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Higher-Order Voronoi Diagrams
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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k=2 k=3

e Worst-Case-optimal: O(n?) for arbitrary (but fixed)k > 2
[Edelsbrunner and Seidel, 1986].
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Medial Axis

Medial axis of a simple polygon
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction

NILzy

> Universitat

O . v
H| 74
OIVsctié

o™ R, .
g”:;& ‘3% Technische
< AR %2

Braunschweig




Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Straight Skeleton

Straight skeleton of a simple polygon:
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton Parallel wave front

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Furthest-Point Voronoi Diagram
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.

Voronoi diagram

NILg

v
v

™ > Universitat

o &
,g”t;_& ‘3% Technische
g

@ 4 o
ji *¢ Braunschweig
T LS
Nsce



1. Introduction and Motivation
Definitions

Representing planar partitions
Properties

Fortune’s algorithm

Variations

The Voronoi game

® N oo o k& W D

Summary and conclusions

WILgy

e

Universitat
o o
Braunschweig

”t;_& ‘32 Technische
6] ~’a '. z
%

Nsce




Technische

Universitat
Braunschweig







The Voronoi Game
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The Voronoi Game
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The Voronoi Game

Blue's Tum

« A domain

- Two players
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The Voronoi Game

Blue's Tum

A domain
- Two players

- Players take turns
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The Voronoi Game

Blue's Tum

- A domain
- Two players
- Players take turns

* Voronoi diagram is computed
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The Voronoi Game

« A domain

- Two players

- Players take turns

* Voronoi diagram is computed

- Player with larger area wins
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [Macility Location along a Highway*

HeesKap Ahe!, Siu-\Wing Cherz® Ut:ried O hhong "
Murdecai Gooia”, sl Heoe van Oosleum!

YD tment o5 Compoter Saenee, Diesdil Dmiversity, Nodloslam s,
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Scienes, HKUST, Hong Kang,
[:7]»";.”-1 im+Bex uxt hk

Abstract, 'we considor a compotitove laalivy locasion problom with twe
plavors. Plavers altercate placing palnts, oca at & tima, nto the play-
ng arena, ancil rach of them has placed o podnts. The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven st of cwdomers, Typically, e fancton to be cptizniesd & Jbe musxinmm
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Mogiddo (8], Welzl 12] and Aronev ot gl [2).

Competitire Tacility bcation deals with the placement o gites by compet-
ing market players, Geometrc arguments are combined with argurents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. 4.

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than o any other facllity, This et & callad the merket ares of tha facllity. The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It E playes by two playars, Blue zand Red, whe place a specifled nuber, n

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,

Wang (Ko ) COCDON 2000, ENCS 2008 op 207238 500
9 3 xingor-\erlay Berkia lixdlnl\ 201
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [Macility Location along a Highway*

HeesKap Ahe!, Siu-Wing Cherz® . Utmhied Cheong',
Murdecai Gooia”, sl Heoe van Oosleum!
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7 Department of Computer Scienct, HKUST, Hong Kang,
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Abstract, 'we considor a compotitove laalivy locasion problom with twe
plavors. Plavers altercate placing paints, oca at & tima, nto tha play-
ng arena, ancil rach of them has placed o podnts. The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
ziven set of owstomers, Typically, e fancton to be cptioniesd & Jbe muxinnam
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Mogiddo [8], Welzl 12| and Aronev et gl |2,

Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometrc arguments are combined with argurents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Comzetitive locat.on modals have been studied [n many diferent fAedd:, gueh a8
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [3,7,11]. Comprahens:ve cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other facllity, Thie zet & callad the market eres of tha facllity, The
collecslon of market areas form: a wssclatlon of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue and Red, whe plaoce a specified nuber, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
K USTrER 90 MK TUSTEo 995, TIRUSTG162/005, and HRUSTGLS /99E).
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The most natural Voronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Abstract, ‘e considir a competitove facliny locasicn problom with twe
plavors. Plavers altercate placing palnts, oca at & tima, nto the play-
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subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven st of cwdomers, Typically, e fancton to be cptizniesd & Jbe musxinmm
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other factlity, Thie et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororoi Diagram of she st of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [Macility Location along a Highway*

HeesKap Ahe!, Siu-Wing Cherz® . Utmhied Cheong',
Murdecai Gooia”, sl Heoe van Oosleum!
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7 Department of Computer Scienct, HKUST, Hong Kang,
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Abstract, ‘e considir a competitove facliny locasicn problom with twe
plavors. Plavers altercate placing palnts, oca at & tima, nto the play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven st of cwdomers, Typically, e fancton to be cptizniesd & Jbe musxinmm
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other factlity, Thie et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororoi Diagram of she st of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,

