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Abstract
Motivated by targeted drug delivery, we investigate the gathering of particles in the full tilt model of
externally controlled motion planning: A set of particles is located at the tiles of a polyomino. They
react uniformly to an external force by moving maximally in one of the four axis-parallel directions
until they hit the boundary. The goal is to choose a sequence of directions that moves all particles to
a common position. We show how to compute gathering sequences for filled polyominoes and prove
it PSPACE-complete to determine if the particles in a partially filled polyomino can be gathered.
The results build on a connection we establish between tilt models and synchronizing automata.

Related Version Full Version: arXiv:2603.02796 [13]

1 Introduction

We investigate a problem motivated by targeted drug delivery [15]: How can initially dispersed
drug-carrying particles be gathered at a common position? In micro-scale robotics [16],
environmental constraints and the severely limited capabilities of the robotic agents rule out
autonomous movement. Instead, a global external force, e.g., an electromagnetic field, can be
used to move and steer simple robotic particles. The challenge is to use geometry to control
a large swarm of particles through uniform signals within a non-uniform environment [3, 7].

Abstract models [2, 8], commonly called tilt models, have been developed to tackle this
problem algorithmically. They model the environment as a polyomino, i.e., a finite, connected
region of the square tiling, with particles positioned at tiles and moving on axis-parallel
paths. Two main variants exist: In the single step model (S1), particles move via unit steps
to adjacent positions, whereas in the full tilt model (FT), they move maximally until blocked.

Algorithms and complexity results for a variety of applications [6, 9, 14, 17] have been
discovered using tilt models. We consider particles located at the tiles of a polyomino and
look for a gathering sequence, i.e., a sequence of moves that relocates all particles to the same
tile. In S1, gathering sequences of length O(ncD2) always exist, where nc is the number
of convex corners of the polyomino and D its diameter, but finding sequences of minimum
length is NP-hard [4]. On the other hand, very little is known about gathering in FT.
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Figure 1 Two examples where particles cannot be gathered. Both depict, from left to right, a set
of particles in a polyomino, moves leading to all possible configurations, and congruent positions.

Observe that particles cannot always gather in FT. The authors of [18] note that particles
may be trapped in separate regions, see Figure 1(a). But gathering can even be impossible if
all tiles reachable by the initial particles are mutually reachable, see Figure 1(b).

Our contributions. Let a polyomino have n corners; nc are convex. We show the following.
If particles are initially positioned at every tile of a polyomino, a gathering sequence of
length O(ncn2) can be computed in O(ncn2) time, if one exists at all (Theorem 3.2).
There are polyominoes with shortest gathering sequences of length !(n2) (Theorem 3.3).
It is PSPACE-complete to decide if a subset of particles can be gathered (Theorem 4.3).

We utilize a previously overlooked connection between tilt models and synchronizing
automata. We expect that more insights for tilt models can be gained by exploring this
approach further. Conversely, the geometry of tilt models may lead to new ways to tackle
open questions in automata theory. The discrepancy between the bounds on the worst-case
length of gathering sequences is related to a longstanding open problem known as !ern"’s
conjecture, see Theorem 4.2.

Due to limited space, proofs of statements marked by (ω) can be found in the full ver-
sion [13]. Additionally, the full version contains an extensive overview of related literature
and several additional results on approximating shortest gathering sequences, gathering
subsets in hole-free polyominoes, and the parameterized complexity of tilt problems.

2 Preliminaries

In this section, we give the rigorous definitions omitted from Section 1 in favor of intuition.
A polyomino P has an associated dual graph GP = (V, E), see Figure 2(b), and a boundary εP ,
an axis-aligned polygon separating V from Z

2 \ V . We identify the vertices of V with the
tiles of P and call them pixels. As a convention, n denotes the number of corners of εP ,
nc → n the number of convex corners, and N = |V | the number of pixels of a given polyomino.
Pixels are uniquely determined as the intersection of two segments, a row segment and a
column segment, which are maximally contiguous parts of rows and columns; a corner pixel
is adjacent to two perpendicular sides of εP , i.e., next to a convex corner, see Figure 2(a).

A polyomino is simple if it contains no holes. We also consider a supplementary class of
polyominoes we call mazes: collections of horizontal and vertical segments that only intersect
in T-shaped and +-shaped junctions. Formally, a maze is a thin polyomino (it contains no
2 ↑ 2 squares) in which all corner pixels have degree 1, see Figure 2(b).

