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—— Abstract

Motivated by targeted drug delivery, we investigate the gathering of particles in the full tilt model of
externally controlled motion planning: A set of particles is located at the tiles of a polyomino with
all particles reacting uniformly to an external force by moving as far as possible in one of the four
axis-parallel directions until they hit the boundary. The goal is to choose a sequence of directions
that moves all particles to a common position. Our results include a polynomial-time algorithm for
gathering in a completely filled polyomino as well as hardness reductions for approximating shortest
gathering sequences and for determining whether the particles in a partially filled polyomino can be
gathered. We pay special attention to the impact of restricted geometry, particularly polyominoes
without holes. As a corollary, we make progress on an open question from [Balanza-Martinez et al.,
SODA 2020] by showing that deciding whether a given position can be occupied remains NP-hard
in polyominoes without holes. Our results build on a connection we establish between tilt models
and the theory of synchronizing automata.
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1 Introduction

We investigate a problem motivated by targeted drug delivery [48]: How can initially dispersed
drug-carrying particles be gathered at a common position? Problems of this type are closely
related to advances in micro-scale robotics [50]. However, environmental constraints and the
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severely limited capabilities of robotic agents at micro- and nano-scale rule out autonomous
movement. Instead, a global external force, e.g., an electromagnetic field, can be used to
move and steer simple robotic particles. The challenge is to use geometry to control a large
swarm of particles through uniform signals within a non-uniform environment [12, 16].
Abstract mathematical models [9, 23], commonly called tilt models in reference to gravity
as a potential external force, have been developed to tackle this problem from an algorithmic
perspective. They model the environment as a polyomino, i.e., a finite, connected region of
the square tiling, with particles positioned at tiles and moving on axis-parallel paths up,
down, left, or right. Two major variants exist: In the single step model (S1), particles can
be precisely controlled via unit steps to adjacent positions, whereas the full tilt model (FT)
takes imprecision into account by only allowing particles to move maximally until blocked.

Algorithms and complexity results for a variety of applications [15, 25, 44, 51] have been
discovered using tilt models. To investigate algorithmic approaches to targeted drug delivery,
we consider particles located at the tiles of a polyomino and look for a gathering sequence,
i.e., a sequence of moves that relocates all particles to the same tile. It is already known that
gathering sequences of length O(n.D?) always exist in S1, where n, is the number of convex
corners of the polyomino and D its diameter, but finding sequences of minimum length is
NP-hard [13]. Very little is known about gathering in FT, apart from the brief observation
in [52] that gathering sequences do not exist for all polyominoes in FT. We remedy this
situation with a comprehensive study of gathering in FT.
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Figure 1 Two examples where gathering a set of particles is impossible in the full tilt model. Both
examples depict, from left to right, a set of particles (blue squares) inside a polyomino, a sequence
of moves leading to all possible configurations, and a partition of reachable positions yielding a
congruence. Example a prohibits gathering by keeping the particles in different congruence classes,
whereas the particles in b always occupy distinct positions of the same class.

As a first observation, we can see that the full tilt model exhibits several interesting
complications that render gathering impossible. The authors of [52] already recognized that
particles may become trapped in separate parts of the polyomino, see Figure la. However,
this is not the only difficulty. Remarkably, even if all tiles reachable from the initial particle
positions are mutually reachable, gathering may still be impossible, see Figure 1b.

Apart from practical applications, tilt models fascinate with simple, intuitive problems
that nevertheless exhibit surprising complexity. A central question is how the computational
complexity of a problem relates to the geometric complexity of the environment. Two
fundamental problems are OCCUPANCY, which asks if any of a given set of particles can be
moved to a specified tile, and SHAPERECONFIGURATION, which asks if a given configuration
of particles can be transformed into another given configuration. Both are proven PSPACE-
complete in FT for general polyominoes in [7], where the authors pose the complexity for
simple polyominoes, i.e., polyominoes without holes, as an open problem. We also consider a
supplementary class of polyominoes we call mazes: collections of horizontal and vertical lines
that only intersect in T-shaped and 4-shaped junctions, see Figure 2b.
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1.1 OQur contributions

We provide a wealth of insights into the gathering of particles in the full tilt model. Let a
given polyomino have n corners, n. < n of which are convex. We prove the following results.

When particles are initially positioned at every tile of a polyomino, a gathering sequence
of length O(n.n?) can be computed, if one exists at all (Theorem 4 and Corollary 6).
There are polyominoes with shortest gathering sequences of length Q(n?) (Theorem 7).
Finding a shortest gathering sequence is NP-hard, even in simple mazes (Theorem 14).
There is a polynomial-time 4-approximation for minimizing the length of a gathering
sequence in simple mazes (Theorem 16), but there is no polynomial-time constant-factor
approximation in general simple polyominoes (unless P = NP; Theorem 17).
Determining whether a subset of tiles has a gathering sequence is PSPACE-complete in
mazes (Corollary 13) and NP-hard in simple polyominoes (Theorem 18).

