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Motivation

Amazon HQ2

Making Sen$e Nov 30, 2017 6:14 PM EST
= )

Amazan's call for proposals for a second corporate headquarters earlier this year set off

a national bidding war between cities from Albuguerque and Detroit to Atlanta and
Boston.

The tech giant plans to invest $5 billion to build and run the new facility — which will be
similar in size to its sprawling 40,000-employee Seattle headquarters — and has

promised the project will create 50,000 high-paying jobs in the 10 to 15 years after the
facility opens.
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Motivation

Amazon narrows HQ2 search to 20
next phase in contest for $5B econc

BY TODD BISHOP on January 18, 2018 at 6:08 am
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An Amazon graphic identifies the 20 cities that will move to the next phase of its HQ2 search.
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Derivatives geometrically

2D derivative: (negative) gradient!

- What vector shows the quickest improvement?
- How much does the objective value change if we move by £ 7?
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Derivatives geometrically

2D derivative: (negative) gradient!
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Derivatives geometrically

2D derivative: (negative) gradient!

- What vector shows the quickest improvement?
- How much does the objective value change if we move by £ 7?
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Derivatives geometrically

2D derivative: (negative) gradient!
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- How much does the objective value change if we move by £ 7?
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Solving quintic equations?
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For the polynomial =

flx)=x> —x — 1, the lone real root

x = 1.1673... is algebraic, but not
expressible in terms of radicals. The
other four roots are complex numbers.
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Solving quintic equations?

Niels Henrik Abel 5!
, . " —x—1=0
——
A),-
P (1. 1673,0)} ;
41 0 |
=1
/ fix)=x3-x—1
Y N
- o —. For the polynomial =
om N :QUStd n e flx)=x> —x — 1, the lone real root
B Y x = 1.1673... is algebraic, but not
Died 6 April 1829 (aged 26) expressible in terms of radicals. The
Froland, Norway other four roots are complex numbers.
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I1L.

Niels Henrik Abel MEMOIRE SUR LES EQUATIONS *ALGEBRIQUES, OU L'ON DEMONTRE
. L’IMPOSSIBILITE DE LA RESOLUTION DE I’EQUATION GENERALE
B DU CINQUIEME DEGRE.
Brochure imprimée chez Grondahl, Christlania 1824.

1 Les géombdtres se sont beaucoup occupés de la résolution générale des
équations algébriques, et plusieurs d'entre eux ont cherché & en prouver
impossibilité; mais si je ne me trompe pas, on n'y a pas réussi jusqu'd

-« présent.  J'ose donc espérer que les géomitres recevront avec bienveillance
ce mémoire qui a pour but de remplir cettc lacume dans la théoric des

1 équations algébriques.

Soit
y—ay + by — e b dy—e—0

I ’équation générale du cinquidme degré, et supposons qu'elle soit résoluble
algébriquement, c'est-i-dire qu'on puisse exprimer y par une fonction des

P quantités @, b, o, d et ¢, formée par des radicaux. Il est clair qu'on peut

Born 5August 1802 j‘| dans ce cas mettre Yy sous la forme:
Nedstrand, Denmark-Norwa J - ' w1
i ' ’ 1 y=p+mnB+p R +..+pR*,
D ri - ke 2
ed 6 April 1829 (aged 26) j m étant un nombre premier et 2, p, p,, p, ete. des fonctions de la méme
Froland, Norway | forme que w7, et ainsi de suite jusqu'd ca qu'on parvienne A des fonetions
l -/7 . l l l
T —— —————— s anditl . > \ o o . " .
- ationnelles des quantités a, b, ¢, d et e. On peut aussi supposer qu’il soit
i
impossible d’exprimer R* par une fonction rationnelle des quantités a, b ete.
1{ . , . . , . .
Py Pry Pe ele., €6 en mettant o an lien de £ il est clair qu'on peut faire
4|
SVILy pi==1. On aura done,
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I1L.

Niels Henrik Abel MEMOIRE SUR LES FQUATIONS *ALGEBRIQUES, OU L'ON DEMONTRE
o~ LIMPOSSIBILITE DE LA RESOLUTION DE L’EQUATION GENERALE
- E DU CINQUIEME DEGRE.
Brochure imprimée chez Grondahl, Christiania 1324.

I Les géomdtres se sont beaucoup occupés de la résolution générale des
i équations algébriques, et plusieurs d'entre eux ont cherché & en prouver
impossibilité; mais si je ne me trompe pas, on n'y a pas réussi jusqu'd
< présent.  J'ose donc espérer que les géomdtres recevront avee bienveillance
T ’ ’ ' N - dans la théore des

MEMOIRE SUR LES EQUATIONS ALGEBRIQUES ete. 33

1 1)1
R* =} (5 + 'yt ys + @'yt ays) = (P -+ P S’)"'
o +d+ta+a+1=0.

