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Polygon Exploration with Time-Discrete Vision

Sandor P. Fekete Christiane Schmidt

Abstract:

With the advent of autonomous robots with two- and threeetlisional scanning capabilities,
classical visibility-based exploration methods from cartapional geometry have gained in prac-
tical importance. However, real-life laser scanning offusaccuracy does not allow the robot to
scan continuously while in motion; instead, it has to stophetime it surveys its environment.
This requirement was studied by Fekete, Klein and Niiclotethfe subproblem of looking around
a corner, but until now has not been considered in an onliti@gdor whole polygonal regions.

We give the first algorithmic results for this important epization problem that combines sta-
tionary art gallery-type aspects with watchman-type isson@n online scenario: We demonstrate
that even for orthoconvex polygons, a competitive strateagy be achieved only for limited as-
pect ratioA (the ratio of the maximum and minimum edge length of the poh)gi.e., for a given
lower bound on the size of an edge; we give a matching uppeardbwy providing arO(logA)-
competitive strategy for simple rectilinear polygons ngsithe assumption that each edge of the
polygon has to be fully visible from some scan point.

Keywords: Searching, scan cost, visibility problems, watchman @isl, online searching, com-
petitive strategies, autonomous mobile robots.

1 Introduction

Visibility Problems: Old and New. The study of geometric problems that are based on visildity
well-established field within computational geometry. Tin@in motivation is guarding, searching, or
exploring a given region (known or unknown) by stationaryrmbile guards.

In recent years, the development of real-world autonomobsts has progressed to the point
where actual visibility-based guarding, searching, anuaring become very serious practical chal-
lenges, offering new perspectives for the application gbathmic solutions. However, some of the
technical constraints that are present in real life have Iggeored in theory; taking them into account
gives rise to new algorithmic challenges, necessitatimthéu research on the theoretical side, and
also triggering closer interaction between theory andtmac

One technical novelty that has lead to new possibilitiesdardands is the development of high-
resolution 3D laser scanners that are now being used iniosbsee Figurell for an image and|[23]
for technical details. By merging several 3D scans, thetr&loot3D builds a virtual 3D environment
that allows it to navigate, avoid obstacles, and detectotd]@0]; this makes visibility problems quite
practical, as actually using good trajectories is now fmssind desirable. However, while human
mobile guards are generally assumed to have full visionldinaés, Kurt3D has to stop each time
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Figure 1: Left: the autonomous mobile robot Kurt3D equippéith the 3D scanner. Right: the AIS
3D laser range finder. Its technical basis is a SICK 2D lassgedinder (LMS-200). (Both images
used with kind permission by Andreas Nichter, $eé [23].)

it scans the environment, taking in the order of severalmgsdor doing so; the typical travel time
between scans is in the same order of magnitude, makingeseacy to balance the number of scans
with the length of travel, and requiring a combination ofedp of stationary art gallery problems
with the dynamic challenge of finding a short tour.

We give the first comprehensive study of the resuliigine Watchman Problem with Discrete
Vision (OWPDV) of exploring all of an unknown region in the presenta fixed cost for each scan.
We focus on the case of rectilinear polygons, which is paldity relevant for practical applications,
as it includes almost all real-life buildings. We show thia problem is considerably more malicious
in the presence of holes than known for the classical watohpnablem; moreover, we demonstrate
that even for extremely simple classes of polygons, the etitiye ratio depends on the aspect raio
of the region; practically speaking, this corresponds &r#solution of scans. Most remarkably, we
are able to develop an algorithm for the case of simple neetil polygons that has competitive ratio
O(logA), which is best possible; this result uses the assumptidretteh edge of the polygon is fully
visibly from some scan point. This assumption has been ustméby Bottino and Laurentini [3];
in a practical context, it can be justified by avoiding inaemies resulting from putting together the
individual scans. More importantly, it allows it to sidgsta notorious open problem, which would
otherwise come up as a subproblem: finding a small set obataty guards for a polygonal environ-
ment. Details of this and other difficulties of explorationtiwtime-discrete vision are discussed in
Sectior 3.

Classical Related Work.Using a fixed set of positions for guarding a known polygoeaian is
the classicaart gallery problem[7,[21]. Schuchardt and Heckeér [22] showed that finding a mimn
cardinality set of guards is NP-hard, even for a simple ligear region; this implies that the offline
version of the minimum watchman problem with discrete visis also NP-hard, even in simple
rectilinear polygons.

Finding a short tour along which one mobile guard can see engiggion in its entirety is the
watchman problemsee Mitchell[19] for a survey. Chin and Ntafos [6] showedttsuch a watchman
route can be found in polynomial time in a simple rectilinpalygon, while others [24, 25] 4] found
polynomial-time algorithms for general simple polygonspering all of an unknown region is the
online watchman problentor a simple polygon, Hoffmann et dl. [15] achieved a cartstampetitive
ratio of c = 26.5, while Albers et al.[[ll] showed that no constant competifactor exists for a region
with holes and unbounded aspect ratio. For simple recitipolygons, and distance traveled being
measured according to the Manhattan metric, the best knowerlbound on the competitive ratio is
5/4, as shown by Kleinberg [18]; if distance traveled is nuees according to the Manhattan metric,



Deng et al.[[9] gave an online algorithm for finding an optimwatchman route (i.ec = 1) in case

a starting point on the boundary is given (otherwise 2; the best known upper bound in this case
is c = 3/2 [14]). Note that our approach for the problem with discresgon is partly based on this
GREEDY-ONLINE algorithm, but needs considerable addaiomork.

Another online scenario that has been studied is the questitiow to look around a corner:
Given a starting position, and a known distance to a corrmw, $hould one move in order to see a
hidden object (or the other part of the wall) as quickly assgae? This problem was solved by Icking
et al. [16/17], who show that an optimal strategy has cortipefiactor of 1.2121....

Searching with Discrete Penaltiesln the presence of a cost for each discrete scan, any optimal
tour consists of a polygonal path, with the total cost beifigear combination of the path length and
the number of vertices in the path. A somewhat related prolidesearching for an object on a line
in the presence of turn cost [8], which turns out to be a gédimatin of the classical linear search
problem.

Somewhat surprisingly, scan cost (however small it may bejses a crucial difference to the
well-studied case without scan cost, even in the limit ofmitdisimally small scan times: Fekete et
al. [11] have established an asymptotically optimal cortipetratio of 2 for the problem of looking
around a corner with scan cost, as opposed to the optimalohfi.2121. .. without scan cost, cited
above.

Other Related Work. Visibility-based navigation of robots involves a variefydifferent aspects.
For example, Carlsson and Nilssan [5] give an efficient aligor to solve the problem of placing
stationary guards along a given watchman route, the seetaision point problem, in streets. Ghosh
et al. [2]12] study unknown exploration with discrete visibut they focus on the worst-case number
of necessary scan points (which is shown torbel for a polygon withr reflex vertices), their
algorithm results in a (not constant) competitive ratio(iof- 1) /2, and on scanning along a given
tour, without deriving a competitive strategy. For the caka limited range of visibility Ghosh et
al. give an algorithm where the competitive ratio in a Polydgo(with h holes) can be limited by
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Our Results. We give the first comprehensive algorithmic study of visippibased online ex-
ploration in the presence of scan cost, i.e., discrete wjdy considering an unknown polygonal
environment. This is interesting and novel not only in tlyedris also an important step in making
algorithmic methods from computational geometry moreuwlsafpractice, extending the demonstra-
tion from the video([10].

