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—— Abstract

We consider the problem of reconfiguring a two-dimensional connected grid arrangement of passive

building blocks from a start configuration to a goal configuration, using a single active robot that
can move on the tiles, remove individual tiles from a given location and physically move them to a
new position by walking on the remaining configuration. The objective is to determine a reconfig-
uration schedule that minimizes the overall makespan, while ensuring that the tile configuration
remains connected. We provide the following: (1) We present a generalized version of the problem,
parameterized by weighted costs for moving with or without tiles, and show that this is NP-hard.
(2) We give a polynomial-time constant-factor approximation for the case of disjoint start and target
bounding boxes. Our algorithm yields optimal carry distance for 2-scaled instances.

Related Version arXiv:2502.09299

1 Introduction

Building and modifying structures consisting of many basic components is an important
objective, both in fundamental theory and in a spectrum of practical settings. Transforming
such structures with the help of autonomous robots is particularly relevant in very large [9]
and very small dimensions [25] that are hard to access for direct human manipulation, e.g.,
in extraterrestrial space [7] or in microscopic environments [5].

Progress in material sciences has spawned discrete, light-weight materials that allow
building large lattice structures of tiles that can be manipulated by simple robots for
reconfiguration [21], as shown in Figure 1: The robot can move on the tile arrangement,
remove individual tiles and physically relocate them to a new position by walking on the
remaining configuration, which needs to remain connected at all times.
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Figure 1 A simple Bill-E robot that can move on a configuration of digital, light-weight material
and relocate individual voxels for overall reconfiguration. Photos adapted from [21].

How can we use such a robot to transform a given start configuration into a desired goal
arrangement, as quickly as possible? We provide the following results.

1. We present a generalized version of the problem, parameterized by weighted costs for
moving with or without tiles, and show that this is NP-hard.

2. We give a polynomial-time constant-factor approximation in case of disjoint start and
target bounding boxes. Our approach yields optimal carry distance for 2-scaled instances.

Due to limited space, details for statements marked by (x) can be found in the full version [6].

However, we provide a concise overview of the ideas.

Related work. Garcia et al. [15, 16] showed that computing optimal schedules for robotic
reconfiguration is NP-hard. They designed heuristic approaches exploiting rapidly exploring
random trees (RRT), and a time-dependent variant of the A* search algorithm.

A different context for reconfiguration arises from programmable matter [17, 18, 19]. Here,
even finite automata are capable of building bounding boxes from tiles around polyominoes,
as well as scale and rotate them while maintaining connectivity at all times [12, 24].

For arrangements that are composed of active, self-moving objects (or agents), a number
of related results have been obtained. For the sliding cube model [13, 14], Akitaya et al. [3]
show that universal sequential reconfiguration in two dimensions is possible, even while
maintaining connectivity of all intermediate configurations, but minimizing the makespan of a
schedule is NP-complete. Abel et al. [1] and Kostitsyna et al. [22] gave similar results in three
dimensions. Most recently, Akitaya et al. [4] give results for the parallel sliding square model.
In a related model, Fekete et al. [10, 11] show that parallel connected reconfiguration of a
swarm of (labeled) agents is NP-complete, even for deciding whether there is a schedule of
makespan 2, and present algorithms for computing constant stretch schedules, i.e., the ratio
between the makespan of a schedule and a natural lower bound (the maximum minimum
distance between an individual start and target position) is bounded by a constant.

Preliminaries. For the following, we refer to Figure 2. We are given a fixed set of n
indistinguishable square tile modules located at discrete, unique positions in the infinite
integer grid Z2. If this set induces a connected subgraph, where two positions are considered
connected if either their z- or y-coordinate differs by 1, we say that the tiles form a connected
configuration or polyomino. Let C(n) refer to the set of all polyominoes of n tiles.

Consider a robot that occupies a single tile at any given time and uses cardinal directions
to navigate; the unit vectors (1,0) and (0, 1) correspond to east and north, respectively. In
discrete time steps, the robot can either move to an adjacent tile, pick up an adjacent tile (if
it is not carrying one), or place a tile at an adjacent unoccupied position (if it is carrying
a tile). A tile may only be picked up if the configuration remains connected without it.
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Figure 2 An example schedule for some Cs = C}: The robot moves in cardinal directions, walking
on and modifying tiles. Tiles in Cs N Cy are marked in gray, Cs \ C¢ in cyan, and C; \ Cs in orange.

Given two connected configurations Cy and Ci, a (reconfiguration) schedule S is a finite,
connectivity-preserving sequence of operations to be performed by the robot for Cs = C}
exactly if it transforms Cj into C;. Let de(S) denote the carry distance, which is the sum of
geodesic distances between consecutive pickups and drop-offs in S. This represents the total
distance the robot travels while carrying a tile, with an additional unit of distance added
each time the robot either picks up or places a tile. Similarly, the empty distance dg(S) is
the geodesic distance walked without carrying a tile.

