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Abstract
A common sensing problem is to use a set of stationary tracking locations to monitor a collection of
moving devices. Given n objects that need to be tracked, each following its own trajectory, and m

stationary traffic control stations, each with a sensing region that can be changed over time; how
should we adjust the individual sensor ranges in order to optimize energy consumption? We illustrate
how to combine geometric insights with mathematical optimization to find optimal solutions for the
min max variant of the problem, which aims at minimizing peak power consumption. Instances with
500 moving objects and 25 stations can be solved in the order of seconds for scenarios that take
minutes to play out in the real world, demonstrating real-time capability of our methods.
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1 Introduction

Keeping track of a collection of moving objects is a fundamental problem with a long history
in Computational Geometry. In air traffic control, stationary centers monitor planes with
powerful tracking devices to coordinate overall motion. With the growing ubiquity of drones,
air traffic control needs further development [4, 16], such as the use of less powerful tracking
stations: How should we adjust sensing radii over time to minimize power consumption?

We illustrate exact and heuristic methods for the min max variant of the Kinetic Disk
Cover problem (KDC): Given a set of m stationary sensors at positions Y ⊂ R2, as well as a
set P of n moving objects, each moving along a linear trajectory pi(t) over the time interval
t ∈ [0, 1]. How should we adjust the sensor range ri(t) to each center yi ∈ Y at each time t,
such that all objects are always within range of some sensor, and the maximum sum of areas
maxt∈[0,1]

∑m
i=1 πri(t)2 of all disks is minimized?
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(a) t = 0 (b) t = 0.5 (c) t = 1

Figure 1 A solution for an instance of the Kinetic Disk Covering Problem for n = 10 and m = 5.
Stations are shown as green triangles, points move along the line segments.

Related work. The stationary Disk Cover problem (DC) [1] and its generalization, the
non-uniform minimum-cost multi-cover (MCMC) problem [12,13] are known to be NP-hard.
Recently, there has been some work on optimally multi-covering fixed points with disks of
varying sizes [11]. Other work examines multi-covering points with the minimum number of
unit disks, with centers at arbitrary locations [10]. Research on fundamental concepts for
kinetic data structures [2] enabled algorithms for k-center and k-means problem for both
kinetic stations and objects [3].

2 Algorithmic approach

We solve the kinetic problem with a primal–dual, iterative strategy. By combining exact
stationary solutions with good heuristics for obtaining overall kinetic solutions, we generate a
sequence of tighter and tighter upper and lower bounds and therefore provably near-optimal
or even optimal solutions.

Our approach starts from a feasible, stationary solution at time t = 0. We can extend
any solution to the DC problem at time t to a solution for the KDC problem over time by
maintaining the same assignment of objects to stations and altering the supporting point of
each station as needed to ensure coverage. This produces a feasible solution for all t ∈ [0, 1],
yielding an upper bound for the optimal objective value. The upper bound can be further
improved by considering the times at which it is advantageous to switch objects between
covering stations, so-called handover points. In the full version of our paper [14], we establish
the following; this can be generalized to three or more stations.

▶ Lemma 1. In O(m2n3) time, all O(m2n3) possible handovers of objects between two
stations (when extending a stationary solution to t ∈ [0, 1]) can be computed.

On the other hand, we can consider the time t′ at which the peak total area is attained;
an optimal solution for the static DC problem at t′, which can be computed with the help of
an Integer Programming (IP) solver, provides a lower bound for the kinetic problem.

minimize π ·
∑

di∈C

r2
i xi

subject to
∑

di∈C
pj∈di

xi ≥ 1, ∀pj ∈ P

xi ∈ {0, 1}, ∀di ∈ C
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In this formulation, C is the set of all possible disks that can be formed by a station and
an object, ri is the radius of the disk di, and xi indicates whether di is selected. A solution for
the stationary problem can again be extended to an overall solution for the kinetic problem.
Combining it with the previous kinetic solution by extracting the lower envelope of both
solutions yields an improved feasible solution, and thus a better upper bound, see Figure 2.

0 t′′ t′ 1

Figure 2 Improvement of the static solution at time t′. Green and red lines denote lower and
upper bounds on the optimal solution.

3 Evaluation

We carried out extensive experiments for solving a wide range of benchmark instances; see
our full paper [14,15] for a detailed description.

We considered the following benchmark sets.
fix_n Fix number of objects to n = 500. For m ∈ {5, 10, . . . , 50} we generate 10 instances.
fix_m Fix number of sensors to m = 25. For n ∈ {50, 100, . . . , 500} we generate 10 instances.
pub Instances from well-known publicly available benchmarks used in [8], such as point sets

from the CG:SHOP challenges [5, 6] and [7,18,19]. We scaled point sets to a fixed size
and sampled m = 25 centers and point pairs (for trajectories) at random.
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Figure 3 Performance of IP, NN and FixedNN on instances from the fix_m and fix_n datasets.
While IP is significantly slower than NN, it produces optimal solutions for all instances. FixedNN is
slightly better in terms of solution quality than NN but significantly slower.

Influence of m and n. We evaluate the influence of the number of objects n and the
number of stations m on the performance of the algorithm. We execute the algorithm from
Section 2 with both an IP solver and a nearest neighbor heuristic to solve the DC problem
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in each iteration. We denote the IP-based algorithm as IP and the nearest neighbor based
algorithm as NN. Additionally, we implemented another heuristic that divides the time [0, 1]
into k = 10 evenly spaced intervals and computes the nearest neighbor solution at each
border. The algorithm FixedNN then extends all solutions and reports the lower envelope.
Figure 3 shows the performance of the different algorithms. Overall, IP is able to solve
all instances to optimality in a matter of seconds, demonstrating real-time capability for
scenarios that take minutes to play out in the real world.

Instances from Literature. We further assess the algorithm’s performance on the pub
instance set, as shown in Figure 4 and illustrated by Figure 5. The presence of degeneracies
(such as equidistant points and collinearities), originating from real-world data, led to
various numerical challenges in our implementation. To address these issues, we developed
an alternative version of IP utilizing exact number types for computations; see the full
paper [14, 15] for details. Our results show that 290 out of 302 instances with up to 700
objects could be solved to provable optimality within 600 s of computation time.
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Figure 4 Performance of the exact version of IP on the pub dataset. Despite the variety and
degeneracies, almost all instances can be solved to provable optimality.

4 The video

We start by introducing and motivating the KDC problem before describing the primal-dual
approach, illustrating the computation of upper and lower bounds as well as the overall
iterative method. We proceed by showing some of the involved technical components and
evaluations, concluding with a benchmark instance with 87 objects and 25 stations derived
from a point set of the well-known TSPLIB benchmark library, as shown in Figure 5.

Overall video production was based on an integrated tool chain: Visual elements were
produced with the free, open-source software Manim [20] for creating mathematical ani-
mations, which also supports conversion from scripted text to synchronized voiceover and
animation. Voiceover was generated with the help of Microsoft Azure Speech [17].
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kroB200

(a) t = 0

(b) t = 0.5

(c) t = 1

Figure 5 A solution of an instance from pub instance set based on kroB200 TSPLIB [18].
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