The last of these results allows us to derive progress on the open question from [7] regarding
the complexity of OCCUPANCY and SHAPERECONFIGURATION in simple polyominoes. We
show that both remain NP-hard (Corollary 19). Throughout this paper, we utilize a so far
overlooked connection between tilt models and automata theory, in particular synchronizing
automata. Since this topic is unlikely to be widely known among the computational geometry
community, we give a brief survey in Section 3.1. We expect that more insights for tilt models
can be gained by exploring this approach further. Conversely, the geometric nature of tilt
models could lead to new ways to tackle open questions in automata theory. As we shall see,
the discrepancy between the upper and lower bounds on the worst-case lengths of gathering
sequences is closely related to a longstanding open problem known as Cerny’s conjecture.

Full proofs and details for statements marked by (x) as well as several corollaries that
exceed the space limit of this extended abstract, including results on the parameterized
complexity of tilt problems, can be found in the full version [32].

1.2 Related work

Apart from the aforementioned work [13, 52] on gathering in the single step model, tilt models
have been investigated for a variety of purposes. These include realizing permutations of
labeled rectangular configurations [9, 10, 11, 73], simulating dual-rail logic circuits [10, 11, 64],
sorting and classifying polyominoes [44], mapping an unknown region [51], and filling and
draining a polyomino [33]. Notably, gathering all particles in a completely filled polyomino
is strictly more difficult than draining to a freely chosen sink: While gathering requires a
single position p to be reachable from everywhere, which suffices to guarantee drainability
to a sink placed at p [33], this does not ensure gatherability, see Figure 1b. A major line
of research is concerned with the assembly of structures from particles that can be glued
together [7, 8, 15, 20, 46, 53, 63], which is strongly related to universal reconfiguration [25].

The study of the computational complexity of fundamental tilt problems was initiated
in [9], where the problems now known as OCCUPANCY and SHAPERECONFIGURATION were
originally shown NP-hard in FT. They were later settled to be PSPACE-complete [7]. In the
single step model, OCCUPANCY is solvable in polynomial time [23], whereas SHAPERECON-
FIGURATION remains PSPACE-complete [24]. Restricted variants consider moves limited to
two or three directions [23, 27] or deterministic move sequences [6].

Taking the maximal movement of the full tilt model and adding individual control leads
to the rules of the game Ricochet Robots [30, 36]. Holzer and Schwoon [39] used related
ideas in their investigation of Atomix; we cannot reuse their construction because we need
a tighter analysis of the length of move sequences. Other related models examine uniform
movement in a rectangle, e.g., by sweeping lines [2, 5], or the rules of the game 2048 [1, 3].

44:3
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The gathering of point particles inside a polygon has been considered by Bose and
Shermer [22], but their setting uses repulsion from a point within the polygon, whereas
tilt models could be interpreted to use repulsion from a point at infinity. More closely
related is the problem of localizing robots with severely limited capabilities [54, 57]. A
sequence of movement commands that leads a robot from an initially unknown position in a
polygonal environment to a definite position is equivalent to gathering all point particles in
the environment at the same final position.

2 Preliminaries

In this section, we give the rigorous definitions omitted from Section 1 in favor of intuition.
Every polyomino P has an associated dual graph Gp = (V, E), see Figure 2b, where V C Z?
and E = {{u,v}:ueV,v eV, |u—v|; =1}, and a boundary P, an axis-aligned polygon
with integer side lengths that separates V from Z?2 \ V. We identify the vertices of V with
the tiles of P and call them pizels. As a general convention throughout this text, n will
denote the number of corners of P, n. < n the number of convex corners, and N = |V the
number of pixels of a given polyomino. Pixels are uniquely determined as the intersection of
two segments, a row segment and a column segment, which are maximally contiguous parts
of rows and columns; a corner pizel is adjacent to two perpendicular sides of 9P, i.e., next
to a convex corner, see Figure 2a. Formally, a maze is a thin polyomino (it contains no 2 x 2
squares) in which all corner pixels have degree 1, see Figure 2b.

1

J °(n)
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Figure 2 a A simple polyomino with a darkly shaded pixel at the intersection of two lightly
shaded segments and a corner pixel p. b A non-simple maze and its dual graph. ¢ Downwards moves
in the blocking and merging variants of the full tilt model acting on a configuration.

A set C C V of all pixels containing particles is called a configuration. Pixels p € C are
occupied, those in V\C are free. We use the set D = {u, D, L, R} as shorthand for the directions
up, down, left, and right. Formally, a tilt model defines a function § : D — (2 — 2V), i.e.,
it maps directions to transformations of configurations. A transformation d(v), v € D, is
called a move. ¢ is inductively extended to a function on D*, the set of (possibly empty)
sequences of directions, by setting d(wv) = §(v) o 6(w), for v € D and w € D*, and d6(¢) = id,
where ¢ is the empty sequence and id the identity function. Particles in the full tilt model
are usually blocked when colliding with other particles, but for the purpose of gathering,
they merge instead, see Figure 2c. A formal definition of the blocking and merging variants
for the direction L is as follows; definitions for the other directions are analogous.

