst-case

runtime of O(n4) to enumerate all elements of C, but with better performance in practice.

3.2.2 GMC IP Formulation
For every disk di in the candidate set C, we define integer variables xi that encode how often
each disk is used in the solution. The constraints ensure that at most m disks are placed
and every point pj ∈ S is covered by at least κ(pj) disks.

minimize π ·
∑

di∈C

r2
i xi

subject to
∑

di∈C

xi ≤ m∑
di∈C
pj∈di

xi ≥ κ(pj), ∀pj ∈ S

xi ∈ {0, . . . , m}, ∀di ∈ C

4 Upper Bounds: Enforcing separation constraints

While the DGMC can be formulated as a quadratic program with non-convex constraints for
disk separation, solving this to optimality is challenging. Thus, we again work with a dis-
cretized candidate set C and modify the Integer Programming formulation from Section 3.2.2.
However, unlike for the GMC, C does not necessarily contain disks of an optimal solution. It
could even be that no selection of disks from C provides any feasible solution to the DGMC.
Therefore, we modify C to improve the quality of our solutions; see Section 4.2.

We use the GMC as a lower bound to the DGMC. Comparing this to any DGMC solution
with a discretized candidate set allows us to evaluate the quality of the solution for the
(non-discretized) DGMC. We found our solutions to be very close to lower bounds provided
by the GMC IP; see Section 5.

EuroCG’25
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4.1 Introducing Separation Constraints
We start with the integer program from Section 3.2.2. Separation between two disks is
achieved by using binary variables (to ensure that each disk can be selected at most once) and
adding the following constraints to prevent two disks with distance ≤ ℓ (for some distance ℓ)
from being selected.

xi + xj ≤ 1 ∀di, dj ∈ C : ∥qi − qj∥ ≤ ℓ. (1)

For O(n3) possible disks, this would yield O(n6) possible constraints, which is impractical
for interesting instances. Thus, we only add the violating constraints in an iterative fashion.

Due to the separation requirement, we can further add a clique constraint for each
violating disk that ensures at most one disk is selected within a distance < ℓ

2 . For some disk
di this clique constraint can be formulated as∑

dj∈C
d(qi,qj)<ℓ/2

xj ≤ 1. (2)

Equation (2) includes separations from Equation (1), so we add Equation (1) for distant
violating disk pairs, and Equation (2) for the ℓ

2 neighbors of each violating disk. We limit
the size of the resulting DGMC IP, by only adding Equation (2) for a disk di if no clique
was added for some other disk dj in the clique.

4.2 Modifying the Candidate Set
The next idea is to enhance the candidate set C by promising disks for coverage. In the GMC
solution, single outlier points p with κ(p) > 1 are often covered using κ(p) many drones that
cover only p. This is no longer possible when ensuring disk separation. For each point p with
κ(p) > 1, we extend the candidate set C by κ(p) small disks, that respect the separation
constraints, i.e., we construct a regular κ(p)-gon with side length ℓ centered around p.

To speed up the solver, we can focus on small disks. To that end, we check for the largest
disk di used in the GMC solution and remove all other disks that have a radius that is greater
than α · ri. The factor α compromises between the size of C and solution quality.

5 Results

Experiments were carried out on a regular desktop workstation with an AMD Ryzen 9
7900 (12×3.7 GHz) CPU and 88 GB of RAM. Code and data are available1. Instances were
generated uniformly in a 100 m × 100 m canvas. Values of κ(p) for all points were sampled
uniformly from {1, 2, 3}. This yields the instances sets uni_sm (n = 20, 30, . . . , 200 and
m = 20), uni_lg (n = 30, 40, . . . , 300 and m = 30), and uni_fix_n (m = 5, 10, . . . , 100 and
n = 250). We generated five instances for each parameter combination.

5.1 GMC
We compare the GMC heuristic and the integer program in terms of runtime and total area.
GMC IP requires time to set up the solver, i.e., (i) computing the candidate set C which
takes O(n4) and (ii) building the model which takes O(n|C|). The solver is executed on the
resulting integer program.