After demonstrating that the presence of discrete visiats adnumber of serious difficulties to

polygon exploration by an autonomous robot, we presentdifi@iing mathematical results:

« We demonstrate that a competitive strategy is possiblg ibmhaximum and minimum edge
length in the polygon are bounded, i.e., for limited redolutof the scanning device. More
precisely, we give af(logA) lower bound on the competitive ratio that depends on thecaspe
ratio A of the region that is to be searched; the aspect rtis the ratio of maximum and
minimum edge length. If the input size of coordinates is mdeh into account, we get an
Q(n) lower bound on the competitive factor. This bound is valiérevor the special case of
orthoconvex polygons, which is extremely simple for contins vision.

» For the natural special case of simple rectilinear polggfhich includes almost all real-life
buildings), we provide a matching competitive strategyhvgierformanceéd(logA).

The rest of this paper is organized as follows. Sedilbn 2gmtsssome basic definitions and
the basic ideas of a strategy for continuous vision. A nunubexdditional difficulties for discrete



vision are discussed in Sectigh 3. In Sectidn 4 we demomsthatt even very simple classes of
polygons (orthoconvex polygons with aspect raijorequire O(logA) scans. On the positive side,
Section[b lays the mathematical foundations for the mainlred this paper, which is presented
in Section 6: arD(logA)-competitive strategy for the watchman problem with scastcm simple
rectilinear polygons. The final Section 7 provides somectivas for future research.

2 Preliminaries

2.1 Definitions

Let P be a simple rectilinear polygon, a polygon without holes imernal angles of either 90 or 270
degrees at all vertices. Two poingsandq in P arevisible to each other in case the line segment
connectingp andq lies inside ofP. Moreover, a polygon is said to eonotong(with respect to a
given line L), if any intersection with a line that is orthoga to L is an interval, i.e., the intersection
is either a line segment or a single point or the empty set.rfexef P is areflex vertexf the internal
angle is larger than 180 degree. Hence, for a rectilineargool the vertices with an internal angle of
270 degree are reflex.

Considering an edge of the polygon, theveak visibility polygorof e consists of all points that
see at least one point @ The points in thanteger visibility polygonsee all points ok. As we
demand that each edge is fully visible from one scan point eedrat least one scan point in the
integer visibility polygon of each side.

In the following we will measure the length of the tour acdngdto thelL; metric(That is, the
distance between two poinfsandq is given by: ||p—q||., = |Px — ax| + | Py — Gy|; herepx and py
denote the x- and y-coordinate of a pom}

2.2 Extensions

The use of extensions is a central idea of polygon explargee([9]). Each extension is induced by
one or two sides of the polygdh. More precisely, at each reflex vertex we extend each SiofeP
inside the polygon until this line hits the boundaryRof We obtain a line segment excludiig) this

is called anextensiornof S. For structuring the set of all extensions, the notiordominationturns
out to be useful, giving rise to different types of extensi@s follows. From a starting point of the
robot, any extensiok of a sideSdivides the polygon into two sub-polygons: a polygon inahgcthe
starting point, and the other subpolygon EP(the foreign polygon defined by)EThere exist sides
ScFPIE] which become visible for the robot only E is visited i.e., if the robot either crosses or
touches the extension. As we want to explore the entire poly§ must be visible at some point of
the tour; therefore, visitindge is necessary for exploring, which is why we call such an extension
necessaryMoreover, it is possible that for two necessary extensirasndE, the robot cannot reach
E1 without crossinge,, as FPE;] contains all ofE;. As we will visit (even crossf, when we visit
E1, we may concentrate diy. In this casee; dominates,. A nondominated extension is called an
essential extension

2.3 GREEDY-ONLINE

The GREEDY-ONLINE algorithm of Deng et al.|[9] deals with tbeline watchman problem in
simple rectilinear polygons for a robot with continuousiais The basic idea of this algorithm is to
identify the clockwise bound of the currently visible boang subsequently they consider a necessary



extension that is defined either by the corner incident with lbound, or by a sight-blocking corner.
This is based on a proposition of Chin and Ntafds [6]: theneagis exists a noncrossing shortest path,
i.e., a path that visits the critical extensions in the sair®ilar order as the edges on the boundary
that induce them. It is vital to establish a similar propddrythe case of discrete scans.

Chin and Ntafod [6] started with optimum watchman routes amatone rectilinear polygons, then
extended this to rectilinear simple polygons. Without loEgenerality, Chin and Ntafos presumed
the edges to be either vertical or horizontal, and monottynieferring to they-axis. They called an
edge on the boundarytap edge if the interior of the polygon is located below it. Analogby a
bottom edgeas an edge below the interior of the polygon. The highestdmotedge is named, the
lowest top edgd3. The part of the polygon that lies aboVeis calledR. Considering the kernel of
P, thetop kernel i.e., the part of it that can see every pointRpf Chin and Ntafos named its bottom
boundaryK;. Analogously,R,, Ky and thebottom kernehbre defined as the part of the polygon that is
located belowB, the top boundary d®,’s kernel and the kernel d,.

3 Difficulties of Time-Discrete Vision

The main result of this paper is to develop an exploraticaiatyy for simple rectilinear polygons. Our
approach will largely be based on the strategy GREEDY-ONEBY Deng, Kameda, and Papadim-
itriou [9], which is optimal (i.e., 1-competitive) ib; for continuous vision and a given starting point
on the boundary (Sectidn 2.3). That algorithm itself is base properties first established by Chin
and Ntafos[[6], focusing on critical extensions; we will deise further details in Sectidd 5 ahd 6.

A basic difficulty we face when developing a good online siggtis the reference to an optimum:
A robot with continuous vision simply has to keep an eye onttlue length. The combination with
scan costs makes it much harder to have a benchmark for csmpaas we have to balance both
tour length and number of scans. This becomes particulérd®ienging when facing a variety of
geometric issues, illustrated in the following.

First and foremost, finding an optimal tour requires detaing a small set of stationary guard
positions that completely covers the complete interior pblygon. Even in an offline scenario, this
is notoriously difficult; at this point, the best known offimpproximation algorithms yiel@(logn)-
approximations, e.g., with run tin@(n*) for simple polygons by an improved version bf [13].

The main difficulty is illustrated in Figurel 2: The niches & tright can be covered using only
two scan points; neither of them covers a whole niche, antthereis chosen from an obvious set of
discrete candidates for guard positions. This issue catideestepped by our assumption that each
edge needs to be fully visible from some scan point.

Even then, a number of problems are faced by an online sjrateg

(a) Scanning too often.As opposed to the situation with continuous vision, ourtstga needs
to avoid too many scans. When simply focusing on edge extessive may run into the problem
shown in Figuré13(a); this also highlights the problem of kidwing critical extensions before they
have been visited. That is, they may not be distinguishea fiecessary extensions, but scanning on
each such one may cause an arbitrarily high competitive.rati

(b) Where to go next. The robot faces another dilemma when choosing the next st p
should it walk to the next corner (or the next chosen refexguuint) itself—or to its perpendicular?
Going for the next corner may cause a serious detour, seedfigh).

(c) Missing a scan As seen in Figurgl3(a), it is not a good idea to stop at eachecoon the other
hand, when facing a corner in a certain distance and an unk@aoea behind it, using a predefined
point in the unknown interval, e.g., the center or the enésdmt allow a bounded competitive ratio,



Figure 2: The niches on the right side of the polygon can bedgahusing only two scan points.

see Figurél3(c).

(d) Missing a turn. Searching for the right distance to place a scan may caus®llo¢ to run
beyond an extension, while the optimum may have the oppityttmturn off earlier: e.g., consider
the shaded interval in Figuié 3 (d). This makes it necessargrisider adjustments and also holds for
other situations in which an early turn of the optimum may bssible.