Full tilt (blocking): p € §*(L)(C) if and only if p is one of the |R N C| leftmost pixels of the
row segment R containing p.

Full tilt (merging): p € §°(L)(C) if and only if p is the leftmost pixel of the row segment R
containing p and RN C # @.
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Both variants agree on singleton configurations, and the set of singleton configurations
is closed under all moves. This gives rise to the function §' : D — (V — V) defined as
§1(v)(p) = ¢ whenever 6% (v)({p}) = 6”(v)({p}) = {q} for v € D. When § is clear from the
context, we simplify the notation by writing C - w instead of §(w)(C) and C' - C’ to mean
C' = §(w)(C), and use moves §(v) and directions v € D interchangeably.

D L U

Figure 3 The sequence ULDLU is a gathering sequence for this polyomino in the full tilt model.

A gathering sequence for a configuration C' is a sequence of directions w € D* such that
|6 (w)(C)| = 1, in which case C is a gatherable configuration; a gathering sequence for a
polyomino P is a gathering sequence for the configuration V', see Figure 3, making P a
gatherable polyomino. We define sgs(C') to be the minimum length of a gathering sequence
(i.e., the length of a shortest gathering sequence) for a gatherable configuration C, and assign
sgs(P) = sgs(V) for a gatherable polyomino P.

The uniform movement of particles connects the merging variant to the motion of single
particles: One can either consider a configuration to be gathered by merging, or move a
single particle initially positioned at one of several possible positions aiming to localize it.

» Observation 1. Forw € D*and C C V, §°(w)(C) = Upec{dl(w)(p)} =U,ec 0 (w)({p}).

The single step analogue of Observation 1 is implicitly contained in [13]. Several simple
consequences follow: A gathering sequence for a configuration C' is also a gathering sequence
for every C’ C C. If w is a gathering sequence for C, then so is ww’ for every w’' € D*.
Prepending works for V: If w is a gathering sequence for V', then so is w'w for every w’ € D*.

We investigate three problems in the full tilt model for a given polyomino P.

FULLGATHERING: Find a gathering sequence for P or decide that P is not gatherable.

SHORTESTGATHERINGSEQUENCE: Assuming P is gatherable, compute a gathering se-

quence for P of minimum length sgs(P).

SUBSETGATHERING: Decide if a given configuration C' C V is gatherable.

We will use two algebraic properties of the full tilt model. First, every move is idempotent,
ie., 0(v)od(v) = d(v) for all v € D. Secondly, when two moves in opposite directions are
applied in sequence, the first is nullified, e.g., §(L) o §(R) = d(L). Thus, we can generally
assume that sequences of moves alternate between perpendicular directions.

3 Gathering particles by synchronizing automata

The notation introduced in Section 2 differs slightly from established conventions and may
be considered unnecessarily heavy. It does, however, expedite a point we want to make: Tilt
models are transition functions of automata. A semi-automaton® is a triple (@, ¥, §), where Q
is a finite, non-empty set of states, ¥ is a finite, non-empty alphabet, and ¢ : ¥ — (Q — Q) is
a transition function mapping letters of ¥ to transformations of Q). As usual, § gets extended
to a function over words w € ¥*. An acceptor is a 5-tuple (Q, %, d, qo, F'), where (Q, %, d) is

LAl (semi-)automata considered in this text are complete, deterministic, and finite.

44:5
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a semi-automaton, gy € @ an initial state, and F' C Q a set of accepting states. The language
accepted by an acceptor A is the set of words L(A) = {w € ¥* : qo - w € F}. For simplicity,
we will refer to both semi-automata and acceptors as automata. Now it is easy to see that a
tilt model defines an automaton (2¥',1, ) for a polyomino P with dual graph Gp = (V, E).
We can even restate some established problems in the language of automata theory.

» Example 2. We are given a polyomino P, configurations C,C’ C V, and a pixel p € V.
SHAPERECONFIGURATION: Is L((2V,D,d,C,{C"})) non-empty?
Occupancy: Is L((2V,D,4,C,{C" CV :p € C'})) non-empty?

Although interesting, this connection is of no immediate use due to the exponential size of
the set of states. Indeed, we would not expect a polynomial description because OCCUPANCY
and SHAPERECONFIGURATION are PSPACE-complete in FT [7], whereas emptiness of L(A)
can be checked in time polynomial in the size of A [38]. The approach via automata shows
its merit when we consider the analogue to gathering sequences, synchronizing words.

3.1 A brief overview of synchronizing automata

A word w € X* is a synchronizing word for a set Q' C @Q if there is a state ¢ € @Q such
that p — ¢ for all p € Q’, in which case Q' is a synchronizing set. The minimum length
of a synchronizing word for a synchronizing set @’ is called the reset threshold rt(Q").
A synchronizing automaton A = (Q,X,0) has a synchronizing set of states @, in which
case we define rt(A4) = rt(Q). We now briefly summarize some important results; more
information can be found in several excellent surveys [38, 60, 69, 70].