T Wang (Fe ) COCOON 2001, LNCS 2008, o 217 (238] 500
D 3 xingeor-Verlay Berhia Heklellnzy, 201
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
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Abstract, ‘e considir a competitove facliny locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd 8fth suzhcrs were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wook described in chis puper has been
sappocted by the Nesearch Grands Cencal of Hong Keeg, Dhona {IIKIJ"_-'I":DTJ/‘_T.'I’.,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T Wang (Fe ) COCOON 2001, LNCS 2008, pp 247-(238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

T — B ——————
 Blue and Red
en>1

e Circle or line segment

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive Facility Location along a Highway* The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn

Hee-Kap Ahe!, Siu-Wing Chera?, Utirisd Cheoog', this note we present strategics for winning one-dimensional versions of the game, where the arena is

Murdeeai Go.ia®, sl Reoé van Oosleum! a cirele or a line segment, and variations. In other words, we consider competitive facility location
i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy 3'011(.‘; an .‘\’.15‘!'3“3‘1" higll!\'f‘}.'-
) {beck:p,otfried, renejdcs.uu.nl
¥ Department of Computer Sciencr, HKUST, Hong Kang, T — ———

[=:hweng, pr) i Bex ust hk

Abstract, ‘we considir a compotitve taalivy locasion problom with twe o BI u e a n d Red

plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g mena, ancil cach of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:

puinte control the lager wrss wics, W presat & winmicg struvsy foc n > 1
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction e Circle or line segment

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w - T3
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn ® Keyp°' nts
distsroe from customers to the facility — this results in the minkmum encksing e
disk problemn stidied by Megiddo (8], Welzl 12| and Aronev et sl |2).
Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometric arguments are combined wich arguments from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].
Wa eonslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.
We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wook described in chis puper has been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T Wang (Fc ) COCDON 2000, ENCS 2008 op 247238 500
D 3 xingor-Verlay Berlio Heklellnzy 201

NILzy

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Sclener, HKUST, Hong Kang,
[xtllb-‘;,y-li'ﬂh'h uxt hk

Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

B e

* Blue and Red
en>1
e Circle or line segment

e ., Keypoints*

34 | - 14

Fignre 1: There are fonr keypoints when 1 = 4.

T — —————

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Sclener, HKUST, Hong Kang,
[xtllb-‘;,y-li'ﬂh'h uxt hk

Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

B e

* Blue and Red
en>1
e Circle or line segment

e ., Keypoints*

34 | - 14

Fignre 1: There are fonr keypoints when 1 = 4.

T — —————

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Sclener, HKUST, Hong Kang,
[xtllb-‘;,y-li'ﬂh'h uxt hk

Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

B e

* Blue and Red
en>1
e Circle or line segment

e ., Keypoints*

34 | ® 14

Fignre 1: There are fonr keypoints when 1 = 4.

T — —————

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Sclener, HKUST, Hong Kang,
[xtllb-‘;,y-li'ﬂh'h uxt hk

Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

B e

* Blue and Red
en>1
e Circle or line segment

e ., Keypoints*

34 | ® 14

Fignre 1: There are fonr keypoints when 1 = 4.

T — —————

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*

HeesKap Ahc!, Siu-Wing Cherz® Ut:red Cheong”,
Murdecai Gooia”, sl Heoe van Oosleum!

"Compoater Saenve, Dinsdil Usiversity, Nolos lam s,
{beck:p,otfried, renejdcs.uu.nl

7 Department of Computer Sclener, HKUST, Hong Kang,
[xtllb-‘;,y-li'ﬂh'h uxt hk

b Dvpmaclmen.

Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn

this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.

T ——

T —

* Blue and Red
n>1
e Circle or line segment
e ., Keypoints*
0
3i4 ¢ ’ 1/4
@ --
112
Fignre 1: There are fonr keypoints when 1 = 4.
T — —

v & .
‘32 Technische

% Universitit

(& o
v;*,% %> Braunschweig
scy

10



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
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AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn

this note we present strategics for winning one-dimensional versions of the game, where the arena is
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

« Stage I: Play keypoint while available
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Stage I

e Stage ll: Play in largest blue interval
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Observations:

* Playing keypoints ensures that blue intervals are uneven.

