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Given: Polygon P

How many guards do we need
to monitor P?

minimum number of guards
necessary for P: g(P)

In general:
NP-hard

* point guards with holes
[O’'Rourke & Supowit 1983]

* vertex guards without holes
[Lee & Lin 1986]

* point guards without holes
[Aggarwal 1980]

APX-hard [Eidenbenz, Stamm &
Widmayer 2001]
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The Art Gallery Problem, Guards and Witnesses

visibility-independent set of
witnhess points:

a finite set of points WCP,
whose visibility polygons are
pairwise disjoint.

w(P): independence witness
number of P

Here: w(P)=2

polygon is perfect if w(P)=g(P)!
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« ordinary visibility:

p,q € P see each other if the line
segment connecting pand q is fully
contained in P.

e rectangular visibility:

p, q € Psee each other if the rectangle
spanned by those two points,r(p, q), is
fully contained in P.

Here: simple rectilinear polygons.
Notation:

* visibility polygon of a point p in P: VP(p)
e sometimes: VPp(p)
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Known: for simple rectilinear polygon g(P)
can be computed in polynomial time - O(n7):

[Worman&Keil, 2007]
e extend all edges of reflex vertices of P
e build a graph (region visibility graph,
RVG(P)) on that arrangement:
e node per cell (=basic regioin)
e two nodes u and v are adjacent iff there is
a star that contains both u and v

e Theorem: Given a simple orthogonal
polygon P and its RVG(P), there is a star
containing a set of regions U iff the members
of U form clique in RVG(P).

e \Worman and Keil show that the class of
region visibility graphs over all simple

orthogonal polygons RV are perfect
graphs:
e this allows for the computation of a
minimum clique cover in polynomial time
e proof: graphs in RVG have no large holes
and no large odd antiholes (>=5)
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Rectangular vision

« Computing a max independent witness
set in P is equivalent to computing a max
independent set in RVG(P)

= as RVG(P) is perfect that also shows
that w(P)=g(P)

* we give a direct geometric proof (maybe
simpler)
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Rectangular Vision

Lemma (VPs):

Given three points w, p,q € P. Then:
VPw)NVP(p)#0D

AV P(w)NVP(q) #0

AV P(q) NV P(p)# D

= VP(w)NVP(p)NVP(q) #0.

Not true for polygons with holes!
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Perfectness

Theorem 1:

Simple rectilinear polygons are perfect
under rectangular vision: w(P)=g(P).
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Proof by induction on the number, k, of

witnesses:

+» Base Case: w(P)=1=>g(P)=1

¢ Proof: Lemma on VPs + Theorem by
Breen [Breen, 1996]

¢ Induction Hypothesis: w(P)=k=g(P)=k
(If P has k witnesses, P can be monitored
using k guards.)

% Induction Step k— k+1: Let P‘ be a
polygon with k+1 witnesses.

*»*|dea: cover P* with 2 polygons:

1-guardable

@ P2 : a possibly disconnected polygon
that has at most k witnesses w.r.t.
visibility in P* (1.H.: is k-guardable)

= P‘|s (k+1)-guardable

How to construct these polygons?
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Perfectness

We start with a specific witness:

*» Claim: There exists an ear witness, i.e., a
witness w such that all other witnesses
Wi, ..., Wk are in the same connected
component of P\VP(w).

Let this connected component be CCik.

witness set: W={w, wx, ...., Wk}

% Proof:

Consider the red/white decomposition:
color visibility polygons of points in W red,
the remaining subpolygons white.

Its dual is a tree, and naturally 2-colored.
Define a root arbitrarily,

and take the lowest red vertex (red vertex
who has, if any, white descendants)

witness corresponding to that vertex is an
ear witness

FWCG, October 25, 2013
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from both CCx and P\{CCk u VP(w)}
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contains an equal number of witnesses
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Helpful Lemma (IntersectionGraph):

Let W and W' be two maximum cardinality
witness sets for P, w(P)=k.

Let G be the intersection graph of the
visibility polygons of withesses from W
and W-.

Then any connected component of G
contains an equal number of witnesses
from W and W'

Take 3 withesses from W,
and the remaining k-2 from W'
= >k withesses
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For any IS X of visibility polygons
in I UI5:

{veW : VPw)NVP(x),xe X} >|X|

If X is a max IS of visibility
polygons in I; U I}, of size t

= exists a matching of size t in the
intersection graph of VPs from
points in W and points in X

Let the stabbing number of
visibility polygons from I; U I5be s.

s=t:
e s+ polygons that do not interfer
®S>=S-S1 remaining:

e stabbing number=minimum
edge cover in the bipartite
iIntersection graph

= max IS of size s
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* k+1-s withesses of W' are in a different
connected component

= W, W1,...,Wr-1, W's+1,...,Wk+1 form
independent witness set of size k+2

< r<s:
=W1,...,W's,Wr, ..., Wk are an independent
withess set >k+1
 r=s:

* We use as many witnesses in the
connected component of w as are
maximally stabbed

= one of w'1,...,w's is in P

Finally: P = P, U P,
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=as the above is constructive: also
computation of the location of guards
possible?

* other types of vision?
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FWCG, October 25, 2013



*

e










Computation of w(P)

FWCG, October 25, 2013



gﬂ The Art Gallery Problem, Guards and Witnesses

~. Rectangular Vision

11 Perfectness

o Computation of w(P)

Q Outlook

FWCG, October 25, 2013



*

——







Rectangular Vision

Theorem by Breen [1996]:

Let P be a family of simple polygons in the plane.

e |If every three members of P have a simply connected union

* and every two have a nonempty intersection
m {P:PecP}#

 for a family of orthogonally convex polygons the
Intersection is again an orthogonally convex polygon.
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