Non-visible regions. Even situations that are trivial for a robot with continuaision may lead
to serious difficulties in the case of discrete vision, asstilated in Figurél4(left): Without entering
the gray area, a watchman with continuous vision is able eattse bold sides completely. A robot
with discrete vision is able to see these bold parts of thedary if only it chooses a scan point under
the northernmost part of the boundary. Such an area for winth{yet) all sides which would be
completely visible with continuous vision (the bold sidesg visible for a robot with discrete vision,
is called anon-visible region(NVR).

All'in all, serious adjustments have to be made to establisthematical structure for exploration
with discrete vision; this work is presented in Secfidn 5hé&mced by several important additional
insights and tools (sketched in Sectiéng 6.1 [ant 6.2), wewestrategy SCANSEARCH, which is
presented in Sectioris 6[3, b[4,16[5,]16.6 6.7. The negutbmpetitive ratios are discussed in
Sectior{ 6.8.

4 Why the Aspect Ratio Matters

Before developing the details of o@(logA)-competitive strategy for a simple orthogonal polygon
with aspect ratidA, we illustrate that this is best possible, even for orth@earpolygons that contain
a single niche, given by a staircase to its left and to itstraghshown in Figurgl5.

Theorem 1. Let P be a polygon with n edges and aspect ratio A. Then nordétistic strategy can
achieve a competitive ratio better th&ylogA), even if P is known in advance to be an orthoconvex

polygon.

Proof. In the beginning, the robot with discrete vision stands atespoint with distancé to the base
line of the niche and small distanceto the perpendicular of one of the cornegshby (w.l.0.9. ag).
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(@) (b)

Figure 3: A number of problems faced by a strategy; the sw@rtioint is given bys, necessary
extensions are drawn dashed. (a) If too many necessarysextsrare taken into account, the strategy
(left) may end up using a large number of scans, while tharapti takes only one scan (right). (b)
When going for next visible corners (dark-gray), the (gragdimum may not have to leave the base
line, causing an arbitrarily bad performance. (c) Goingfeodeyond a corner may also end up being
bad: The optimum needs only a step to the corner and a singifetssee the entire polygon. (d) If
the gray line represents the next planed step, the optimsrthieaopportunity to turn off at some point
in the light gray interval.

Figure 4: Left: If the dark gray point represent the scantpmwsi a robot with discrete vision cannot
see the entire bold sides, resulting in a non-visible re@idvR), shown in gray; an NVR is dealt with
by performing a binary search. Scans located in the dottedvial allow for the perception of all sides
of the NVR. Right: Within a non-visible region, there may kats that even a robot with continuous
vision may not see completely (dashed), requiring the rabenter the NVR; such a situation is dealt
with by introducing turn adjustments, when the need arises.

In an optimal solution, a single scan suffices to see theeeptitygon, provided it is taken within the
strip shaded in gray. However, the robot does not know thaetime of this strip, as it depends on
reflex vertices of the polygon that are not visible yet. Marecisely, let fg, bo] be the initial interval.
We divide each intervalg, by] into three intervals of equal length; only one of the outestrintervals
is open, the other two coincide with the boundary. This defthe new intervald; . 1,b;j.1]; see the
middle of Figurd b. Lek; be the position of the robot in the corresponditiginterval.

In order to show a lower bound on the competitive strategy axeHho construct a scene such
that, no matter how the online strategy chooses the nextibmca certain number of steps cannot be
avoided. The scene is constructed by the “adversary’—ratipg to the behavior of the strategy.
Here, choosing the next scan point closer to one boundaadkiersary leaves the other outermost
interval open. When choosing the next location in the ceoiténe interval the adversary makes sure
with the length of the vertical sides that no information be ayout of the next step is gained.

Choosingyo = 8/d(bp — ap) + €, y1 = 2(Yo + d) + &€, ... the robot cannot see the entire side when
located atx;. This results in an exponential lower bound for the aspdui:réhe smallest side length



Figure 5: Left: One scan in the gray strip suffices to see thieeniche; middle: definition of
0,d,a, by, yi; right: computingy; to bound the coordinate values.

in theith step of our construction id; — ) = (%)' (o — ap). For the maximum side length we have

25/d3 (bp—ag) + T, T < £3'(bp — ap) with some constant. Consequentlyi = 1/2- %.
Thus, for any given aspect ratfg a total number of2(logA) scans cannot be avoided to guarantee

full exploration of the niche. Note that the total number o&iss can also be described @&);

however, this lower bound is not purely combinatorial, adejppends on the coding of the input size.

O

5 Mathematical Foundations

In the following, we will deal with a limited aspect ratio bgsuming a minimum edge length af
for simplicity, we assume that the cost of a scan is equalddithe the robots needs for traveling a
distance of 1. Hence, we concentrate in the followingaon 1. Moreover, we still concentrate on
orthoconvex polygons.

The correctness of the GREEDY-ONLINE algorithm is based @ propositions of Chin and
Ntafos [6], Sectiof 2]3. When considering discrete visewgn the simplest proposition on monotone
rectilinear polygons breaks down: Finding an optimum watah route isnot necessarily equivalent
to finding a shortest path connecting the top and bottom kgras we need to take into account
that some scans have to be taken along the way. The (@0sbf our tourT is a linear combination
of the tour length and the number of scan points (in the setsaf points) used along this route:
t(T) =c-|$s|+L(T). Thus,shortestrefers to a tour with lowest cost. In the following, we will
develop several modifications for discrete vision of inene@ difficulty that lay the foundation for
our algorithm SCANSEARCH.

In the following, avisibility pathis a path with scans, along which the same area is visible for a
robot with discrete vision, as it would be for a human guarthwontinuous vision. We will proceed
by a series of modifications to the results by Chin and Ntafasglifications are highlighted, and the
numbering in parentheses with asterisks refers to thaf]in [6

Lemma 2 (Lemma 1*) Finding an optimum watchman routd# a robot with discrete vision in a
monotone rectilinear polygon is equivalent to finding a sestvisibility path that connects the top
and bottom kernels. In case of a polygon that is monotone oilodxes the intersection of the kernels
is to be considered, cp. Figulre 6.

Proof. We distinguish two cases. If the given polygon is star-stiapiee top and the bottom kernel
coincide, and any point in the kernel is an optimum watchnoarer for a robot.

If the given polygon is not star-shaped, and hence the topbattdm kernel do not coincide, a
shortest visibility path betweds; andKj, is an optimum watchman route:
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- First no optimum watchman route of a robot with discret@ovisextends abové (the highest
bottom edge) or belov (the lowest top edge); in that case, we could find a shortaeras
follows.

If the path to the point abové or below B and the one that leaves that point are the same
beyondT or B, we move the last scan point Toor B and cut off the end of the route.

Or, if there is an angle greater than 0 between the in- andbmggpath, we construct a shorter
route by moving the last scan pointToor B (to the point with the shortest distance) and connect
the new point with the next scan points.

- Let She a shortest visibility path frord; (the bottom boundary of the kernel Bf, the portion
of the polygon that lies abovg,) to Ky. Every point in the polygon is visible from some point
alongS P andR, are visible from the endpoints & which lie onK; or Kg; a point elsewhere
in the polygon must be visible because it is visible from tbeesponding path of a robot with
continuous vision (because of the monotonicity) and thendtiefih of a visibility path.

Then an optimum watchman route of a robot with discrete wmis$oformed by following this
shortest visibility path and walking backwards (withoutcars if possible, i.e., if no shift in
direction is needed).

Figure 6: A polygon that is monotone wrt the x- and the y-aXise top and bottom kernels are shown
in light gray and in shaded dark gray.