* Playing into large blue intervals ensures never falling behind.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Stage I Stage I1 Stage III (i1)

Observations:
* Playing keypoints ensures that blue intervals are uneven.
* Playing into large blue intervals ensures never falling behind.

* Placing the last point (exploiting uneven blue intervals) ensures win.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Stage I Stage I1 Stage III (i1)
Observations:

* Playing keypoints ensures that blue intervals are uneven.
* Playing into large blue intervals ensures never falling behind.
* Placing the last point (exploiting uneven blue intervals) ensures win.

Theorem 1 The keypoint strateqy is a well-defined winning strategy for Red.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Modifications for game on a line segment:
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Modifications for game on a line segment:

 Keypoints are predefined by breaking line segments into equal pieces.
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Modifications for game on a line segment:
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

1

A+ L i=0,1,...,n—1 are keypoints.

Definition 2 The n points u; =

Modifications for game on a line segment:

 Keypoints are predefined by breaking line segments into equal pieces.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

1

A+ L i=0,1,...,n—1 are keypoints.

Definition 2 The n points u; =

Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.

* Distinguish interior and boundary intervals.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Definition 2 The n points u; = ﬁ + :T 1 =0,1,....n — 1 are keypoints.

Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.

* Distinguish interior and boundary intervals.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Definition 2 The n points u; = ﬁ + ;7 1 =0,1,...,n — 1 are keypoints.

Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.

* Distinguish interior and boundary intervals.
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Theorem 2 The line straleqy s a well-defined winning strateqy for Red.
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

Trgorsse Compon Decm 5101750108 i) P —

DO A0 OV /004 14 40°-20% 14 eometry

D 200 Spragor Vol Sow Yob s

- A square

The One-Round Voronai (yzame”

Ott=ed Cheong,! Send Har-P'eled * Nataan Lincal,® and Jid Matoudex?

st o sk s e S, B et o - Two players, White and Black

PO Bo 913, 500 M3 “adbocs. The Neberlonds
ochosagPucal

Departacut of Comower Scxans, Laiversily of Nlisos,
1AM W, Sormgfekd Ave, Ustaas, IL S16N,L3A

s el - Players place all points at once

Mnwituse of Coomsser Scin= Foboow e r
Aerwialem 91904, keroel
rERcchap @

'Ucp:ﬁ:xn! ol Apglec Matheralics ax)

Tievitwne of Thooreical Compuce S (T Coulkes Usvansty
Madoctranskd ndow, 25, 15300 Prba , C2e Repedliz

v vesch ®luan il cusice

Abstruct.  In ke are-round Verons game, the lirst player cheooscs 2 n-pamt st V7 in »
cquare {2, and ther “he second ployer plaods anocher v poant set & o ¢ 'The payol towr
e cecx ! plaver ic e fration <f the ares of Q eccupied by the sgicrs of tw pinx X B
i the Voroacl diagram of YV U 5. We give 3 (randoedzed) stanegy for ike sacond player
that sheaps oz wmees 5 v pagnlTol al least b 4 7, keracomsud o > 0 onl remy lap=
covagh 4 This contiasts with the vxe-dinnsicnsl » nastivn, with @ = [0, |, where the

2t player con alwany: win more than .

1. Introduction

Campetitive facility location siudizs the placement of sites hy competing warke: playcrs.
Overvews of dffescnt imodels are the surveys oy Tobinetal 9). Eiselt and Lapoete 120,
and Eiszll et al. [4)

" Partel Bis resccr2a win Jone dumag aworkahep s2030%d by [T [ Moot LNOMOSE of Be Mimisey <l
Fascavion o Cthe Corch KepahBe] N scocosagyemiedd in pzan by a grom fom e Bioed Scienor Bierdatin

WILgy

v, % .
‘32 Technische

2 . o g oo

» Universitat

(<] .
*s Braunschweig

14



The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

Preor=se Corspon Decm 5101750108 o) P —

DAL L0V /008 14405204 1-4 eometry

D T Gpeager Ve Sow Yod lac

A square

The One-Round Voronai (yzame”

Otl=ed Cheong,! Send Har-f'eled * Nataan Lincal,® and hH Matousex®

opent o simants s Cragute S s, e Uiy f oy Two players, White and Black

PO Bo 913, 500 M3 “adbocs. The Neberlonds
o.chosagPucal

Departacut of Comower Scxans, Laiversily of Nlisos,
FAM W SormgBekd Ave, Ustaas, IL 516N, L3A
sekl@c dwols