Born S5August 1€ Or le premier membre a 120 valeurs différentes et le second membre seule-
Nedstrand,| ent 10; par conséquent y ne peut avoir la forme que nous venons de

i'elle soit résoluble
H‘ une fonction des

lest clair qu'on peut

ol

-

- - - - ,
Died 6 April 182¢  trouver; mais nous avons démontré que y doit nécessairement avoir cette . g
hetions de la méme

forme. s1 l'équation proposée est résoluble: nous concluons done L
Froland, Na ? | Pt ) me A des fonetions

I supposer qu’il soit

S — qu’il est impossible de résoudre par des radicaux I’équation

générale du cinquidme degré.
Il suit immédiatement de ce théordme qu'il est de méme impossible de
résoudre par des radicaux les équations générales des degrés supérieurs au  fir qu'on peut faire

b quantités a, b ete.

cinquiéme.

NILzy

(3

,g”%'l% Technische ‘
b K % - o —
v%§> Universitat
L .
»78|%%5  Braunschweig
ONsc¥‘$

19

R E— B ——



Solving quintic equations?

Niels Henrik Abel 5!
, . " —x—1=0
——
A),-
P (1. 1673,0)} ;
41 0 |
=1
/ fix)=x3-x—1
Y N
- o —. For the polynomial =
om N :QUStd n e flx)=x> —x — 1, the lone real root
B Y x = 1.1673... is algebraic, but not
Died 6 April 1829 (aged 26) expressible in terms of radicals. The
Froland, Norway other four roots are complex numbers.
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Niels Henrik Abel

Born 5 August 1802
Nedstrand, Denmark-Norway
Died 6 April 1829 (aged 26)
Froland, Norway
T —

WILgy
’v? %

———

2’ —z—-1=0

B —
A
b

(1. 1673,0)[ X

N oy 0 1
LN
/ fix)=x3-x—1
A , . Y | .
For the polynomial =]

flx)=x—x — 1, the lone real root

x = 1.1673... is algebraic, but not
expressible in terms of radicals. The
other four roots are complex numbers.

T — —

Solving quintic equations?

Evariste Galois

A porral of Evariste Galcis aged abcut 15

Born 25 October 1811
Bourg-la-Reine, French Empire
Died 31 May 1832 (aged 20)
Paris, Kingdom of France
e — ————————
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Solving quintic equations?
PURES ET APPLIQUEES. 417 949 q
MEMOIRE ) )
— 1 = O Evariste Galois
Sur les conditions de résolubilité des équations par radicauz. T AT~
T —— c o P
A-\‘

Le Mémoire ci-joint [*] est extrait d’un ouvrage que j’ai eu ’honneur -
de présenter 4 ’Académie il y a un an. Cet ouvrage n’ayant pas été
compris, les propositions qu’il renferme ayant été révoquées en doute, :
j’ai dit me contenter de donner, sous forme synthétique, les principes
généraux, et une seule application de ma théorie. Je supplie mes juges J
de lire du moins avec attention ce peu de pages. (1.1673,0) >

On trouvera ici une condition générale & laquelle satisfait toute 0 1
équation soluble par radicaux, et qui réciproquement assure leur réso- .
lubilité. On en fait Papplication seulement aux équations dont le degré
est un nombre premier. Voici le théoréme donné par notre analyse : =i

« Pour qu'une équation de degré premier, qui n’a pas de diviseurs
» commensurables, soit soluble par radicaux, il faut et il suffit que =1 - “g’ '
» toutes les racines soient des fonctions rationnelles de deux quelcon- v Nix) T-‘"'"{"I E Y N AN
» ques d'entre elles. » | Ca A portrait of Evariste Galois aged abcut 15

Les autres applications de la théorie sont elles-mémes autant de
théories particuliéres. Elles nécessitent d’ailleurs I'emploi de la théorie the lone real root Born 25 October 1811 |
des nombres, et d’un algorithme particulier : nous les réservons pour gebraic, but not Bourg-la-Reine, French Empire
une autre occasion. Elles sont en partie relatives aux équations modu- ns of radicals. The Died 31 May 1832 (aged 20)
laires de la théorie des fonctions elliptiques, que nous démontrons ne B complex numbers. Paris, Kingdom of France
pouvoir se résoudre par radicaux. ——— S—— —T

Ce 16 janvier 1831.
E. Gavors.
—
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Solving quintic equations?