1 https://gitlab.ibr.cs.tu-bs.de/alg/disc-covering

https://gitlab.ibr.cs.tu-bs.de/alg/disc-covering
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Figure 3 Comparison of runtime, total area, and optimality gap between the GMC IP solver
and the heuristic. On all plots, lower is better. (left) uni_sm; fixed m = 20 variable n. (right)
uni_fix_n; fixed n = 250 variable m.

Figure 3 shows that the runtime of the GMC IP solver is significantly higher than of the
GMC heuristic. Computing the candidate set is challenging for larger instances, but we do
not observe the worst-case behavior in runtime. For uni_fix_n, having m between 20 and 35
the GMC IP needs significantly more time to obtain provable optimal solutions.

The lower row of Figure 3 shows a comparison between GMC heuristic and GMC IP in
terms of solution quality. The plot shows the optimality gap that is the relative gap between
the found solution versus the optimal solution ((Calg − Cip)/Calg). For both fixed m and n,
the optimality gap remains stable at around 27.5 % in different instances. The only exception
being the case where m ≥ n in which the iterative algorithm gives slightly worse results.

5.2 DGMC

In Section 4.2 we presented different candidate set strategies that are now compared in terms
of solution quality and runtime. For all the experiments, we enable clique constraints and
extend the candidate set by small disks.

We ran these exploratory experiments on the benchmark set uni_sm, as the workstations
ran out of memory for larger instances. After identifying the best parameters, we ran another
experiment on the bigger benchmark set uni_lg, i.e., for more points and more drones. For
all the experiments, we chose a fixed ℓ = 5. For a fixed value of ℓ, it is more reasonable
to variate the number of points n, as more drones increase the difficulty of sparsifying the
solution and lead to more infeasibilities.

5.2.1 Parameters of DGMC IP

Figure 4 (left) shows the described tradeoff for the α parameter: α controls the size of
the largest disk in the candidate set C. The top row shows that reducing C improves the
solver times significantly. At the same time, the bottom row shows how the solution quality
decreases with a smaller set. Setting α = 1.2 provides excellent tradeoff between solution

EuroCG’25
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quality and runtime, reducing runtime while almost maintaining the same solution quality as
the original set, i.e., α = ∞.
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Figure 4 (left) Tradeoff between reducing the candidate set C and the optimality gap for the
DGMC IP on uni_sm; m = 20 and ℓ = 5. For comparison, we only display instances that were
feasible for all α values, removing 14 of the 95 instances. (right) Runtime and optimality gap of the
DGMC IP on uni_lg; m = 30 and ℓ = 5.

5.2.2 Large benchmark uni_lg

First we ran the GMC IP on the benchmark set to obtain the lower bounds for the DGMC.
There is a single instance with n = 300 that could not be solved within the memory limit;
for the remainder of this section, we will exclude this instance.

Based on the results from uni_sm, we ran the DGMC IP on the larger benchmark set
uni_lg with a time limit of 900 s for the solver and set α = 1.2. Note that without reducing
C (i.e. with α = ∞), we cannot reliably solve the larger instances, i.e., instances with more
than 250 points, as the integer program requires too much memory.

Figure 4 (right) shows that we can solve all instances close to provable optimality.
For smaller instances with n ≤ 100 the optimality gaps are higher than 2 %. For larger
instances, the DGMC IP solver was unable to find optimal solutions for the discretized
DGMC (see Section 4) and was terminated due to a timeout. Despite early termination,
DGMC IP found solutions with an optimality gap below 0.7 % for all these instances. Note
that as we are comparing against the GMC IP solutions (without separation constraints),
the gaps to an optimal solution of the DGMC are smaller than what can be seen here.

6 Conclusions

Directions for future work include an extension to covered assets in 3D, which is natural for
domains such as flying robots, space applications, or undersea sensor networks. Calculating
candidate centers is still possible, but more complicated [11]. The high speed of the iterative
approximation may be applicable for dynamic targets, or for adjusting the sensor positions
and radii when a sensor is added or deleted. A quadratic program for DGMC is suitable for
small problems, and could be initialized with the DGMC IP solutions to speed computation.
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