Players place all points at once

Mnwituse of Coomsser Scin= Foboow e r
Aerwialem 91904, keroel
rERcchp a8

'Ucpn\:(nlol Apflec Mathenatics ax)

Tievitwne of Thooreical Compuce S (T Coulkes Usvansty
Madoctranskd ndiw, 25, 1500 Prba |, Uze Repedliz

v vesch @luen oL ousi e

Voronoi diagram is computed

Abstruct.  In ke arcround Vecons game, the lirst player cheooscs g n-paimt st 17 in »
tquare {2, and ther “h> recond ployer placds anocher 4 poant set & o ¢ The payol tor
e oo plaver is U fraction < the s of  eccupied by the wgices of tw pns X B
i the Voroacl diagram of YV U 5. We give 3 (randoedzed) stanegy for ike sacond player
that sheaps oz wmees 5 v pagnlTol al least b 4 7, keracomsud o > 0 onl remy lap=
covagh w, This contrasts with the vxe-d ngasicns) & nativn, with @ = [0, 1), where the

2t player con alwany: win more than .

1. Introduction

Campetitive facility location siudizs the placement of sites hy competing warke: playcrs.
Overvews of diffescnr imcdels are the surveys oy Tobinet al [9). Eiselt and Lapoete |20,
and Eiszli et al. [4)

" Partel Bis resccr2a win Jone dumag aworkahep s2030%d by [T [ Moot LNOMOSE of Be Mimisey <l
Faacavion o Cihe Corch Bepahbe] N scwoagpypemied in pzan hyoa gom fom ibe lioed Sclenoe Rerdatin

WILgy

v, % .
‘32 Technische

2 . o g oo

» Universitat

(<] .
*s Braunschweig

14



The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins

- 2D: Second player wins for large n
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
- 2D: Second player wins for large n

- Complicated randomized arguments
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
- 2D: Second player wins for large n

- Complicated randomized arguments

Lemma 4. Forevery sufficiently large constani D, there exist constants f, > 0,6 > 0,
and nqo such that for every n-point set VYW C Q, n = ng, if B C Q is obtained by én
independent random draws from the uniform distribution on Q, then

E[Vol(R(B, W)] 2 (} + f1)én.
If the total area A¢ of the long regions (of diameter at least D) exceeds n/2D, then

E[vol(R(B, W))] > 25n.
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins :

Elvol(R(x. W)] = - [ f Tricyn(¥)dy dx
. vol(Q) JoJo
- 2D: Second player wins for large n I / .
= — | vol({xe Q' y e R(x, W)} dy
nJo
- Complicated randomized arguments — —
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If the total area A¢ of the long regions (of diameter at least D) exceeds n/2D, then

E[vol(R(B, W))] > 25n.
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins :

Evol(R(x. W] = ‘ [ / Irixyn(y)dydx
. vol(Q) JoJo
- 2D: Second player wins for large n I / .
= vol({x € @' y € R(x,YW)}Hdy
v
- Complicated randomized arguments — —
/3 2
Lemma 4. Forevery sufficiently large constani D, there exisi constants fy > 0,4 > 0, / dist(y, w)*dy = f o P2 dmrdr = &
and nq such that for every n-point set YW C Q, n = ng, if B C Q is obtained by on C 0 2n
independent random draws from the uniform distribution on Q, then
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins :
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins

E[vol(R(x. WD) = : , [ f Trix v (y)dy dx
. vol(Q} Jo Jo
- 2D: Second player wins for large n I .
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/n 2
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

Preor=se Corspon Decm 5101750108 o) P —

DAL L0V /008 14405204 1-4 eometry

D T Gpeager Ve Sow Yod lac

Open:

The One-Round Voronai (yzame”

Otl=ed Cheong,! Send Har-f'eled * Nataan Lincal,® and hH Matousex®

et At ot S B sty - White wins for n=1, Black for large n

PO Bo 913, 500 M3 “adbocs. The Neberlonds
o.chosagPucal

Departacut of Comower Scxans, Laiversily of Nlisos,
FAM W SormgBekd Ave, Ustaas, IL 516N, L3A

e - White wins for 1D, Black for 2D

Mnwituse of Coomsser Scin= Foboow e r
Aerwialem 91904, keroel
rERcchp a8

'Ucpn\:(nl ol Apglec Matheralics ax)
Tievitwne of Thooreical Compuce S (T Coulkes Usvansty

i - Strategy uses randomization

v vesch ®luan il cusice

Abstruct.  In ke arcround Vecons game, the lirst player cheooscs g n-paimt st 17 in »
tquare {2, and ther “h> recond ployer placds anocher 4 poant set & o ¢ The payol tor
e oo plaver is U fraction < the s of  eccupied by the wgices of tw pns X B
i the Voroacl diagram of YV U 5. We give 3 (randoedzed) stanegy for ike sacond player
that sheaps oz wmees 5 v pagnlTol al least b 4 7, keracomsud o > 0 onl remy lap=
covagh w, This contrasts with the vxe-d ngasicns) & nativn, with @ = [0, 1), where the

2t player con alwany: win more than .