A set C ↓ V of all pixels containing particles is called a configuration. Pixels p ↔ C are
occupied. We use the set D = {u, d, l, r} as shorthand for the directions up, down, left, and
right. Formally, a tilt model defines a function ϑ : D ↗ (2V ↗ 2V ), i.e., it maps directions
to transformations of configurations. A transformation ϑ(v), v ↔ D, is called a move. In
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Figure 2 (a) A simple polyomino with a darkly shaded pixel at the intersection of two segments
and a corner pixel p. (b) A non-simple maze and its dual graph. (c) Leftward and downward moves.

u l d l u

Figure 3 The sequence uldlu is a gathering sequence for this polyomino.

this work, we consider the merging variant of the full tilt model, where particles merge
upon colliding. For the direction l, ϑ(l) is defined as follows: p ↔ ϑ(l)(C) if and only if p
is the leftmost pixel of the row segment R containing p and R ↘ C ≃= ⊋. Definitions for
the other directions are analogous. We extend ϑ to a function on D

→, the set of sequences
of directions, by setting ϑ(wv) = ϑ(v) ⇐ ϑ(w), for v ↔ D and w ↔ D

→, and ϑ(ϖ)(C) = C,
where ϖ is the empty sequence. For simplicity, we may write C · w instead of ϑ(w)(C) and
C

w⇒↗ C ↑ instead of C ↑ = ϑ(w)(C), and use moves ϑ(v) and directions v ↔ D interchangeably.
For singleton configurations, we define ϑ1 : D

→ ↗ (V ↗ V ) as ϑ1(w)(p) = q whenever
ϑ(w)({p}) = {q}. The uniform movement of particles allows us to reduce the behavior of
arbitrary configurations to the motion of single particles.

↭ Observation 2.1. For w ↔ D
→ and C ↓ V , ϑ(w)(C) =

⋃
p↓C{ϑ1(w)(p)}.

A gathering sequence for a configuration C is a sequence of directions w ↔ D
→ such that

|C · w| = 1, in which case C is a gatherable configuration. Moreover, a gathering sequence for
a polyomino P is a gathering sequence for the configuration V , see Figure 3, making P a
gatherable polyomino. We define sgs(C) to be the length of a shortest gathering sequence for
a gatherable configuration C, and assign sgs(P ) = sgs(V ) for a gatherable polyomino P .

We investigate two problems in the full tilt model for a given polyomino P .
FullGathering: Find a gathering sequence for P or decide that P is not gatherable.
SubsetGathering: Decide if a given configuration C ↓ V is gatherable.

3 Gathering particles by synchronizing automata

The notation introduced in Section 2 may be considered unnecessarily heavy, but it highlights
the connection between tilt models and automata. An automaton is a triple (Q, ”, ϑ), where
Q is a finite, non-empty set of states, ” is a finite, non-empty alphabet, and ϑ : ” ↗ (Q ↗ Q)
is a transition function mapping letters of ” to transformations of Q. Again, ϑ gets extended
to a function over words w ↔ ”→. Now, a tilt model defines an automaton (2V ,D, ϑ) for a
polyomino P with dual graph GP = (V, E). This approach shows its merit when we consider
the analogue to gathering sequences, synchronizing words.

A word w ↔ ”→ is a synchronizing word for a set Q↑ ↓ Q if there is a state q ↔ Q such
that p

w⇒↗ q for all p ↔ Q↑, in which case Q↑ is a synchronizing set. The minimum length
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Figure 4 (a) A polyomino P and its significant pixels. (b) The full tilt automaton A(P ).

of a synchronizing word for a synchronizing set Q↑ is called the reset threshold rt(Q↑). An
automaton A = (Q, ”, ϑ) is synchronizing if Q is, in which case we define rt(A) = rt(Q).

Finding a synchronizing word of size O(|Q|3), if one exists, can be done in polynomial
time, e.g., with Eppstein’s algorithm [12]. !ern"’s conjecture, named in honor of foundational
work by !ern" [11], states that rt(A) → (|Q|⇒1)2 holds for every synchronizing automaton A.
More details on synchronizing automata can be found in several excellent surveys [21, 24, 25].