It has been (re-)discovered multiple times how to check if an automaton is synchronizing
and, if so, find a synchronizing word of length O(|Q|?). Eppstein’s work [31] is particularly
noteworthy for its careful analysis of the time and space requirements. Cerny’s conjecture
states that rt(A) < (|Q| — 1)? holds for every synchronizing automaton A. It is named in
honor of foundational work by Cerny, see [29] for a translation into English, that established
the corresponding lower bound via a series of synchronizing automata. Remarkably, this
seemingly simple conjecture has resisted attempts at a general solution for decades, although
it has been proven for special classes of automata, e.g., Eulerian automata [43], monotonic
automata [31], and others [70]. Since an improvement of the asymptotic bound O(|Q|?) has
proven elusive, researchers have looked at the coefficient a of the cubic term. The current
best value is @ < 0.1654 due to Shitov [65], who expanded on ideas by Szykula [67]. Kiefer
and Ryzhikov [47] recently improved the running time of an algorithm for the more general
problem of finding a word w that minimizes |Q - w| (called the rank of w).

A lower bound on the approximation ratio for rt(A) was improved several times [18, 19, 35],
until Gawrychowski and Straszak [34] showed that rt(A) is NP-hard to approximate within
a factor |Q[1 ¢ for every ¢ > 0. On the practical side, engineering efforts have resulted in
implementations that find shortest synchronizing words for instances with over 500 states [68].

Deciding if a subset S C @ is synchronizing is PSPACE-complete, as stated by Natara-
jan [56] and formally proven by Rystsov [59]. This problem is strongly related to INTERSEC-
TIONNONEMPTINESS: Given a family of automata over the same alphabet, decide whether
they accept a common word. Kozen [49] originally proved this problem PSPACE-complete,
and it remains NP-hard for tally automata [55, 66], i.e., automata over a unary alphabet.

3.2 Efficient gathering in the full tilt model

By Observation 1, a gathering sequence for a polyomino P corresponds precisely to a
synchronizing word for the automaton (V,, 6%). Thus, we could solve FULLGATHERING by
applying Eppstein’s algorithms [31] to (V, D, §') to decide if it is synchronizing in O(N?) time
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and, if so, find a gathering sequence for P in O(N?3) time. We now sketch algorithms with
running times of O(n?) and O(n.n?), respectively, that use only 9P as input. This can make a
huge difference as the number of pixels N might not be polynomial in the number of corners n.

qz q1 q0
g6
q3
q4 g5
(a) (b)

Figure 4 a A polyomino P and its significant pixels. b The full tilt automaton A(P).

The key observation is that §¥ very quickly reduces the set of occupied pixels to one of
size O(n). Consider the set S C V of significant pizels that contains all corner pixels and
possibly helper pizels, which are found by extending sides of 0P that meet at reflex corners
until they hit another side of OP. Figure 4a illustrates the significant pixels of a polyomino P
with helper pixels ¢; and gg. Observe that |S| < 2n — n, because at most two helper pixels
are included per reflex corner. Any sequence of two moves in perpendicular directions changes
the position of a particle from any pixel p € V to one in S, e.g., 61 (bL)(p) € S. S is closed
under 6!, i.e., after the move sequence DL we can focus on ' restricted to S. We call the
resulting automaton A(P) = (S,D, ') the full tilt automaton of P, see Figure 4b.

» Lemma 3 (x). A polyomino P is gatherable if and only if the full tilt automaton A(P) is
synchronizing, in which case rt(A(P)) < sgs(P) < rt(A(P)) + 1 holds.

It is a well-known fact [56, 70] that an automaton (Q, %, §), with |@Q| > 1, is synchronizing
if and only if every unordered pair of states {s,t} C @ has a synchronizing word. This
suggests a strategy of iteratively merging pairs. To efficiently determine synchronizing
words for pairs in A(P), we construct the pair automaton A(P)<? = (S52,D,§<?), where
S=%={{p,q} : p,q € S} and 6=*(v)({p, q}) = {0'(v)(p)} U{d" (v)(q)}. Note that S=* also
contains all singletons {p} C S. A word w with p-w = ¢-w in A(P) corresponds precisely to
a path labeled w from {p, ¢} to {p-w} in the digraph underlying A(P)<2. Using breadth-first
search on this digraph to build a shortest-path forest allows to pre-compute the next step on
a shortest path to a singleton for every pair of states, if such a path exists.

To cut down the number of pairs that need to be considered, we initially reduce S to
corner pixels only by repeatedly applying two perpendicular moves, e.g., DL. Observe that if
p € S is a helper pixel, then p - DL < p in terms of their lexicographic order, as at least one
coordinate decreases. Thus, O(n) applications of DL suffice to eliminate all helper pixels (and
all corner pixels not at lower-left corners) from S. This way we need to check at most O(n.)
pairs, improving the running time for non-simple polyominoes with many reflex corners.

» Theorem 4 (x). Given the boundary OP of a polyomino P with n. < n convex corners, a
gathering sequence for P, if one exists, can be computed in O(n.n?) time.