1. Introduction

Campetitive facility location siudizs the placement of sites hy competing warke: playcrs.
Overvews of diffescnr imcdels are the surveys oy Tobinet al [9). Eiselt and Lapoete |20,
and Eiszli et al. [4)

" Partel Bis resccr2a win Jone dumag aworkahep s2030%d by [T [ Moot LNOMOSE of Be Mimisey <l
Faacavion o Cihe Corch Bepahbe] N scwoagpypemied in pzan hyoa gom fom ibe lioed Sclenoe Rerdatin

WILgy

v, % .
‘32 Technische

2 . o g oo

» Universitat

(<] .
*s Braunschweig

16



The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- - w1~ 1
Preor=se Corspon Decm 5101750108 o) P — "

DO AN 0N /008 1440520814 eometry

D J0Z SpcagerVodes Sow Yod lac

Open:

The (Ine-Round Voronai (zame”

Otl=ed Cheong,! Send Har-'cled * Nataan Lincal,® and Jif Matoudex*

pmtnsnt o At et S S ety o White wins for n=1, Black for large n

PO Bo 913, 500 M3 “adbocs. The Neberlonds
o.chosagPucal

Depastacut of Compwer Scxans, Laivarsily of Nlisos,
FAM W, Sormgfek! Ave, Ustaas, IL 516N, L3A

- -

el s - Whit for 1D, Black for 2D
) Iteé wins 10r y, DIACK TOr
Tneitue of Compecr Scxans Foboow ey
Aerwialem 01004, keroel
rERcchp a8
‘Ucpu\:unlol Apflec Mathenatics ax)
Iiev it of Thooreical Compmcs Scxane (T Canks Usvanty - -
Pt . 5. 11 P oo Koo - Strategy uses randomization
s vesch @l lousice

Abstruct.  In ke are-round Vecons game, the lirst player ¢cheooscs g n-pamt st 17 in »

tquare {2, and ther “h> recond ployer placds anocher 4 poant set & o ¢ The payol tor

[}

e oo plaver is U fraction < the s of  eccupied by the wgices of tw pns X B
i the Voroacl diagram of YV U B. We give 3 (randoedzed) stangy for ke second player
that sheaps oz wmees 5 v pagnlTol al least b 4 7, keracomsud o > 0 onl remy lap=
covagh 4 This contiasts with the vxe-dinnsicnsl » nastivn, with @ = [0, |, where the

2t player con alwany: win more than .

Explain and find simpler strategy!

1. Introduction

Campetitive facility location siudizs the placement of sites hy competing warke: playcrs.
Overvews of dffescnt imodels are the surveys oy Tobinetal 9). Eiselt and Lapoete 120,
and Eiszli et al. [4)

" Partel Bis resccr2a win Jone dumag aworkahep s2030%d by [T [ Moot LNOMOSE of Be Mimisey <l
Faacavion o Cihe Corch Bepahbe] N scwoagpypemied in pzan hyoa gom fom ibe lioed Sclenoe Rerdatin

WILgy

v, % .
‘32 Technische

2 . o g oo

» Universitat

(<] .
*s Braunschweig

16



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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Commumzaied by R, Kkcin

Abstruct

We carsicer te anc-rounk! Voronon game, whore the liest plaves (“"Whate™, called “Wilma”) pleccs a et ¢l n
ponts in & rectunzula arca of pspect rtio o < 1, followed by the second player (“Black™, called *Bamey ™). who
plces tx sane umbe: of pomts. Each ployer wins the inction of the board ¢.oscs! to oec ¢f s pardts, ind the
£0a) 15 to wim more thoe holf of the ote] area, This problems hos been studicd by Chcong et al, whx showed thut for
laree coough manc o = |, Barncy 508 a strotcgy Lot guarartocs o fectan of 1/2 + o, tar some smell hixed o

Wz resolve & numbder of oper problems raised by that paper, In particu ar, we give o pracise evaractarzacion of
the sukcome of 1 game for oatral play: ‘wc skow that Harmey has a wianmg stralegy locw = 3 and o - vain,
end for w2 end p > 372, Wilme wins s all remaining ceses, 1.2, for e > 3 and 0 € V2/n, for = 2 anc
#5320, anc tar e = 1. We alss discuss comalexaly £spects of the game 0 more gencrnl boards, by proving that
far a poly gon with bo'es, it is NP aard to meximiee the 2aca Barney can win agains a given sct of pont: by Wilma
© 2004 Elscvier BV, All sights resarved.