In this paper, we consider the SINGLE ROBOT RECONFIGURATION problem: Given two
connected configurations Cs and Cy, and a rational weight factor A € [0, 1], our goal is
to compute a schedule S for Cs = C; of minimum makespan |S| = X - dg(S) + dc(95).
The associated decision problem is defined as expected with an upper bound on the length
of a schedule. We refer to the minimum weighted makespan for a given instance as OPT.

2 Computational complexity of the problem

We start by investigating the computational complexity of the decision variant of the
generalized reconfiguration problem. In particular, we prove that the problem is NP-hard for
any rational factor A € [0, 1]. This generalizes a result by Garcia et al. [16] for A = 1.

» Theorem 2.1 (x). SINGLE ROBOT RECONFIGURATION is NP-hard, parameterized by .

We distinguish between two cases. If A € (0, 1], we reduce from the HAMILTONIAN PATH
problem in induced subgraphs of the infinite grid graph [20]. The high-level idea is to expand
the grid graph of a given Hamiltonian path instance, placing small reconfiguration tasks at
each vertex of the graph.

For A = 0, we reduce from PLANAR MONOTONE 3SAT [8]. We utilize and adapt the
reduction given by Akitaya et al. [3] for the sequential sliding squares problem. As A = 0, the
robot is effectively allowed to “teleport” across the configuration. Therefore, we construct
variable and clause gadgets in a way that a unit square must be carried through one side of a
variable in order to perform a constant number of reconfiguration steps within the clauses.

3 Constant-factor approximation

We now turn to a special case of the optimization variant in which the configurations have
disjoint bounding boxes, i.e., there exists an axis-parallel bisector that separates them. Let this
bisector be horizontal such that the target configuration lies south. We present an algorithm
that computes schedules of makespan at most ¢- OPT for some fixed ¢ > 1.

3.1 2-scaled instances

We additionally impose the constraint that both the start and target configurations are
2-scaled, i.e., they consist of 2 x 2-squares of tiles aligned with a 2 x 2 integer grid, and show:
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» Theorem 3.1 (x). There exists a constant ¢ such that for any pair of 2-scaled configurations
Cs, Cy € C(n) with disjoint bounding bozxes, we can efficiently compute a schedule for Cs = Cy
with weighted makespan at most ¢ - OPT.

Our algorithm utilizes a type of intermediate configuration called histogram. A histogram
consists of a base strip of unit height and (multiple) orthogonal unit width columns attached
to its base. The direction of its columns determines the orientation of a histogram, e.g., the
histogram H in Figure 3 is north-facing. We proceed in three phases, see Figure 3.

| Phase (111)

Phase (1) V¥ ‘

Figure 3 An example for a start and target configuration Cs and C, the intermediate histograms
H, and H; sharing a baseline, and the horizontally translated H! that shares a tile with H;.

Phase (I). Transform the configuration C; into a north-facing histogram H.

Phase (Il). Translate H, to overlap with the target bounding box and transform it into a
south-facing histogram H; contained in the bounding box of Cj.

Phase (I11). Finally, apply Phase (l) in reverse to obtain C; from H;.

Since Phases (1) and (111) are largely identical, we reduce to two subroutines: Transforming
a 2-scaled configuration into a 2-scaled histogram and converting two such histograms into
one another. We denote the optimal carry distance for any schedule Cs = Cy by o(Cs, C}).

Phase (I): Transform a configuration into a histogram. We proceed by describing a
subroutine that constructs a histogram from an arbitrary 2-scaled configuration by moving
tiles strictly in one cardinal direction. The resulting histogram faces the opposite direction.

» Lemma 3.2 (x). Let C be a 2-scaled polyomino and let Hy be a histogram that can be
created from Cg by moving tiles in only one cardinal direction. We can efficiently compute a
schedule of makespan O(n + o(Cs, Hy)) for Cs = H, with optimal carry distance.

Our strategy is simply as follows: We iteratively move sets of tiles by two units into
the respective target direction, until the histogram is constructed. We give a high-level
explanation of our approach by example of a north-facing histogram, as depicted in Figure 4.
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Figure 4 Left: A walk across all tiles (red), the set H (gray) and two free components (green).
Right: Based on the walk, the free components are iteratively moved south to reach a histogram
shape. The free component that is going to be translated south next is highlighted in yellow.
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Let P be any intermediate 2-scaled polyomino obtained by moving tiles south while
realizing Cs = H,. Let H be the set of maximal vertical strips of tiles that contain a base
tile in Hg, i.e., all tiles that do not need to be moved further south. We define the free
components of P as the set of connected components in P\ H. By definition, once a tile
becomes part of H, it is not moved again until the target histogram Hj is obtained.