O

Just like Chin and Ntafos [6], we now focus on rectilinear @ienpolygons and adopt their pro-
cedure, i.e., we first partition the polygon into uniformlyonotone rectilinear polygons and then
identify for each of the resulting polygomi® the bottom edges of top kernelg)(and the top edges of
bottom kernels;). First, we identify the essential horizontal edges, affigy applying the method
to the polygon after a 90 degrees rotation, the essentiatabedges.

Like in the case of monotone rectilinear polygons, the pasdiof the polygons that lie outside of
the essentials edges will not be visited by any optimum watzhroute of the considered robot and
are discarded.

Lemma 3 (Lemma 2*) If P is the original rectilinear simple polygon and i the new polygon
obtained by removing the "non-essential” portions of théygon, then no optimum watchman route
of arobot with discrete vision will visit any point in P\ P'.



Proof. If the claim were not true, i.e., there would be an optimumchatan route of a robot with
discrete vision visiting a point iR\ P’, this route would cross at least one essential edge. Anyt poin
in the section of that edge that is enclosed by the route cathseportion of the polygon that is in
P\ P’ so we can make the route shorter, as we would need at leastanend®\ P’ for the former
route as well. Thus, we have a contradiction to the propsithat we have an optimum watchman
route. U

This allows us to reformulate Lemma 3 of Chin and Ntafos:

Lemma 4 (Lemma 3*) There is an optimum watchman rowtea robot with discrete vision in P that
visits the essential edges in the order in which they appaahe boundary of P

Proof. If an optimum watchman route of a robot with discrete visioeslnot visit the essential edges
in this order, the route will intersect itself.

Then we can restructure this route by deleting this intéige@nd get a shorter route in which the
pre-specified order is followed. If an intersection appears must have at least four scan points on

the crossing lines. Denote these pointglyp,, ps and ps, as shown in the left of Figufé Dy, ..., ps
are located on the paths to or from the essential edges, drese essential edges. Without loss of

generality, the essential edges relategto. ., p4 lie in clockwise order on the boundary Bf.
The following cases can occur:

1. There is no scan point between gheon the paths. Then Figuké 7 shows a route that is shorter
by triangle inequality: visip, directly afterp;, andps after ps.

P1 D2 p1. o P2

2 D3 D1 g P

Figure 7: If there is no scan point between fhethe route may be shortened like this.

2. If a scan point is located on the intersection point, wealnieeconsider two cases:

(a) Either a scan point on one of the lines established ingkifficient to see all points, then
the route in (1.) plus this scan point provides lower cosntie original route.

(b) Or a scan point on one of the lines established in (1.) tssofiicient; in that case we
connect two consecutive points by a direct path and use avtihe intersection scan
point for the two other points (or if possible a path via a pamshorter distance to two
of the pj), cp. Figurd 8.

3. If one of thep; is the intersection point, we have to consider the route mlmgely. For that
purpose we mention two properties of essential extensionsctilinear polygons, which were
stated by Deng et al.[9].

Proposition 5 (Proposition 2.2 of Deng et al.|[9])
(i) Two distinct essential extensions are either disjoinperpendicular to each other. (Note

that the same essential extension may be the extension dfffarent sides.)
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21 p2 p1 P2
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Figure 8: If a scan point is located on the intersection pdint a scan point on one of the lines
established in (1.) is not sufficient, the route may be sheddike this.

(i) Each essential extension intersects at most two othsemtial extensions. (If it intersects
two other essential extensions, then these two are patallehch other.)

The general situation is as shown in Figlke 9.
path to Sy,

h path to S;

Y

path to .5; Pk .\"'path to Sk

Figure 9: The general situation with one of thebeing the intersection point. We have

h#jh#zkh#lj#kj#1andk#I.

The paths leading to (or coming from) the essential extaissinay have length O, i.e., the
correspondingp; is located on an essential extension.

(a) All paths have length O:
Thus, allp; are located on essential extensions. The essential exeosiwhichp; lies
must run alongorpk, because (i) if it cutPnpk, pn or pk would lie in P\ P/, and (ii) the
essential extension may not be shorter thap,, as running alon@np;j, PjP« (indepen-
dent of direction) would not be possible otherwise. As altegdpk is completely located
on the essential extension. This essential extension essetted by at most two other
essential extensions (see Proposifibn 5(ii)), which mayimersect betweemy, and p
(becausey in P\ P'.)
In the following we distinguish i , ps4, or one of the pointg, andps is the intersection
point.
If pp is the intersection point, not botp, lying before ps in clockwise order and the
starting point being located between and p;, which lie on the same extension, may be
true, leading to a contradiction. The same argument holdp4tying on p1ps.
Otherwise, i.e., ifpp or ps is the intersection point, these are the only points wheege th
direction is changed, i.e., no “real” intersection appearsl this does not touch the con-
sidered order, see Figurel10, but the routes may be shortened

(b) At least one path has positive length:
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Figure 10: Left: po as "intersection” point, in case of path length = 0. Right:
ps as “intersection” point, in case of path length = 0.

— If pj = p2 or pj = ps3, the route may turn once or thrice.
When the robot turns only onc@; must be located on an essential extension, as a
path toS; would cause another turn. Thus, and px must be located on the same
extension (see above), and only a pati§twith positive length is possible. This;
does not influence the requested order, i.e., it is not a™nefrsection point.
If the robot turns thrice ap; (if the path toS; has positive length), a loop occurs; then
the robot may traverse this loop in a way that observes thengwvder.

— If pj = p1, the route may only use this point thrice.
If the route does not turn thrice gk, it must start there, as otherwi§gps is an
essential extension, and pg may not lie on a shortest tour, as it would be located in
P\P.
If the route turns thrice, the above loop argument holds.

— Ppj = psis analogous t@; = p; (with ends instead of starts).

6 Strategy Aspects

Here we give an overview of the structure of our method; filsgive some basic tools (binary search
and turn adjustments in_6.1 ahd16.2, respectively), folbwg high-level case distinctions in the

strategy (Sectionls 8.B, 6/4, 6.5 dnd| 6.6) and a detaileddpsede for our strategy SCANSEARCH

(Section[6.7); for easier reference in checking techniedhits, we give line numbers. Finally, in

Sectior 6.8 we consider the competitive ratio of our strateg

6.1 Binary Search in the Strategy

As we will often run beyond a point up to which everything igealdy known, our strategy may force
the robot to pass some non-visible regions, which are egglarith a binary search strategy. The
demand that each edge of the polygon needs to be fully vifiibie one scan point implies that the
robot needs at mo&tsearches if we have NVRs on both sides, see Lenmha 6) if the optimum uses
k scans. This yields a benchmark for computing the cost of piienoim to determine an upper bound
on the competitive ratio.

If we are confronted with one or more non-visible regionsidyin an area already passed, the
maximum width of the passed area is an upper bound for eadibdNVR. Consider a maximum
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width w, and a minimum side length. Then the binary search can be terminated after at most
j* =log(%) steps; the total cost is

[i*] y [ a W
ZW-Z +Zl§w—§+log(5)+l (1)
j=1 =1
The second sum results from the scans after each move. Ifweenhare than one NVR, we begin
with the easternmost, i.e., the one that is closest to teérgfgooint of the move. This may split some
NVRs into several NVRs, which are all identified.

Lemma 6. If the optimum needs k scans in an interval (of width B), thmtmeeds at most

(i) 2k binary searches if the NVRs may appear on two sides,
(ii) otherwise k binary searches (with an upper bound givegithe above value).