Eewords: Compaltstioml geometsy: Vorceos dagrang Voresx game; Compealine facility ocson; J-peraon gaves;
NP hardess

" A previous exteaded abstreet verrioe appecrs in [Proceocings of the Bth 'Weckshop ea Algorthms and Cota Structures,
Springer, Berlin 2200, pp 150-16.] [§).
' Cassesponding mthor
E-ri aadresves alchetz@un bs de 'SP Fokoe), benk ® 25 cucensu cn (H, Meijer),
URLs 2 oz mvaw manh.w-bs de ~febere (5 F. Feken), hepufwwa s gueensu cn/~heni/ (H. M en.
' Prmvally supporwedd hy NSERC This work was done ahlle visiiing TT7 Braunschaclp

CE25.TTILS — see from murer © 2004 Elsevier BV, AN righus reerved.
coi 1001 comgea 204 05 (05
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

- 1D: Wilma wins by creating uniform cells
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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- Barney can always claim arbitrarily close to half a cell
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell

- So Barney can win as soon as he gets one cell above average
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- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell
- So Barney can win as soon as he gets one cell above average
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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9 - 9 v 9
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- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell
- So Barney can win as soon as he gets one cell above average
- Barney wins if Wilma creates uneven cells:

- Uneven size

- Uneven position

« So Wilma must create uniform cells with centered sites
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

M\ N M\ . M\
9 - 9 v 9

@)

- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell
- So Barney can win as soon as he gets one cell above average
- Barney wins if Wilma creates uneven cells:
- Uneven size
- Uneven position
- So Wilma must create uniform cells with centered sites

- How can we exploit this in 2D?
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
« All cells must have the same area
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Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
 All cells must have the same area
* The sites must be centrally symmetric in each cell
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
 All cells must have the same area
* The sites must be centrally symmetric in each cell

Lemma 1. If V(W) contains a cell that is not point symmetric, then Barney wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
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Fig. 1. Playing board with two strips.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

_r'\ / - By point symmetry, there is a corresponding
/> \ g\\ z bottom edge.

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

e f
/ / - By point symmetry, there is a corresponding
M\ N\ \: bottom edge.
(]
~ { K ;

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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\\[ { ; - This induces a ,,strip“ sequence of cells.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

e f
\ \ /’ // - By point symmetry, there is a corresponding
/\
/fo\ > bottom edge.
\\H - This induces a ,,strip“ sequence of cells.
-J - Because Voronoi cells are convex, all cells
~ ) have minimum width of top edge length.
1\\—1 o lr—’ -
I 4. \ :

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.

=

WIL
o .f’&(

2 |32 Technisch
:?5&%9 echnische
X

*}i > Universitit
- (<) o
22445 Braunschweig

OIVs(;Y‘

20



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

e f
\ \ /’ // - By point symmetry, there is a corresponding
/\
/H‘\?\\ > bottom edge.
\\‘l_‘( - This induces a ,,strip“ sequence of cells.
, ‘ | - Because Voronoi cells are convex, all cells
~ ) have minimum width of top edge length.
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

. f
\ \ /" // - By point symmetry, there is a corresponding
<
/H;\\ > bottom edge.
\\“1_‘( ’ y - This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells

\

? ' have minimum width of top edge length.
T —_— - Because cells are disjoint, so are different

~
~

S strips.
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ > bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ > bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.

WIL
o .f’&(

2 |32 Technisch
:?5&%9 echnische
X

™ > Universitat

- o
ji *s Braunschweig
SN 'ﬁé‘

SC

20



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
_TW - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.
~ 'I
_

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - ~ \. =
. : S, strips.
-~ 7, -
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Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.
/')—’.

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - ~ \. =
. : S, strips.
-~ 7, -
-~ - B -
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':
—

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

. - Because cells are disjoint, so are different

I\ . \. .
\ ‘
. : S, strips.
-~ 7, -
-~ - B -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

\
-
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~ N \ \_\ Strlps-
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':
—

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- - Because cells are disjoint, so are different

R K " — strips.