Observation 2.1 tells us that a gathering sequence for a polyomino P corresponds precisely
to a synchronizing word for the automaton (V,D, ϑ1). Thus, we can solve FullGathering
by applying Eppstein’s algorithm [12] to (V,D, ϑ1) to decide if it is synchronizing in O(N2)
time and, if so, find a gathering sequence for P in O(N3) time. We now sketch algorithms
with improved running times of O(n2) and O(ncn2), respectively, that use only εP as input.

The key observation is that ϑ very quickly reduces the set of occupied pixels to one of
size O(n). Consider the set S ↓ V of significant pixels that contains all corner pixels and
possibly helper pixels, which are found by extending sides of εP that meet at reflex corners
until they hit another side of εP . Figure 4(a) illustrates the significant pixels of a polyomino P
with helper pixels q1 and q6. Observe that |S| → 2n ⇒ nc because at most two helper pixels
are included per reflex corner. Any sequence of two moves in perpendicular directions changes
the position of a particle from any pixel p ↔ V to one in S, e.g., ϑ1(dl)(p) ↔ S. S is closed
under ϑ1, i.e., after the move sequence dl we can focus on ϑ1 restricted to S. We call the
resulting automaton A(P ) = (S,D, ϑ1) the full tilt automaton of P , see Figure 4(b).

↭ Lemma 3.1. A polyomino P is gatherable if and only if the full tilt automaton A(P ) is
synchronizing, in which case rt(A(P )) → sgs(P ) → rt(A(P )) + 1 holds.

Proof. A gathering sequence for P is a synchronizing word for A(P ) because S ↓ V .
Conversely, assume w is a synchronizing word for S. If w = ϖ, then P is a single pixel
and ϖ a gathering sequence. Otherwise, assume without loss of generality that w = lw↑

for some w↑ ↔ D
→ (rotate P if necessary). Then dlw ↔ S and dlw = dllw↑ is a gathering

sequence for P , which can be shortened to dlw↑ = dw because moves in the full tilt model
are idempotent, i.e., ϑ(v) ⇐ ϑ(v) = ϑ(v) for all v ↔ D. ↫

It is a well-known fact [19, 25] that an automaton (Q, ”, ϑ), |Q| > 1, is synchronizing if
and only if every unordered pair of states {s, t} ↓ Q has a synchronizing word, suggesting a
strategy of iteratively merging pairs. To e#ciently determine synchronizing words for pairs
in A(P ), we construct the pair automaton A(P )↔2 = (S↔2,D, ϑ↔2), where S↔2 = {{p, q} :
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Figure 5 A family of polyominoes Pm with sgs(Pm) → !(n2). Important classes of pixels are
marked with distinct colors and symbols. Without the dotted areas, the polyominoes become mazes.

p, q ↔ S} and ϑ↔2(v)({p, q}) = {ϑ1(v)(p)} ⇑ {ϑ1(v)(q)}. S↔2 also contains all singletons
{p} ↓ S. A word w with p · w = q · w in A(P ) corresponds precisely to a path labeled w from
{p, q} to {p · w} in the digraph underlying A(P )↔2. Using BFS on this digraph allows us to
compute the next step on a shortest path to a singleton for every pair of states, if one exists.

To cut down the number of pairs that need to be considered, we initially reduce S to
convex corner pixels by repeatedly applying two perpendicular moves, e.g., dl. Observe that
if p ↔ S is a helper pixel, then p · dl < p in terms of their lexicographic order, as at least
one coordinate decreases. Thus, O(n) applications of dl su#ce to eliminate all helper pixels
(and all corner pixels not at lower-left corners) from S and O(nc) pairs remain.

↭ Theorem 3.2 (ω). Given the boundary εP of a polyomino P , one can decide in O(n2) time
if P is gatherable, and, if so, compute a gathering sequence of length O(ncn2) in O(ncn2) time.

↭ Theorem 3.3 (ω). There is an infinite family Pm, m ↔ N, of gatherable simple polyominoes
such that sgs(Pm) ↔ !(n2), where the number of corners n grows with m.

Proof sketch. The basic idea of the construction, depicted in Figure 5, is to place two
particles on a directed cycle of length 2m + 1, spaced apart by m positions. Moving against
the direction of the cycle leads to dead ends, except at p2m↗1. There, lu allows to skip one
step on the cycle, which can be used to reduce the distance between the particles by 1. To
reduce the distance again, the whole cycle has to be traversed, resulting in !(m) iterations
of !(m) moves to gather the particles, for a total of !(m2) = !(n2) moves. ↫

4 Simulating binary automata with uniformly controlled particles

If !ern"’s conjecture is true, then the !(n2) lower bound on sgs(P ) is actually tight.