Proof. If the optimum need%k scans (in the interval of widtiB), we will havek stairs or niches.
These will only be visible from the running line if a scan i&éa in the integer visibility polygon
of the northernmost horizontal edge, as the boundary rut#imear, cp. Figuré_11. Each of these
northernmost horizontal edges lies inside a NVR. Thesedarified by the robot and each NVR has
a width less than or equal to the maximum width. Thus, we néetbat a binary search overwfor

Y

\ |
\ B \

Figure 11: An interval of width B. Scans are required in theeger visibility polygons of the light
gray edges.

If the non-visible regions appear on two sides (i), we wikdek binary searches—as a situation
like in Figure[ 12 may occur. That is, with our strategy theatoflistinguishes the NVRs, reaches one
of the dark gray positions, where one, but not both, of thevisible regions become visible. Thus,
the robot will start another binary search. Consequerftijpel optimum take& scans, the robot will

need at most twice as many binary searches.
O

6.2 Turn adjustments

In some cases our robot needs to make a turn, but we do not kin@nevihe optimum turns (see
Figure[3(d)). We handle this uncertainty by consideringrttaximum corridor possible for turning,
move in its center and make an adjustment to the new centeravbea width reduction occurs. Note
that we do not make an adjustment when a width increases. \tfieerobot is supposed to make

13



Figure 12: Worst case for the scan points of the optimum t(lighy) and our
strategy (dark gray) if the non-visible regions appear om $ides.

another turn, we adjust to the best possible new positiohinvihe corridor. This procedure will be
calledturn adjustmenin the following. The adaptions we apply are described inpgiaofs of the
according lemmas.

Turning in an optimal solution may be the result of a regulan {Lemmad.V), a corridor becoming
visible in an NVR, in which case it can be reached by an axisdfgh motion (Lemma) or in case
the south and eastern boundary are closed (Lema 9.) Ineskttases, we need to make sure that
our strategy does not incur too high marginal costs comptréide optimum. We assume that each
corridor in the polygon has a minimum corridor width and rdteit asax. With this assumption we
know up to which bound we may have to reduce the step lengthinaaty search.

Lemma 7. Suppose that in an optimal tour, the optimum turns earli@ntlwe choose to in our
strategy. Then the marginal cost of the corresponding tutjustment remains within a factor of
O(logA) of the optimum.

_r |
kor( j—l_l;kor u‘ ‘—|_\7kor
® ® ® ® ® @

Figure 13: An interval of widtrkor, in which the optimum could turn earlier. The numbers intica
the order in which the scans are performed.

’ \

Proof. Consider the widthkor of the interval in which the optimum may turn earlier, seeura13
left. The interval of widthkor in which an axis-parallel movement is possible may becormewar
because of the boundary (Figlre 13 middle). If this keepgdbet from running axis-parallel, the
robot runs vertically to the center of the remaining intéresc. The total cost for these adjustments
does not exceed the cost of a binary search in an interval dthwor. If during the search of the
non-visible regions we realize that we need to deviate tcstheh or the north from the horizontal
line, i.e., if we find a corridor, we adapt to the best possgasition (cost okor/2+ 1). That is, we
adapt to the best height and add a step to the easternmosi gfagtcorridor, if this lies to the south
(FigurelI3 right). O
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Lemma 8. Suppose that during the course of the exploration, a cornigldiscovered inside of a non-
visible region, forcing any optimal solution to make a turfihen the marginal cost of our strategy
remains within a factor of QogA) of the optimum.

Proof. When we discover a corridor, the NVR does not consist of s@imiches. If the NVR lies
south, we look for the first possible eastern corridor, ottse for the first possible western corridor.
The width of the corridor cannot exceed the distance thatavered beyond the extensidéh and
we take this distance dr. If in the following it is not possible to continue runningrtieally, the
robot runs horizontally to the center of the narrower irgbretc. The costs are estimated by a binary
search, and the adjustments are done analogously. O

Lemma 9. Suppose that while a planned axis-parallel move is not ptessvithout a change of
direction and the boundary is closed to the south, i.e., reeen corridor lies to the south, a corridor
is discovered that may lie either in the western or the narttegea. Then the marginal cost of our
strategy remains within a factor of@gA) of the optimum.

Proof. We proceed analogously to the previous argument. Note tieaadjustments can happen
twice, first in the western, then in the northern area, seerélifid. Thus, we need two times the upper
bound of the binary search kor, kor/2 and 1. O

Figure 14: The boundary is closed to the south. Thus, thedoormay either lie to the west or the
north. We allow for adjustments in both areas.

6.3 High-Level Decisions within Strategy SCANSEARCH

Just like in the GREEDY-ONLINE strategy by Deng et al., wetstath identifying the next extension
E. Without loss of generality, let the known parts of the baanydrun north-south and east-west, and
the next extension run north-south, either defined by thetbai the contiguous visible part of the
boundary,f, or by a sight-blocking corneh. The boundary is in clockwise order completely visible
up to the extension. The minimum side length of the polyBas given and denoted by

When we want to move we have to

 determine which point we head for and

* decide how to move there.

6.4 Where to Go

To determine the next scan point we first choose a referenicé—pahich, in turn, depends on the
next extension in clockwise order.

Case Distinction 1(Axis-Parallel Movement) We may

15



[A.] reach the next extension, using an axis-parallel mowtbaout a turn or (line 2)
[B.] not reach the next extension axis-parallel without anbe of direction (line 32).

Our first toehold is thel(,-)distancee to E—a small distance does not allow for a scarkoand, thus,
we will walk beyond it €xtension cage e being large enough results in exploring the area up to
(interval casg. Here, “large” and “small” depend on the subcases.

Case Distinction 2(Interval and Extension Case)

e Case [A.]: for e> 2a+ 1 (large) we are in interval case (line 3), else in extensiosecéline
24).

» Case [B.]: for e> a-+ 1 (large) we are in interval case (line 33), else in extensiasec(line
90).

Whereas we get a reference point for the extension case, @etoeconsider other points for the
interval case:
Let us first assume to be in case [A.].

Case Distinction 3(interval case in [A.]) The next reference point is

« either the perpendicular of the next counterclockwiseneotto the shortest path to E(deing
the distance to this point) (line 4 et seqq.) or

* the point on E within distance e, if no NVRs appear on the malockwise side (line 9).
So, let us now assume to be in case [B.].

Case Distinction 4. In case an axis-parallel move to E is not possible withoutancje of direction
and e> a+ 1, there may be

(a) no non-visible regions up to the sight-blocking cornen€gli34 et seqq.),
(B) or non-visible regions up to the sight-blocking cornenéi66 et seqq.).

For (o) our point of reference is the sight-blocking corner,bebe the current distance to this
corner.

For (B) we consider the intersection points of the line betweersthg position of this case and
the sight blocking corner and the extension of the invisdugacent edge of the next corner on the
east-west boundary as well as the extension of the invisiljacent edge of the next corner on the
north-south boundary. Our point of reference is the intgise point with smaller distancey, to the
current position. (Look at Figuie 117 for an example of thesses.)

6.5 Decisions That Affect a Move

So far, we only decided on the reference point for our nextendlow we describe how to determine
the point we head for, handle events that occur during mowmésnand how to perform a move.
In general:

Case Distinction 5(Planned Distance)When we face a large distance to the next reference point,
we simply go there. When we face a small distance, r, to thieref@xence point, we plan to cover a
distance obr + 1.
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Case Distinction 6(Crossing a Given Extension).et r be the distance to a given reference point. If
we plan to cover a distance @f + 1 we may

(i) either not be able to cover the total planned length beseaof the boundary,
(ii) or be able to cover the distance af + 1.

Walking a distance of 2+ 1 implies following the axis-parallel line if this is pos&b([A.]).
Otherwise ([B.]) we end up within a distance of-21 along the straight connection and go there by
walking in an axis-parallel fashion, see Fighré 15 (left).