44:7
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If we are only interested in the (non-)existence of a gathering sequence, we can stop after
computing the shortest-path forest. A gathering sequence exists if and only if every pair of
states has been assigned a successor on a path to a singleton [31].

» Corollary 5. Given the boundary OP of a polyomino P with n corners, one can decide in

O(n?) time whether P is gatherable.

3.3 Worst-case bounds for gathering sequences in FT

Once a polyomino is known to be gatherable, how long can a shortest gathering sequence be
in the worst case? An upper bound matches the running time of the algorithm.

» Corollary 6. For cvery gatherable polyomino P, sgs(P) € O(n.n?).

t D2m

Figure 5 A family of polyominoes P, with sgs(Pm) € Q(n?) in FT. Important classes of pixels
are marked with distinct colors and symbols. Dotted areas indicate optional holes that can turn the
simple polyomino into a maze, ensuring the construction works for both special cases.

» Theorem 7 (x). There is an infinite family P, m € N, of gatherable simple polyominoes
such that sgs(P,,) € Q(n?), where the number of corners n grows with m.

Proof sketch. The basic idea of the construction, depicted in Figure 5, is to place two
particles on a directed cycle of length 2m + 1, spaced apart by m positions. Moving against
the direction of the cycle leads to dead ends, except at po,,_1. There, LU allows to skip one
step on the cycle, which can be used to reduce the distance between the particles by 1. To
reduce the distance again, the whole cycle has to be traversed, resulting in (m) iterations
of Q(m) moves to gather the particles, for a total of Q(m?) = Q(n?). <

4 Simulating binary automata with uniformly controlled particles

If Cerny’s conjecture is true, then the (n?) lower bound on sgs(P) is actually tight.
» Conjecture 8. For every gatherable polyomino P with n corners, sgs(P) € O(n?).

The geometric structure of polyominoes should make Conjecture 8 easier to prove than
Cerny’s conjecture. Alas, we must dampen this hope, because particles in polyominoes can
be used to simulate binary automata, i.e., automata with alphabet ¥ = {0,1}.

To simulate an automaton A = (@, {0,1},6), the main idea is to build a polyomino P(A)
that has every state ¢ € @ represented by a pixel g, and use fixed sequences of moves to
embody transitions. A single particle is placed inside P(A), its presence at g signifying that
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Figure 6 Schematic overview of the construction of P(A) from a binary automaton A. Three
blocks represent, from top to bottom, transitions for 0, states ¢; € @, and transitions for 1. We zoom
in to show how the schema is realized by the boundary OP(A). See Figure 7 for a specific example.

)
—r

A is in state q. We use the clockwise cycle URDL and the counter-clockwise cycle DRUL
to express transitions for 0 and 1, respectively. By carefully constructing the boundary of
P(A), we guarantee that all minimal sequences of moves between two pixels §; and g; can be
decomposed into combinations of URDL and DRUL, thus ensuring that minimal sequences of
moves between pixels representing states are in correspondence with transitions in A.

Without loss of generality, let Q@ = {qo,q1,--.,qq|-1}, and set Q' = {7 : ¢ € Q'} for
sets Q' C Q. Our construction of P(A) is schematically illustrated in Figure 6. Every state
gi € Q gets assigned a row of width 6|Q| including the representative pixel ;. These rows
are stacked, with left-aligned rows of width 6|Q| — 1 in between, and the g; are aligned on an
upward diagonal, from gjg[—7 in the bottom left up to go. A 1 x 1 hole is placed to the left
of every @; except gjg|—1, which is next to the outer boundary.

To implement the transitions 6(0)(g;) in the top block, rows R; of width 6i + 3 are stacked
and aligned on the left with g;. A 1 x 1 hole is placed below the pixel at the intersection of
the rightmost column of R; and the row of §; when ¢; = §(0)(¢;). This allows us to simulate
a transition for 0 by the sequence of moves URDL. Similar rows and holes are constructed for
d(1)(g;) in the bottom block, except now the rows are arranged from bottom to top and of
width 6(|Q| — i) — 1, allowing us to simulate 1 by DRUL. The full construction requires 6|Q)|
convex corners and 6(3|Q| — 2) reflex corners, for a total of n = 12(2|Q| — 1), and involves
N € O(|Q?) pixels. Thus, both OP(A) and Gp(4) can be computed in polynomial time.

For a specific example consider the binary automaton Ag that accepts the words containing
exactly one 0, see Figure 7Ta. The polyomino P(Ag) resulting from our construction is depicted
in Figure 7b, where marked pixels show congruence classes of pixels reachable from Q, in
particular those traversed on cycles URDL and DRUL.

» Observation 9. For allp,qc€Q, p 2 qeop % Gandp > g =5 2% 7.

» Lemma 10 (%). For all p € Q, with representative pizels p € P(A), and all w € D* with
p-w € Q, there is w' € {URDL, DRUL}* with |w'| < |w| that satisfies G-w' = G-w for all q € Q.