QVv3) Qw6 Qv2) (L} {Lfr (La||l—1 =0 Evariste Galois
F*
\ / \ / .
Q {1.f.9.fg} ]

B presente Acade : a un an, Cet ouvrag 1 avar Yas ¢
compris, les propositions qu’il renferme ayant été révoquées en doute, :
j’ai dit me contenter de donner, sous forme synthétique, les principes
généraux, et une sexle application de ma théorie. Je supplie mes juges | 1
de lire du moins avec attention ce peu de pages. (1.1673,0) X

On trouvera ici une condition générale & laquelle satisfait toute 0 |
équation soluble par radicaux, et qui réciproquement assure leur réso- -
lubilité. On en fait Papplication seulement aux équations dont le degré
est un nombre premier. Voici le théoréme donné par notre analyse : S

« Pour qu'une équation de degré premier, qui n’a pas de diviseurs
» commensurables, soit soluble par radicaux, il faut et il suffit que =1 - %’
» toutes les racines soient des fonctions rationnelles de deux quelcon- v Nix) "‘"'”1""1 W AN e\ L
» ques d'entre elles. » | & A porrait of Evariste Galois aged abcut 15

Les autres applications de la théorie sont elles-mémes autant de
théories particuliéres. Elles nécessitent d’ailleurs I'emploi de la théorie the lone real root Born 25 October 1811 |
des nombres, et d’un algorithme particulier : nous les réservons pour gebraic, but not Bourg-la-Reine, French Empire
une autre occasion. Elles sont en partie relatives aux équations modu- ns of radicals. The Died 31 May 1832 (aged 20)
laires de la théorie des fonctions elliptiques, que nous démontrons ne B complex numbers. Paris, Kingdom of France
pouvoir se résoudre par radicaux. ———— SE— ——

Ce 16 janvier 1831.

E. Gavors.
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une autre occasion. Elles sont en partie relatives aux équations modu-
laires de la théorie des fonctions elliptiques, que nous démontrons ne
pouvoir se résoudre par radicaux.

Ce 16 janvier 1831.

E. Gavois.
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(1.1673.0) |«
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‘](:‘): x3—x—1
' | £

the lone real root

gebraic, but not
ns of radicals. The
P complex numbers.

F*

Solving quintic equations?

Evariste Galois

B~
o ) "

\ ‘\'\

A \" by R o ™,

Evariste Galois aged about 15
25 October 1811
Bourg-la-Reine, French Empire
31 May 1832 (aged 20)

| Paris, Kingdom of France
T — ———

A porirait of
Born

Died

U*,?‘E > Universitat

L .

»7#|* %5 Braunschweig
ONch‘$

”:;&'1&% Technische
ol @
3

19



Solving quintic equations?

Evariste Galois

B~
o ) "

JOURNAL DE

AL AAS ARSI MR

Recherches sur les moyens de reconnafltre st un Probléme de
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MATHEMATIQUES

gebraic, but not
ns of radicals. The
P complex numbers.
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— the lone real root Born 25 October 1811
E——y S Bourg-la-Reine, French Empire

Died

31 May 1832 (aged 20)
Paris, Kingdom of France
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(- dométrie peut se résoudre avec la n'-gle et le compas ;

P M. L. WANTZEL,

Eleve-lngénieur des Ponts-ct-Chaussées

—*

SWI1L

(3

U*,?‘E > Universitat

L .

»7#|* %5 Braunschweig
ONch‘$

”:;&'10% Technische
ol @
3

19



Solving the Euclidean Fermat-Weber problem [Bajaj 1988]
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Solving the Euclidean Fermat-Weber problem [Bajaj 1988]

Problem 7.1:
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Solving the Euclidean Fermat-Weber problem [Bajaj 1988]

Problem 7.1:
Given: A set P of points in R?
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Solving the Euclidean Fermat-Weber problem [Bajaj 1988]

Problem 7.1:

Given: A set P of points in R?

Wanted: A location ¢ that minimizes the
total distance to the given points
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Solving the Euclidean Fermat-Weber problem [Bajaj 1988]

Problem 7.1:

Given: A set P of points in R?