The robot now simply walks across the entire polyomino, and whenever it enters a free
component, it performs a subroutine that translates the component south by two units by
repeatedly moving the northernmost tile in a column south. As the configuration is 2-scaled,
this guarantees connectivity; we refer to Figure 4 for an illustration.

» Lemma 3.3 (x). Given a free component F' of a 2-scaled polyomino P, we can efficiently
compute a schedule of makespan O(|F|) to translate F in the target direction by two units.

By applying Lemma 3.3 on the whole polyomino P instead of just a free component, we
can translate P in any direction with asymptotically optimal makespan.

» Corollary 3.4. Any 2-scaled polyomino can be translated by k units in any cardinal direction
by a schedule of weighted makespan O(n - k).

Phase (I1): Reconfigure a histogram into a histogram. By the assumption of the existence
of a horizontal bisector between the bounding boxes of Cs and C}, the histogram Hj is
north-facing, whereas H; is south-facing. The bounding box of Cy is vertically extended to
share exactly one y-coordinate with the bounding box of C}, and this is where both histogram
bases are placed; see Figure 3. By Corollary 3.4, the tiles in Hy can be moved toward H; in
asymptotically optimal makespan until the histogram bases share a tile.

» Lemma 3.5 (). Let Hg be a north-facing and Hy a south-facing histogram that share at
least one base tile. We can efficiently compute a schedule of makespan O(n + o(Hs, Hy)) for
H, = H,; with optimal carry distance.

Figure 5 illustrates our approach: We iteratively move the northernmost westernmost tile

of H, to the northernmost westernmost unoccupied position in H; until H; is constructed.

That position may not be reachable initially, in which case we first extend the histogram

base in western direction. This ordering ensures that tiles are moved on shortest paths to H;.

Figure 5 Left: Ordering of tile moves for H, =% H;. Right: If the westernmost unoccupied
position in H; is unreachable, the base may need to be extended first.

By Lemmas 3.2 and 3.5, tiles are moved with optimal carry distance in Phases (1), (I1),
and (111). We can show that the combined paths remain shortest possible, yielding an optimal
schedule for A = 0, i.e., if there is no movement cost when the robot is not carrying a tile.

» Corollary 3.6. For any pair of 2-scaled configurations Cs, Cy € C(n) with disjoint bounding
bozes and A = 0, we can efficiently compute an optimal schedule for Cs = Cy.
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3.2 General instances

The key advantage of 2-scaled instances is the absence of cut vertices, which simplifies the
maintenance of connectivity during the reconfiguration, which we now tackle separately.
Most parts of our previous method already work independent of the configuration scale.
The only required modification concerns the translation of free components, as the polyomino
may become disconnected while moving free components that are not 2-scaled. The key
technique here is that two auxiliary tiles can be used to preserve connectivity at cut vertices
that need to be moved; an example is illustrated in Figure 6. The use of auxiliary tiles to
preserve connectivity is also exploited in other models [2, 23]. For this, we can use any two
non-cut vertex tiles from the starting configuration, e.g., any leaf from a spanning tree of Cs.
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Figure 6 Translating a corridor (in cyan) of width 4 south, using two auxiliary (hatched) tiles.

The high level idea of the adjustment is as follows: We decompose each free component F’
into its elements; (1) maximal vertical strips of unit width and (2) maximal horizontal
corridors of unit height. As translating a single element may cause disconnection to adjacent
elements, we apply a recursive strategy that handles the elements blocking our translation,
i.e., that would yield a disconnected configuration, first. We then move the current element,
and finally process all other adjacent elements. Finally, we obtain the following.

» Theorem 3.7 (x). There exists a constant ¢ such that for any pair of configurations
Cs, Cy € C(n) with disjoint bounding boxes, we can efficiently compute a schedule for Cs = Cy
with weighted makespan at most ¢ - OPT.

4  Conclusions and future work

Our paper presents progress on the reconfiguration problem for tile-based structures with a
single active robot. In particular, we showed that the problem is NP-hard for any weighted
cost function based on walking and carrying. Complementarily, we developed an constant-
factor approximation algorithm to reconfigure two polyominoes into one another in the case
that both configurations are contained in disjoint bounding boxes.

Several open questions remain: It seems plausible that our methods can be generalized
to be performed by many robots in parallel. Much more intricate is the question on whether
a fully distributed approach is possible. Finally, can we adapt our approach to instances in
which the bounding boxes of the configurations are intersecting, i.e., overlapping or nested?
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