» Theorem 11. A set S C Q of states of an automaton A = (Q,{0,1},0) is synchronizing if
and only if its set of representatives S is gatherable in P(A), in which case sgs(S) = 41t(9).

Proof. For the forward direction, let w € {0,1}* be a synchronizing word for S of minimum
length. Use Observation 9 to build a gathering sequence w € {URDL, DRUL}* for S satisfying
[w| = 4|w|. Assume, for sake of contradiction, that there is a gathering sequence w’' € D*
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Figure 7 a The binary automaton Ao that accepts all words containing exactly one 0. b The poly-
omino P(Ap). Colors and symbols indicate congruence classes of pixels reachable from representatives
Gi- € P(Ap) turned into a maze M(Ao) by adding holes and pixels of degree 1.

with [@'| < |w]|. First apply Lemma 10 to @’ and then Observation 9 to get a synchronizing
word w' € {0,1}* for S with |w’| < |w]|, contradicting the assumption that w has minimum
length. The backward direction is very similar. <

» Corollary 12 (x). If sgs(P) € O(n?) for every gatherable polyomino P with n corners,
then every synchronizing binary automaton A = (Q,{0,1},0) has rt(A) € O(|Q|?).

While a quadratic upper bound on the reset threshold for synchronizing binary automata
would not settle Cerny’s conjecture, it would be remarkable progress. After decades of
research, the existence of such an upper bound is still an open problem, suggesting that a
proof for Conjecture 8 may be hard to find.

It is easy to adapt the construction of P(A) to produce a maze M(A), at the cost of
possibly requiring Q(]Q|?) corners, by adding more holes as well as pixels of degree 1 next to
corner pixels, as illustrated for M(Ap) in Figure 7c.

» Corollary 13. SUBSETGATHERING is PSPACE-complete, even in mazes.

Proof. It is easy to see that a non-deterministic algorithm for SUBSETGATHERING could
run in polynomial space, which implies containment in NPSPACE = PSPACE [62].

To prove PSPACE-hardness, we reduce from SUBSETSYNCHRONIZABILITY: Given an
automaton A = (@, 3,0) and a set S C @, determine if S is synchronizing. This problem
was originally shown PSPACE-hard by Rystsov [59], and Vorel [72] proved it remains so for
¥ ={0,1}. We construct P(A) for a given binary automaton A = (Q, {0,1},d) in polynomial
time. By Theorem 11, S C Q is synchronizing if and only if S is gatherable. This property
remains true when P(A) is turned into a maze M(A). <

We want to note that PSPACE-hardness of SUBSETGATHERING in general polyominoes

also follows from [7], but we welcome an alternative proof in keeping with our automata theme.

5 Approximating gathering sequences in simple polyominoes

We first show that SHORTESTGATHERINGSEQUENCE is NP-hard even in simple mazes. To do
this, we reduce from SHORTESTCOMMONSUPERSEQUENCE where, given an alphabet ¥ and a
set S of words over 3, we want to find a shortest word w such that for each w € S, there
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(b)

Figure 8 a 0-gadget, move sequence RU. b 1-gadget, move sequence LU. ¢ The gathering instance
for the words 10, 001, 01, and 111. A shortest supersequence is 10011 and the corresponding shortest
gathering sequence is LURURU LU LU R. The particles gather in the red pixel.

exists a sequence iy < -+ < i, With w; =w;; for each j, i.e., W is a supersequence of each
word w € S. This problem is already NP-hard if ¥ = {0,1} [58]. Gerbush and Heeringa [35]
used a reduction from a generalized problem to prove inapproximability of the reset threshold
of synchronizing automata, which inspired our approach.

» Theorem 14. SHORTESTGATHERINGSEQUENCE is NP-hard in simple mazes.

Proof. Given a set S of words over {0,1}, |S| > 1, we construct a simple maze as follows: We
start with a (sufficiently long) row segment R. For each word w € S, we create a vertical path
gadget consisting of the symbol gadgets shown in Figures 8a and 8b in the order imposed
by w. We attach this gadget to the bottom of R, see Figure 8c. Clearly, this construction is
a maze without holes. In each path gadget, we focus on the particle furthest from R as any
gathering sequence for these particles is also a gathering sequence for the full polyomino.

We show that there exists a supersequence for S of length k if and only if there exists
a gathering sequence of length 2k + 1 in the corresponding maze. Let w € {0,1}* be a
supersequence for S with [w| = k. We replace each 0 in W with the moves RU and each 1
with LU. In each of the path gadgets, the particle progresses to the next symbol gadget if
and only if the symbol in w aligns with the moves for its current symbol gadget. Otherwise,
it remains in its row. Thus, after the 2k moves, all particles have progressed to the row
segment R. To gather them in R’s rightmost pixel, we add one final R move.