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ J/ /,/’ - By point symmetry, there is a corresponding
O N
/A ~ N\ bottom edge.
"J—':
—

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells

? ' | have minimum width of top edge length.
S ' - - Because cells are disjoint, so are different
—l_ . : ‘\

T~ \_\\ \:_.\' Strips-

~ X - -~ - s )

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S{J)

Fig. 1. Playing board with two strips. strip width must be constant.

e+ We get a rectangular grid.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > ~/3/2, then Barney wins. If the aspect ratio is smaller, Barney loses.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.

- If Wilma does not play a regular grid,

Barney can win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.

- If Wilma does not play a regular grid,
Barney can win.

- If Wilma does play a regular grid,
Barney can gain area from both cells

and win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.
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- If Wilma does not play a regular grid,
Barney can win.

- If Wilma does play a regular grid,
Barney can gain area from both cells

and win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.

WILgy

Universitat
o o
Braunschweig

o™ R, .
zo”:;_& ‘3% Technische
g

Nsc$

22



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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‘ Corollary 2. If n = 3, then Wilma can only win by placing her pointsina 1 x n grid.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n 3> 3. Barney can win if p > ~/2/n; otherwise, he loses.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n > 3. Barney can win if p > ~/2/n; otherwise, he loses.

Fig. 3. Wilma has placed at least three points on a line.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n > 3. Barney can win if p > ~/2/n; otherwise, he loses.

Fig. 3. Wilma has placed at least three points on a line.

Theorem 7. Ifn > 3 and p > s/i/n., or n =2 and p > +/3/2, then Barney wins. In all other cases,
Wilma wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!

Theorem 8. For a polygon with holes, it is NP-hard to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!

Theorem 8. For a polygon with holes, it is NP-hard to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.

¢
—_— X Xy ——
C.‘! C3
X3
Xy |
Fig. 4. A geometric representation of the variable-clause incidence graph G; for the Planar 3SAT instance I = (x; V
X2 VX3)A(X] VX3V X4)A (X2 VX3V Xg).
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

T T X ¥
vvvvvv

o v W
P S S S S S S S S S S S T ¥ O e R e ————
>
-

>4
A L I Yoot X gL X g2 -4 X oL X .o o Ly "] b I 4 N X Lot A gil Leg

. +

-~ -

: 1 .x4

Nygr x

NILzy

o™ R, .
”ﬁ ‘32 Technische
7{ v

Universitat
Braunschweig

20



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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Locating a Single Site [Cheong, Efrat and Har-Peled 2007]
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Locating a Single Site [Cheong, Efrat and Har-Peled 2007]
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Abstract. We study competitive location proskans in a continuous
scit g, in whick fudilties have to be placed in a rectanguler domain B
of normalized dirensions of 1 and 9 > 1, and distances are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono: cells of incividual facilites are
cqualaed with reapeet 1o geomatrie propertiz) i reher in thn metric
than o0 Buchcear distanoses. Our main resall considers the One-Hoarsd
Varcnos Came with Manhattan distances, in which first player White and

then nlaver Black each place n pomnis in i each plaver scares the aren
for which cne of ita lazilitics @ clocer thae the facilitics of the cpponcmt.

We give a tight characterizalion: White h2s a winring sorategy il and
ouly If p > n. for all ocher cases, we preseet a winning stiategy for Dlack.

Keywerds: Pality locetion - campetitive location - Maahaitar dis-
cances - Yoranoi gare « gocaretric optimizacion.

1 Introduction

Prcblems of optinial location are arguadly among the most importan: in a
wode range of arces, suck as coonomics, enginecring, and bioogy, as well s in
mathemat ¢z and computer stienee. Tn recent pears, thay have gained mportance
throug claster ng problems in artificial intelligence, In all sceairios, the task is 1w
dhoose o sct of positions fram & given domain, suck that some optimality eritveria
for the resnlting distances 1o a set of demand poievs are satisfied; iv a geomastrie
setting, Eudidean or Manhatten clstances are natural chodees, Another challarge
s that foclity Jocotion problsms eoften happea n o compefafme sectng, in which
twao or moce players conterd for the best locatioas, This chenge 1o competitive,
uslbi-player versicas can bave a serious Lopact oo the algo:itlacic diTicalyy of
aptinsization problams: o.g., the clasc Trawlling Salesrasn Problem s NF-haed,
whlle the competitive two-Dlayer variant 18 evea PSPACE-complete [1).

