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Point sets, hulls, and polygons
Refresh: What’s the difference?

•
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Farthest point pairs
What we know

• We will assume that a) is true  —  Discussion next week :) 

• An greedy  time algorithm is trivial. Today, we’ll try to do better.𝒪(n2)
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Convex hull
Let  be set of  points in the Euclidean plane , in 
general position*. 

Lemma E3.1 All farthest pairs of  consist of two 
vertices of the convex hull .

𝒫 n ℝ2

𝒫
conv(𝒫)
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* no three points in  are collinear.𝒫
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Take 10 minutes to think about this and discuss :)
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Lemma E3.1 All farthest pairs of  consist of two 
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𝒫
conv(𝒫)
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Michael Shamos, 1978
Let  be set of  points in the Euclidean plane , in 
general position*. 

Theorem E3.4 All farthest pairs and the diameter of  
can be computed in . 

Idea: Compute the convex hull of , then enumerate 
all antipodal pairs and track the farthest by “rotating” 
parallel supporting lines around the hull, like calipers.

𝒫 n ℝ2

𝒫
𝒪(n log n)

𝒫

Rotating Calipers Algorithm
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𝒫

Whenever one of the lines “hits” a vertex, we’ve found a 
pair. We just go all the way around and output the pairs.
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Theorem E3.4 All farthest pairs and the diameter of of  points  in general 
position in the Euclidean plane  can be computed in . 

Diameter(n: number, (p1, …, pn): convex_hull) : number { 

// Linear probing / brute force — implicitly, i = 1 
find first (i,j) such that (pi,pj) is antipodal 

let diameter = 0 

while (j != n) { 

// Which edge do we hit? 
if A( (pi, pi+1, pj+1)) > A( (pi, pi+1, pj)) { 

++j 

} else { 

++i 

} 

// pi,pj is a farthest pair! 

diameter = max(diameter, d(pi,pj)) 

// [… edge case handling for parallel lines: Up to 3 more pairs] 

} 

return diameter 

}

n 𝒫
ℝ2 𝒪(n log n)

Δ Δ
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Convex hull
Let  be set of  points in the Euclidean plane , in 
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can be computed in .

𝒫
𝒪(n log n)

Theorem E3.5 All farthest pairs and the diameter of an 
-vertex simple polygon  can be computed in …?n P

Crucial: Convex hull of  faster than ?P Ω(n log n)
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Computational Geometry – Sheet 2 Winter 2025/2026
Prof. Dr. Sándor P. Fekete

Peter Kramer

Due 04.12.2024

Discussion 11.12.2024

Please submit your handwritten answers in groups of two or three, using the box in front of
IZ338 before the exercise timeslot on the due date above. Make sure to include your full

names, matriculation numbers, and the programmes that you are enrolled in.

In accordance with the guidelines of the TU Braunschweig, using AI tools such as LLMs to
solve any part of the exercises is not permitted.

Exercise 1 (Geometric Predicates). (5 points)

Using only the leftTurn and rightTurn predicates from Lecture 1, design a geometric predicate

for the Euclidean plane that decides whether a line segment pq intersects a triangle →(u, v, w):

conv(p, q) ↑ conv(u, v, w) = ⊋ ?

You may assume that (u, v, w) are in counterclockwise order and that no three points are

collinear. Please explain your solution and briefly argue its correctness.

Exercise 2 (Partitioning Points). (15 points)

Consider a set P in the Euclidean plane R2
in general position according to Definition E1.

a) Prove that there exist points p, q ↓ P that divide P evenly based on left-/rightTurn:

|{ r ↓ P | leftTurn(p, q, r) = true }| = |P|/2 ± 1.

p

q

b) Design an algorithm that finds p and q in O(n) time for n = |P|.

(Hint: Start with b), a good correctness proof can also give you a constructive proof of existence.)

Exercise 3 (Convex layers). (10 points)

The convex layers of a finite point set P in the plane correspond to a decomposition of P into

nested, convex polygons (layers). The outermost layer L0 consists exactly of the extremal points

defining conv(P ). The next layer is recursively defined as points defining conv(P \L0), meaning

Li = P ↑ ω conv

(
P \

⋃

j→[0,i]
Lj

)
.

Design an algorithm which computes the convex layers of n points in the Euclidean plane,

in O(n2
) time. Briefly argue its runtime and correctness.

1/1
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in O(n2
) time. Briefly argue its runtime and correctness.
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