®

® ®

Figure 15: Left: covering a distance of 2 1 along the straight connection in moving axis parallel
(the numbers indicate the order in which the scans are peefdy; right: an example fope, pe and

abe.

Case Distinction 7(Line Creation) Whenever we are in case (ii) of Cdde 6, we draw an imaginary
line parallel to the extension running through the curreosjion. Then we observe whether the entire
boundary on the opposite side of this line is visible.

() If this is the case we say that the line creatiompasitive(lines 21, 31, 52, 63, 78, 88 and 102)
(1) Otherwise we refer to it as aegativeline creation (see for example Figure]17) (lines 17, 30, 51,
62, 77, 87 and 101).

In case of a positive line creation (1), which implies that denot have to keep on searching in the
area behind the line, we move backEaand start searching for a NVR. Otherwise we apply binary
search and enter corridors in southern NVRs.

Moreover, for case [B.], we have:

Case Distinction 8(Covering the Total Planned Length Is Not Possibléjve meet the preconditions
of Casé B(i) and an axis-parallel move to E is not possibl@éeuit a change of direction, the boundary
is

(a) either not closed south of the path (lines 44, 59, 74, 8138)
(b) or closed south of the path (lines 47, 60, 75, 85 and 99).

6.6 How to Move

The further movements and actions depend on the distancasas [A.] and [B.]:
[Al:

« If the distance to the next reference point is big enoughcever this distance.
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» Otherwise we walk beyond this point (Case Distincfidn 6).
Casd_6(i) results in moving as far as possible, moving badk, tapplying binary search for
NVRs (up toE on one side, beyond on both sides) and using a corridor whenever we find one
(with turn adjustments).
Casd B(ii) is the precondition of Case Distinctidn 7.

[B.]:

In the extension case without the possibility to re&chxis-parallel without a change of direction (|
90 et seqq.) we refer to the point in which the axis-paralleletoE changes the direction a&. pe

is the next corner on the boundary in clockwise order, amndis the distance from the current starting
point to pg, see Figuré5 (right). Witab: we have again the critical distance.

Case Distinction 9. If we face the extension case without the possibility to ieacaxis-parallel
without a change of direction, we distinguish two possibtgioms:

« If abg is large (alz > 2a+ 3) we cover a distance dfe+ 1 along the straight connection in
moving axis-parallel. (The distance t@ pllows us to do so on the first axis-parallel line.) This
results again in the basic case distinctiad$ 6, 7 &hd 8.

e For abs < 2a+ 3 (small) we move to E viagpand—if necessary—apply binary search and
make turn adjustments.
The interval case without the possibility of reachiBgxis-parallel without a change of direction (line
33 et seqq.) requires some more case analysis.
(a): Let b be the distance to the sight-blocking corner, which is oumtpaf reference.

e Thus, ifb; is larger than 2+ 1, we walk to the sight-blocking corner. As always when axis-
parallel moves without a turn are not possible, we coverdisiance in an axis-parallel fashion
(line 35), cp. Figuré 16 (left).

e Case Distinction 10.If b; < 2a+ 1 holds:

(a) Either we may be able to cover a distance2bf+ 1 and run beyond E on the second
axis-parallel line (after the change of direction), whiasults in the case distinction (and
movements) of Case distinctidd$ b, 7 &hd 8 (line 41 et sex.Figure[16 (middl)e.

(8) Or the point where we would have to change our directiog,dpmay not lie inside the
polygon (line 53). So we walk tq:ffsee FiguréIb (right) for the definition and Figurel 16
(right) for the actual move) and then axis-parallel to theagjht connection. In doing so
we

e either do not run beyond E (line 54)
e or would run beyond E (line 57), resulting again in the cas&tidctiond 6[ 7 anfl8.

(¢) Otherwise turn adjustments are used (line 64).

(B): With NVRs appearing up to the sight-blocking coriiy we consider other points of reference,
but the structure is the same agdar). The critical distancen is the shortest distance to the intersection
point of the straight connection to the sight-blocking @rand the extension of one side of an NVR.
Moreover, the point that is equivalent pgor is calledpr, (line 66 et seqq.).

Fora > 1 we use a similar strategy (line 103 et seqq.). Because suantken whenever a
distance ofiis covered, NVRs are explored while passing and corridarsdantified immediately.
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While exploring the polygon, we make sure that in clockwisdeo all parts of the polygon are
visible after having been passed, i.e., we make sure thateve\erything a watchman with continuous
vision would see when walking along the basic path. Areasdhanot visible define an extension
in the remaining part of the algorithm, and we always use the cockwise corridor. Moreover, we
return to the starting point as soon as we have seen all sidies boundary.
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6.7 The strategy SCANSEARCH

Algorithm 1: The strategy SCANSEARCH

© 00 N O O b~ WwN

NNRNNRRRERERERR R B B
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24
25
26
27
28
29
30
31

Input: A starting position inside an unknown rectilinear polydarits minimum side length, its
minimum corridor widthay.
Output: A route along which the whole polygon becomes visible foolaat with discrete vision, such
that each edge is fully visible from some scan point.

We identify the next extension in analogy to the GREEDY-ONElalgorithm of Deng et al[]9], i.e.,
we updateC, f andM whenever changes occur.
If fisareflex corner, IéE = Ext(F(f)). Otherwise leb be the blocking corner whefi- was in view,
and letE = Ext(B(b)).
If it is possible to move axis-parallel ® without a change of direction, letbe the axis-parallel
distance td; otherwise, lee be the shortest distanceEowithout a change of direction.

1 a<l:

[A.] An axis-parallel move t& is possible without a turn:

[l e> 2a+ 1:interval case

[1.] If d > 2a+ 1, move to the perpendicular of the corner.

[2]1fd <2a+1:;

if di > a: cover a distance of®+ 1;

if di < a: cover a distance of#+1;

apply binary search if necessary, i.e., if non-visible oegiappear.

[3.] If no corner appears on the counterclockwise side, movettijrto E.

If we run beyoncE with a step of length @ + 1/2a+ 1:

(i) If we do not cover the total distance, because of the boundary

Run as far as possible, go backEpmove back in steps of length 1, apply binary search
for NVRs (on the counterclockwise side titl, on both sides beyori); if a corridor is
identified, use it and make turn adjustments. (If a criticaéénsion is found, search only on
the opposite side.)

(iiy If we may cover the total distance ofi2+ 1/2a+ 1:

() negative line creation:

Apply binary search; if a corridor is discovered inside an®Wse it and make turn
adjustments. (Because the line creation is negative, @ihjdors in southern
non-visible regions are used.)

(1) positive line creation:

Go back toE, move back in steps of length 1, apply binary search and lséara
corridor and the critical extension, making turn adjustteen

[*] e< 2a+ 1: extension case
Consider running a distance o2 1.

(i) If it is not possible to run a distance oé2- 1: Run as far as possible, go back&pmove
back in steps of length 1, apply binary search for NVRs ana ciérridor is identified, use
it and make turn adjustments.
(iiy If we may cover the total distance oé2 1:

| (1) negative line creation.

| (1) positive line creation.
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32
33
34
35
36
37
38
39
40
41
42
43
44
45
46

a7
48
49
50
51
52

53
54
55
56
57
58
59
60
61
62
63

64
65

[B.] An axis-parallel move t& is not possible without a change of direction:

[*] e> a+ 1: interval case

(a) No non-visible region up to the sight-blocking corner

[1.] If bj > 2a+ 1, move axis-parallel to the corner, see Fidurk 16, left.