Conversely, let W' € D* be a gathering sequence. Without loss of generality, let |w
be minimal. Then, W’ alternates between horizontal and vertical moves and the first move

’

is horizontal because a vertical move has no effect in the first step. Additionally, w’ does
not, contain any D-move as particles can only gather in the row segment R and all shortest
sequences to any pixel in R consist of only the moves U, L, and R. Finally, since |S| > 1,
the last move is horizontal as particles from different path gadgets have to gather in the
leftmost or rightmost pixel of R. Therefore, W’ is a sequence of length 2k -+ 1 for some k,
consisting of RU and LU subsequences and ending with a horizontal move. We ignore the final

move and replace each RU with a 0 and each LU with a 1 to construct a word w of length k.

As before, a particle progresses to the next symbol gadget exactly if the word in the path
gadget contains the corresponding symbol at the position of the particle’s gadget. Therefore,
since W’ is a gathering sequence and all particles end up in R, W is a supersequence for S. <«

On the other hand, we can approximate the length of a shortest gathering sequence to
within a factor of 4 in simple mazes. To achieve this, we first observe that all such instances
have exactly one row or column segment where the particles can gather. Throughout the
remainder of this section, we only consider segments consisting of at least two pixels.
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» Lemma 15 (%). Let P be a gatherable simple maze with N > 1 pizels. Then all row or
column segments of P have at least one end point that is a corner pizel and exactly one
segment has two corner pizel end points.

» Theorem 16. Let P be a gatherable simple maze. Then we can compute a gathering
sequence for P of length at most 4 - sgs(P) in polynomial time.

Proof. Assume N > 1. By Lemma 15, there exists a unique segment R whose end points are
both corner pixels and any other segment has exactly one corner pixel. Clearly, all particles
have to gather in R as particles initially located in R’s corner pixels cannot enter any other
segment. It suffices to focus on particles located at corner pixels as all other particles are also
gathered by gathering sequences for corner pixels in simple mazes. Now consider a particle p
located in the corner pixel of a horizontal segment S; # R. To reach R, p has to pass a
sequence of alternating horizontal and vertical segments S, ..., S, with Sy = R. Therefore,
the shortest sequence moving p to R consists of alternating {L,R} and {U,D} moves. Note
that p cannot return to S; after progressing to S;;1 and then moving in any direction
perpendicular to S; because the intersection pixel between any consecutive segments S;, S;41
has degree 3 by the definition of mazes.

Let d be the maximum length of a shortest sequence from any corner pixel to R and
consider the sequence URDL. Any particle initially located at a corner pixel progresses to the
next segment with at least one of the four moves. Thus, the sequence (URDL)? is at most four
times as long as the shortest sequence moving all particles to R. Finally, the last move in any
gathering sequence is perpendicular to R to gather all particles in one of R’s end points. <«

For arbitrary simple polyominoes, there is likely no polynomial-time algorithm approx-
imating sgs(P) within any constant factor. To show this, we extend our reduction from
SHORTESTCOMMONSUPERSEQUENCE to unbounded alphabets. If the alphabet size is not
fixed, the problem is hard to approximate within any constant factor v > 1 unless P = NP [41].

We can use the same approach to construct a polyomino as in Theorem 14, i.e., we attach
a path gadget consisting of symbol gadgets for each given word to a baseline segment where
particles gather. It suffices to generalize the symbol gadget for larger alphabets.

» Theorem 17 (). Unless P = NP, there is no polynomial-time approzimation algorithm for
SHORTESTGATHERINGSEQUENCE in simple polyominoes with approzimation ratio o € O(1).

6 Gathering subsets in simple polyominoes

Like previous reductions for the full tilt model [7, 9], our PSPACE-hardness proof for SUBSET-
GATHERING in Corollary 13 requires polyominoes with holes. We can retain a weaker hardness
result for simple polyominoes by reducing from INTERSECTIONNONEMPTINESS of tally au-
tomata, i.e., automata over the unary alphabet {0}: Given a family A; = (Q;, {0}, d;, ¢;, F;) of
tally automata, determine whether (1), L(A;) # @, i.e., whether the A; accept a common word.
The NP-hardness of this variant goes back to seminal work by Stockmeyer and Meyer [66]. A
newer, independent proof by Morawietz, Rehs, and Weller [55] emphasizes that this variant
remains NP-hard if the graphs underlying the automata are cycles. Inspection of the proof
reveals that we may also assume the lengths of all cycles to be odd and greater than 1, since
they are chosen to be products of large primes. Finally, we may assume all automata to have
at least one non-accepting state (or the automaton would accept all words). We implicitly
include these restrictions when talking about tally automata in the following.

Given a family A; = (Qi, {0}, 8, ¢, Fi), 1 <i <k, of k tally automata, we construct a
simple polyomino P(Aj, ..., A;) and an initial configuration as follows.
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Figure 9 Gadgets used in the reduction from tally automata intersection. Pixels marked with
colors and symbols indicate the cycle RDLU between pixels representing states, which is continued
between gadgets via the black arrows. The stroked tiling pattern highlights pixels with a safe path
to the goal area using the white arrows. Dotted areas specify optional holes that turn the simple

polyomino into a maze. a Accepting state with even index. b Accepting state with odd index.

c Rejecting state with even index. d Rejecting state with odd index. e Start gadget including po
and access to the goal area to the left. f Bridge gadget. g End gadget connecting po to p1.