* A full versian can be found at ar Xiv: 201113275 ).
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Abstract. We study competitive Jozation prookans in a continuous ¢ other ”balanced“ co nfigurations.
Ra,p for p € (1,3/2]

scit g, in whick fudilties have to be placed in a rectanguler domain B
of normalized dirensions of 1 and 2 > 1, and distances are measured

accerding to the Manhactar metric. 'We show that the family of dalonced R2.l
conligurations (in which the Vorono. cells ol incividual facilites are 1 -
cqualzed with reapeet 1o geometrie propertiz) i reher in thn metrie
than o0 Buchcear distanses. Our main resall considers the One-Hoard 1
Varenoi Cames with Manhattan distances, in which first player White and 7—_ N Q-
then player Black each place n ponis in i each plaver scares the area 2 '

‘or which cae of ita lazilitics @ clocer thae the Tacilitics of the cpponcmt.
We give a light characterizalion: White has a winmng sorategy il and
ouly if p > n. for all other cases, we proesect a winning stiategy for Dlack.
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Keywerds: Pacility locetion - campetitive location - Maahaitar dis-
tanees « Yoranoi garw « gecaretric optimizacion.

1 Introduction

Prcblens of optinial location are arguadly among the most importans
wode range of arces, suck a8 coonomics, enginecring, and bioogy, as well
mathemat 3 and computer stienece. Tn recent pears, thay have gained mypao
throug clasver ng problems in artificial intelligence, In all sceaarios, the tas
shoose o st of pesitions from & given domain, suck that some optimality «
for the resnltimg distances 1o a set of demand poievs are satisfied; ir a zeo
setting, Eudidean or Manhattan clstances are natural cholees, Anether chy
s that foolity Jocotion problams eoften happea n o compefafme sectng, in
twa or more players conterd for the best locstioas, This chenge 1o C)m_)j
s Li-player veszicas can bave a sexious Dopact oo Uhe algo: e JiTie

aptinsization probloms: e.g., the classic Trawlling Salesrasn Problem s NB 1
witle the ccaupetitive two-nlaver variant 18 evea FSPACE-complete |10]. 6
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* A full versian can be found at ar Xiv: 201113275 ).

Fig. 4. Non-grid examples of balanced point sets of cardinality 2, 3, 4, and 5.
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Theorem 15. While has a winning stralegy for placing n points in o (1 X p)
rectangle with p > 1 if and only if p > n,; otherwise Black has a winning strategy.
Moreover, if p > n, the unique winning strategy for White is to place a 1 x n
grid.
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Theorem 15. While has a winning stralegy for placing n points in o (1 X p)
rectangle with p > 1 if and only if p > n,; otherwise Black has a winning strategy.
Moreover, if p > n, the unique winning strategy for White is to place a 1 x n

grid.
e i T

Fig. 9. lllustration of the proof of Theorem 15. (Left) A black winning point in a 2 x 2
grid. (Right) Every black cell has an area < 1/2n - A(R). Moreover, only n — 1 locations
result in cells of that size.
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Voronoi Game in Graphs [Teramoto, Demaine and Uehara 2011]
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Abstraclt

We propose the “competing salesmen problem™ (CSP), a two-player competinve version of
the classical traveling salesman problem. Thizs prohlem arizes when considermg two compening
salesmen nstead of just one. The concern for a shortest tour is replaced by the necessity to
rcach any of the customers before the oppencnt docs.
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Theorem 1. The decision problem whether player 1 can win in CSP(1,1) is PSPACE-
complete, even for the special case of bipartite graphs, with both players starting at
distance 2 from each other.
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The Voronoi game on graphs and its complexity
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Abstract

The Vorondi game is a two-persoa game waich is a mold for a com-
petitive facility lozation. The garie is plaved on a continuous domain,
ard only two special casea (cne-cimendonal ease and one reunc case) are
well mvestigated. We imtroduce the discrete Vorono: game 1n which the
game aroma s zivea as a gmph. We first analyze the game when the arern
is & loege complete b-ary treo, and give an optimal sirategy. When both
players play optimally, the firs: player wins vhen K is cdd, and the game
ends in a tie for even k. Next we show taat the discrete Voronoi game is
intractanle in gencral. Even for the one round cose in which the strategy
acopted by the frst player consist of a fixec single node deciding whether
the seeemd player can win is NPocompletee We also show that decidirg
whether the sccond slayer can win i PSPACE-complete in groeral,
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