[2.] If bj < 2a+ 1, cover a distance oftR+ 1 along the straight connection in moving
axis-parallel and visitingcor, see Figur€ 16, middle. If necessary, apply binary search.
Apply the binary search on the first axis-parallel line befleavingpcor in a right angle to
this line and apply the binary search on the second axidipkaéterwards.

Now distinguish the following.

(a) If we run beyoncde (on the second axis-parallel line):

(i) If it is not possible to cover the total planned length debe the distance to this
boundary along the straight connection, and

(a) if the boundary is not closed south of the path, i.e., thekulase
exploration of the polygon continues south of the secong-parallel line,
then move as far as possible, apply binary search on botipaxalel lines

and make turn adjustments.
(b) if the boundary is closed south of the path, then move as fpossible,

apply binary search on both axis-parallel lines and apply &djustments, if
necessary twice, as we are in the last case of the turn adjotm

ii) If it is possible to cover the total planned length, we digtiish:

() negative line creation.

(1) positive line creation.

~

(B) If it is not possible to run viaeer (as the boundary blocks us from doing so) and
e if we do not run beyondt in doing so: Run tqg (see Figuré16, right) and then
axis-parallel to the straight connection. If necessargl\apinary search and make
turn adjustments.
o if we would run beyond:
(i) If it is not possible to cover the total planned length:

| (a) If the boundary is not closed south of the path.

| (b) If the boundary is closed south of the path.
(ii) If it is possible to cover the total planned length, we digtiish:

| () negative line creation.

| (1) positive line creation.

(¢) neither @) nor (B) is true, make turn adjustments (like in the first case of tine t
adjustments).
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66 (B) Along the boundary up to the sight-blocking corner occur-niible regions

67 [1.] If m > 2a+ 1, cover a distance ofy along the straight connection in moving
68 axis-parallel and visitingpm,.
69 [2] If m <2a+1, cover a distance ofig + 1 along the straight connection in moving
70 axis-parallel and apply binary search if necessary.
71 In (2.) several cases may occur:
72 () If we run beyonde (on the second axis-parallel line):
73 (i) If it is not possible to cover the total planned length:
74 | (a) If the boundary is not closed south of the path.
75 | (b) If the boundary is closed south of the path.
76 (ii) If it is possible to cover the total planned length, we digtiish:
77 | () negative line creation.
78 | (1) positive line creation.
79 (B) Ifitis not possible to run vign, (as the boundary hinders us to do so) and
80 o if we will not run beyoncE in doing so: Run tgg and then axis-parallel to the
81 straight connection. If necessary apply binary search aakkrturn adjustments.
82 e if we run beyoncE:
83 (i) If it is not possible to cover the total planned length:
84 | (a) If the boundary is not closed south of the path.
85 | (b) If the boundary is closed south of the path.
86 (ii) If it is possible to cover the total planned length, we digtiish:
87 | () negative line creation.
88 | () positive line creation.
89 (¢) If neither (2) nor (B8) is true, make turn adjustments.
90 e < a-+ 1: extension case
91 e If abe < 2a+ 3, move toE via pe. If necessary apply binary search and turn adjustments
92 of the first kind.
93 e If abe > 2a+ 3, cover a distance ofe2- 1 along the straight connection in moving
94 axis-parallel. This is possible abe > 2a+ 3. Several cases may occur when we want to
95 cover a distance ofé+ 1 along the straight connection in moving axis-parallel:
96 (i) If it is not possible to cover the total planned length dgebe the distance to this
97 boundary along the straight connection, and
98 | (a) if the boundary is not closed south of the path
99 | (b) if the boundary is closed south of the path.
100 (ii) If it is possible to cover the total planned length, we digtiish:
101 () negative line creation.
102 (1) positive line creation.
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103
104
105
106
107
108
109
110
111
112
113
114

115
116
117
118
119
120
121
122
123
124

a<l1:

Identify the next extension and consider the possibilitgei@ch it in an axis-parallel fashion without a
change of direction, as well as the distinction betweenriterval and the extension case.

[A.] An axis-parallel move t& is possible without a turn:

[*] interval case

Move toE and take a scan each time a distanca isfcovered. In addition, scan @nif
scanning with distance @fdoes not resultin a scan &

[*] extension case

If possible, cover a distance 0é2- 1; in doing so, take a scan each time a distanceisf
covered. If a corridor is discovered to the south of the raogrine, use it. If it is not possible to
cover a distance ofet 1, run as far as possible (taking a scan each time a distarecis of
covered), use a southern corridor, or, if no southern corggists, move back to the clockwise

first northern corridor. ) ) o
[B.] An axis-parallel move td& is not possible without a change of direction:

[*] interval case

Cover a distance afalong the straight connection in moving axis-parallelingla scan
whenever a distance afis covered as well as at the turn and®Bn

[*] extension case

Cover a distance ofe2+- 1 along the straight connection in moving axis-paralldirtg a scan
whenever a distance afis covered, as well as when the direction is changed and wigen t
distance is covered. If it is not possible to cover the tolahped length, move as far as
possible and take the scans in analogy to the move desciinee aUse a southern corridor as
well as a western or northern one, when the total possiblardis is covered.

Move to the easternmost northern NVR with a corridor if norictor appears in the other non-visible
regions, ifE is passed and if there is no negative line creation. If ebémgtis visible between the
beginning and the end of the current case, stop applyingys®arch, the steps of length 1 etc., and
continue with identifying the next extension.

7.

% +1

Pecor

Figure 16: Left:Ifb; > 2a+ 1, the robot moves axis-parallel to the corner. Middleb; IK 2a+ 1, the
robot moves axis-parallel to a point in distancg-2 1, and in doing so it visitPeor. Right: pg is the
point in which the clockwise boundary bendsgo
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6.8 Correctness and Competitive Ratio

Theorem 10. A simple rectilinear polygon allows an(®@gA)-competitive strategy for the OWPDV
(Online Watchman Problem with Discrete Vision), providedgheedge needs to be fully visible from
some scan point.

Proof. As noted in Lemmalg] 7] B] 9, the marginal cost of our strateggaking turns does not exceed
the optimal marginal cost by more than a factoQgfogA).

In all cases of the strategy we can relate our cost to a minigusnof the optimum (which has to
cover a certain distance or has to cover a certain distart@egds a certain number of scans in the
interval covered). Thus, in each case we are able to limittmepetitive ratio.

The estimate for the competitive ratio is computed from thygen bounds for the competitive ratio
in the different cases:

For computing these estimates, we compare the numerous alasteategy SCANSEARCH with
the optimum, resulting in the values listed in Taljles 1[dral @tailed verification is straightforward,
but tedious and left to the reader. Several of these bouralda@ninated, e.g., the value fkr=0
is less than the value fdr> 0 in the same case. These dominating values are printed dwdd for
dominated values witk > 0, the dominating term is labeled in parentheses.
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Table 1: The upper bounds for the competitive ratio in theedkint cases.
Forax = a, a€]0,1], we get the following values:

- 8a+34+4log(2+3/a) : aec]0,0.7004344
=\ 20a+24+4log(4+3/a) : ac]0.70043441]

For a givena we get a constant competitive ratio that depends ol . O

Table[3 shows the competitive values that strategy SCANSEARchieves fogy, = a.