Consider an automaton A; with |@Q;| = 2m + 1 for some m > 1. Number its states
P, - - -, P2m such that po ¢ F; and pj — p(j41) mod || for all 0 < j < |Qs]. Place a start
gadget containing a pixel Py representing pg, followed horizontally by m — 1 bridge gadgets and
a final end gadget; see Figures 9e-9g. Above the partial construction, 2m gadgets are placed,
from right to left, for the remaining states p; € {p1,...,p2m}, depending on two factors:
the parity of j and whether p; is accepting. Gadgets for the four possible combinations are
depicted in Figures 9a-9d, each containing a representative pixel pj.

Partial constructions for A; are stacked vertically and connected to a goal area to the
left, which is simply a column segment ending in pixels of degree 1. For a set S C |J, @i,
we define S = {G : ¢ € S} to be the set of representative pixels for states in S. The initial
configuration is Cy = |J,{@}, i.e., the representative pixels for the initial states. Figure 10
depicts a small but complete example of the construction for two tally automata.

» Theorem 18 (x). SUBSETGATHERING is NP-hard in simple polyominoes.

Proof sketch. A common word 0° € (), L(4;) leads to a gathering sequence (RDLU)* LDRDLD
for Cp in P(Ay,...,Ag). For the reverse direction, we argue that if there is any gathering
sequence for Cj, then it must first move all particles to representatives of accepting states,
which can be done with a (shorter) sequence of the form (RDLU)Y, which corresponds to
a common word 0 for the automata. Since the reduction uses a polynomial number of
constant-size gadgets, it can be executed in polynomial time. |

» Corollary 19. OCCUPANCY and SHAPERECONFIGURATION are NP-hard in the blocking
variant of T, even in simple polyominoes.

Proof. Take the construction from Theorem 18 for k£ automata and extend the goal area
upwards so that there are k pixels above the topmost intersection. The distinction between
5% and &Y only matters in the goal area, since that is the only segment that can possibly
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Figure 10 Instance of SUBSETGATHERING produced by the reduction from tally automata
intersection. a Two tally automata, A;, As; both accept the word of length 8. b The simple
polyomino P(A;, As); (RDLU)® LDRDLD is a gathering sequence for its initial configuration Cj.

Table 1 Overview of complexity results for gathering problems in FT, unless P = NP.

Problem Geometry Complexity Reference
FULLGATHERING General / Simple  O(n.n?) / Q(n?) Thms. 4, 7
O(n?) conj. Conj. 8
SHORTESTGATHERINGSEQUENCE ~ Simple No O(1)-approx. Thm. 17
Simple maze NP-hard, 4-approx. Thms. 14, 16
SUBSETGATHERING Maze PSPACE-complete Cor. 13
Simple NP-hard Thm. 18

contain more than one particle at a time. Now the kth pixel from the top in the goal area
can be occupied — and the configuration consisting of the k topmost pixels in the goal are
can be reached — if and only if the automata accept a common word. |

7 Conclusions

See Table 1 for an overview of our results. The reduction from Section 6 transfers to the
related problem of collecting [52] a given set of particles into a connected configuration in the
blocking variant of FT. Our hardness results also apply if the particles are to be gathered at
a specified position, since one could simply check all possible positions if this was practical.
In the case of FULLGATHERING, it is still possible to find a gathering sequence w € D* such
that V' = {p} for a given pixel p in polynomial time, or decide that no such sequence exists:
Assume there are two distinct pixels gq,¢s such that V = {¢;} for wy,ws € D*. Then
{1} 2 {g2} and {g2} = {1}, i.e., all pixels where particles can be gathered are mutually
reachable. Thus, one can check if all particles can be gathered at a given pixel p by using
the techniques from Section 3 to find a gathering sequence targeting an unspecified pixel g,
and then check if p is reachable from ¢q. If either step fails gathering at p is impossible.

It may be worth reiterating that our algorithmic results are polynomial in the number n
of corners of a given polyomino, whereas our hardness reductions produce the dual graph
with IV pixels, i.e., the respective problems are hard even for a unary representation of space.

A number of open questions remain. While closing the gap between the worst-case bounds
Q(n?) and O(n.n?) for sgs(P) in general polyominoes looks very hard due to its connection
to Cerny’s conjecture, it may be feasible to close the gap in special classes of polyominoes.
Is it easier to prove an upper bound sgs(P) € O(n?) for simple polyominoes?
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We have shown SUBSETGATHERING, OCCUPANCY, and SHAPERECONFIGURATION to be

NP-hard in simple polyominoes but did not definitively settle their complexity. Can these
problems be shown to remain PSPACE-complete in simple polyominoes?

SHORTESTGATHERINGSEQUENCE can be approximated within a constant factor in simple

mazes, which is NP-hard in general simple polyominoes. Is SUBSETGATHERING also easier in
simple mazes? We conjecture it to be polynomially solvable in this case.
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