↭ Conjecture 4.1. For every gatherable polyomino P with n corners, sgs(P ) ↔ O(n2).

The geometric structure of polyominoes should make Conjecture 4.1 easier to prove than
!ern"’s conjecture. Alas, we must dampen this hope, because particles in polyominoes can
be used to simulate binary automata, i.e., automata with alphabet ” = {0, 1}.

To simulate an automaton A = (Q, {0, 1}, ϑ), the main idea is to build a polyomino P (A)
that has every state q ↔ Q represented by a pixel q, and place a single particle whose presence
at q signifies that A is in state q. We use the clockwise cycle urdl and the counter-clockwise
cycle drul to express transitions for 0 and 1, respectively. By carefully constructing the
boundary of P (A), we guarantee that all minimal sequences of moves between two pixels qi
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Figure 6 Schematic overview of the construction of P (A) from a binary automaton A. Three
blocks represent, from top to bottom, transitions for 0, states qi → Q, and transitions for 1.
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Figure 7 (a) The binary automaton A0. (b) The polyomino P (A0). Colors and symbols indicate
congruence classes of pixels reachable from representatives qi. (c) The maze M(A0).

and qj can be decomposed into combinations of urdl and drul, thus ensuring that minimal
sequences of moves between pixels representing states correspond to transitions in A.

Without loss of generality, let Q = {q0, q1, . . . , q|Q|↗1}, and set Q↑ = {q : q ↔ Q↑} for
sets Q↑ ↓ Q. Our construction of P (A) is illustrated in Figure 6. Every state qi ↔ Q gets
assigned a row of width 6|Q| including the representative pixel qi. These rows are stacked,
with left-aligned rows of width 6|Q| ⇒ 1 in between, and the qi are aligned on an upward
diagonal, from q|Q|↗1 in the bottom left up to q0. A 1 ↑ 1 hole is placed to the left of every qi.

To implement the transitions ϑ(0)(qi) in the top block, rows Ri of width 6i+3 are stacked
from top to bottom and aligned on the left with qi. A 1 ↑ 1 hole is placed below the pixel at
the intersection of the rightmost column of Ri and the row of qj when qj = ϑ(0)(qi). This
allows us to simulate a transition for 0 by the sequence of moves urdl. Similar rows and
holes are constructed for ϑ(1)(qi) in the bottom block from bottom to top, allowing us to
simulate 1 by drul. P (A) has n = 12(2|Q| ⇒ 1) corners. An example is shown in Figure 7.

↭ Theorem 4.2 (ω). A set S ↓ Q of states of an automaton A = (Q, {0, 1}, ϑ) is synchronizing
if and only if its set of representatives S is gatherable in P (A), in which case sgs(S) = 4 rt(S).
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Thus, a quadratic upper bound for sgs(S) yields a quadratic upper bound for rt(S). While
this would not settle !ern"’s conjecture, it would be remarkable progress. The existence of
such an upper bound is still open, suggesting that a proof for Conjecture 4.1 may be elusive.

We can also adapt the construction of P (A) to get a maze M(A), possibly with !(|Q|2)
corners, by adding more holes as well as pixels of degree 1 next to corner pixels, see Figure 7(c).

↭ Theorem 4.3. SubsetGathering is PSPACE-complete, even in mazes.

Proof. It is easy to see that a non-deterministic algorithm for SubsetGathering could
run in polynomial space, which implies containment in NPSPACE = PSPACE [23].

We reduce from SubsetSynchronizability, which is PSPACE-hard [20] even for binary
automata [27]: Given a binary automaton A = (Q, {0, 1}, ϑ) and a set S ↓ Q, determine if
S is synchronizing. We construct P (A) for a given binary automaton A = (Q, {0, 1}, ϑ) in
polynomial time. By Theorem 4.2, S ↓ Q is synchronizing if and only if S is gatherable.
This property remains true when P (A) is turned into a maze M(A). ↫

Theorem 4.3 also follows from the PSPACE-hardness proof for the so-called Occupancy
problem from [1], but we welcome an alternative proof in line with our automata theme.
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