See Figuré 17 for an example of our strategy, wits 0.5 (< 1): The starting point is the black
point in the south of the polygon. The first extension may leched on a straight, axis-parallel
line, i.e., we are in casé\(). Ase > 2a+ 1 (interval case) and no non-visible regions appear on the
counterclockwise side up , the robot moves directly t& (point 1) and takes a scan. Examples of
further decisions along the way are highlighted (scans 93@045).
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Table 2: The upper bounds for the competitive ratio in théediint cases.
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| a | upper bound foc |

1 55.2294
0.9 532294
0.8 51.8168
0.7 50.2083
0.6 50.0294
0.5 50.0000
04 50.1917
0.3 50.7399
0.2 51,9499
0.1 54.8000
0.01 67.0336
0.001 80.2148
0.0001 934919
0.00001 1067785
0.000001 1200661

Table 3: Values fom and the corresponding upper bound for the competitive.ratio

7 Conclusions

We have considered the online problem of exploring a polygith a robot that has discrete vision.
In case of a rectilinear multi-connected polygon we have $bat no strategy may have a constant
competitive ratio; even for orthoconvex polygons, it hasda out that any bound on the competitive
factor must involve the aspect ratio, even under the assomtiiat each edge must be fully visible
from some scan point. Finally, we have developed a comypetitirategy for simple rectilinear poly-
gons under the constraint of full edge visibility. For thisrpose it was important that we were able
to order the extensions along the optimal route of a robdiauit continuous vision; this enabled us
to compare the cost of the optimum with the cost of a robotulkat our strategy.

There are several natural open problems. Can we give a citivpstrategy without the assump-
tion that edges are fully visible from scan points? A prergitelwould be a competitive strategy for
online guard placement.

Another question is whether there exists a competitivdesiyain case of a more general class
of regions: simple polygons. In this context we face the diffy that we do not know where the
extensions lie. Thus, we are not able to give an a-priori tdveeind on the length of the optimum,;
this is a serious obstacle to adapting the algorithm’s stegth to the one of the optimum; extending
the highly complex method of Hoffmann et al. for continuoision to the case of discrete vision is
an intriguing and challenging problem.

Finally, it is interesting to consider the offline problenr f@rious classes of polygons. As stated
in the introduction, even the case of simple rectilineaygohs is NP-hard; developing reasonable
approximation methods and heuristics would be both intieige# theory as well as useful in practice.
In this context, we have been investigating the situatiai thie added constraint of limited visibility.
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ak

NVRs on both sides

negative line creation, case
distinction 7, case II

case distinction
4, case (@)
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distance of 2b; + 1 @

50

starting point

Figure 17: An example for strategy SCANSEARCH. The path efrttbot is plotted in gray, we use
light gray for binary searches, and dashed dark gray fosgarthe path where it improves clarity.
Extensions are dotted in black, some straight connectiongl@ted in light gray. (For clarity, some
lines are slightly offset from their actual position.) Nuembd points correspond to turns in the tour,
scan points are circled.

References

[1] S. Albers, K. Kursawe, and S. Schuierer. Exploring unkn@nvironments with obstaclealgorithmica
32(1):123-143,2002.

[2] A.Bhattacharya, S. K. Ghosh, and S. Sarkar. Exploringrdanown polygonal environment with bounded
visibility, 2001.

[3] A. Bottino and A. Laurentini. A nearly optimal sensor péanent algorithm for boundary coverage.
Pattern Recognitiop41(11):3343-3355, 2008.

[4] S. Carlsson, H. Jonsson, and B. J. Nilsson. Finding tleetebt watchman route in a simple polygon.
Disc. Comput. Geom22:377-402, 1999.

[5] S. Carlsson and B. J. Nilsson. Computing vision pointsatygons.Algorithmica 24(1):50-75, 1999.

[6] W.-P. Chin and S. Ntafos. Optimum watchman routeésoceedings on the Second Annual ACM Sympo-
sium on Computational Geometi38(1):39-44, 1988.

27



[7]

(8]

9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

[22]

(23]

(24]

(25]

V. Chvatal. A combinatorial theorem in plane geometdournal of Combinatorial Theory, Series B
18:39-41, 1975.

E. D. Demaine, S. P. Fekete, and S. Gal. Online searchitigturn cost.Theoretical Computer Science
361:342-355, 2006.

X. Deng, T. Kameda, and C. H. Papadimitriou. How to leanruaknown environment I: The rectilinear
case.Journal of the ACM45(2):215-245, 1998.

S. P. Fekete, R. Klein, and A. Nuchter.  Searching with @tonomous robot. InProc.
20th ACM Sympos. Computational Geometpages 449-450. ACM, 2004. Video available at
http://videos.compgeom.org/socg04video/.

S. P. Fekete, R. Klein, and A. Nuchter. Online searghirith an autonomous robotComputational
Geometry: Theory and Application34:102-115, 2006.

S. Ghosh, J. Burdick, A. Bhattacharya, and S. Sarkalin@algorithms with discrete visibility - exploring
unknown polygonal environmentRobotics & Automation Magazine, IEEE5(2):67—-76, June 2008.

S. K. Ghosh. Approximation algorithms for art gallemoplems. InProceedings of the Canadian Infor-
mation Processing Society Congrggages 429-434, 1987.

M. Hammar, B. J. Nilsson, and M. Persson. Competitivpl@sation of rectilinear polygonsTheor.
Comput. Scj.354(3):367-378, 2006.

F. Hoffmann, C. Icking, R. Klein, and K. Kriegel. The gglon exploration problemSIAM J. Comp.
31:577-600, 2001.

C. Icking, R. Klein, and L. Ma. How to look around a cornén Proc. 5th Can. Conf. Comp. Geam.
pages 443-448, 1993.

C. Icking, R. Klein, and L. Ma. An optimal competitiverategy for looking around a corner. Technical
Report 167, Department of Computer Science, FernUniatidiigen, Germany, 1994,

J. M. Kleinberg. On-line search in a simple polygon. Rroc. 5th Annual ACM-SIAM Symposium on
Discrete Algorithmspages 8-15, 1994.

J. S. B. Mitchell. Geometric shortest paths and netvagtimization. In J.-R. Sack and J. Urrutia, editors,
Handbook on Computational Geometpages 633-702. Elsevier Science, 2000.

A. Nuchter, H. Surmann, and J. Hertzberg. Automatissification of objects in 3D laser range scans. In
Proc. 8th Conf. Intelligent Autonomous Systepagjes 963—-970, March 2004.

J. O'Rourke Art Gallery Theorems and Algorithmisiternat. Series of Monographs on Computer Science.
Oxford University Press, New York, NY, 1987.

D. Schuchardt and H.-D. Hecker. Two NP-hard art-gglf@oblems for ortho-polygonsMiathematical
Logic Quarterly 41:261-267, 1995.

H. Surmann, A. Nuchter, and J. Hertzberg. An autonosmaobile robot with a 3D laser range finder for
3D exploration and digitalization of indoor environmerfRbotics and Automatiod5:181-198, 2003.

X. H. Tan, T. Hirata, and Y. Inagaki. An incremental aliglom for constructing shortest watchman routes.
Int. J. Comput. Geom. AppB(4):351-365, 1993.

X. H. Tan, T. Hirata, and Y. Inagaki. Corrigendum to “Amcremental algorithm for constructing shortest
watchman routes’lnt. J. Comput. Geom. AppB(3):319-323, 1999.

28



	1 Introduction
	2 Preliminaries
	2.1 Definitions
	2.2 Extensions
	2.3 GREEDY-ONLINE

	3 Difficulties of Time-Discrete Vision
	4 Why the Aspect Ratio Matters
	5 Mathematical Foundations
	6 Strategy Aspects
	6.1 Binary Search in the Strategy
	6.2 Turn adjustments
	6.3 High-Level Decisions within Strategy SCANSEARCH
	6.4 Where to Go
	6.5 Decisions That Affect a Move
	6.6 How to Move
	6.7 The strategy SCANSEARCH
	6.8 Correctness and Competitive Ratio 

	7 Conclusions