Wanted: A location ¢ that minimizes the
total distance to the given points

WIL
o .f’&(

2 |32 Technisch
:?5&%9 echnische
X

*}i > Universitit
L .
#»#|%2%7 Braunschweig

OIVch‘

20



Discre Comput Geom 3177191 (1688) e — 2 Euclidean Fermat-Weber problem [Bajaj 1988]

958 Sponger Varlag Baw Yok Ine j

The Algebraic Degree of Geumetric Optimization Problems e

Chanderjit Bajaj ntS
Depariment of Computzr Scence, Purdue Univensity, 'West Lafayeite, IN 47507, USA

Abstract. In this paper we apply Galois methods 10 certan fundamental geome'ric
aplimization probems wheose exact computatioral complecity has beea an open
problem lor a lorg time. In particular we show that the classc Weber problem,
wong with the lineresinced Weber problem and its rhree-dimensional version are
in general not solvable by radicals over the feld of ationals. One direc: consequence
of these results is that for thes: geometric optimization problems there exists no
exact algorithm under models of computation where the root of an a'gebra cequstion
15 obtamed using anthmelie aperatans and the exiracton of kth roors. This leaves
only numerical or symbolic approximations to the solutions, where the complexity
of the approximatiors is shown o be primarily a fencion of the algeoraic degree
of the optmum solation point.

1. Introduction

Geometric optimization problems areinherzntly aot pure combinatorial problems
since the optimal solution often belongs 10 an infinite feasible sey, the entire real
Euclidean space. Such problens frequently anse in computer-aided design and
bolice. It has thus become increasingly important to devise appropriate methods
w analyze the complexity of problems where combinatorial analysis methods
seem to fail. Here we take a step in this direction by applying Galois elgebraic
methods Lo certain fundamental geometric optimization problems. These problems
are nuncumbinatorial and have no known pelynomial time solutions. Neither
have these problems shown to be intractable (NP-hard, ctc.). In fact, the recogni-
tion versions of these optimization preblems are not cven known to be in the
class NP [10].

The ust of algebraic methods for anmalyzing the complexity of grometric
problems has been popular since the time of Descartes, Gauss, Abel, and Calois.
The complexity of straight-cdge and compess constructions has been known to
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Discrete Comput Geom 3:177-191 (1488) —ry—r > Euclidean Fermat-Weber prOblem [Bajaj 1988]
Geomet

958 Sponger Varlag Baw Yok Ine

Abstract. In this paper we apply Galois methods to certain fundamental geometric
optimization problems whose exact computational complexity has been an open
probiem for a long time. In particular we show that the classic Weber problem,
along with the fine-restricted Weber problem and its three-dimensional version are
in general not solvable by radicals over the field of rationals. One direct consequence
of these results 1s that for these geometric optimization problems there exists no
exact algorithm under models of computation where the root of an algebraic equation
is obtained using arithmetic operations and the extraction of kth roots. This leaves
only numerical or symbolic approximations to the solutions, where the complexity
of the approximations i$ shown to be primarily a function of the algebraic degree
of the optimum solution point.

Euclidean space. Such problans frequently anse in computer-aided design and
bolice. It has thus become increasingly important to devise appropriate methods
w analyze the complexity of problems where combinateriel analysis methods
seem 1o fail. Here we take a step in this direction by epplying Galois algebraic z
methods Lo certain fundamental geometric optimization problems. These problems O_, = \

are nuncombingtorial and have no known pelyaomial time solutions. Neither O / S
have these problems shown to be intractable (NP-hard, ctc.). In fact, the recogni /) e
tion versions of these optimization preblems are not cven known to be in the

class NP [10). O / C\> \‘\“3\;:@

The ust of algebraic methods for analyzing the complexity of grometric
problems has been popular since the time of Descartes, Gauss, Adel, and Calois. N
The complexity of straight-edge and compess constructions has been known to J T
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[Bajaj 1988]
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[Bajaj 1988]

minimize,, f(x,y)= ¥ V(x=—a) +(y—b)".

i=1,...,
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minimize,._vf(x,y)é Y s/(x—a,)2+(y—b,-)2.

=1

T —

t

df/ dx =

£
\

(x—a)/V(x—a)+(y-b)" =0,

¥
=1,...,0
df/dy= Y (v=b)/V(x—a)+(y—b)=0.

e

e

NILzy
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[Bajaj 1988]
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[Bajaj 1988]

minimizex._,,f(x,y)é Y \/(x—a,.)2+(y—b,-)2.

dffdx= Y (x—a)/V(x—a)+(y-b) =0,
t=1,..,n

df/dy= Y (v=b)/V(x—a)+(y—b)=0.

(as, b) (a,, b))

Fig. 4. Symmetric configurations of five points.
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[Bajaj 1988]

minimize,, f(x, y) = | \/(x -a,)’+ (y— b,)?.
dffdx= Y (x-a)/V(x—a)+(y-b) =0,
t=1,..,n

df/dy= Y (y=b)/N(x—a)+(y—b)=0.

E=1,...

R e

Table 1. Factorizations obtained with the use of MACSYMA (actually Vaxima on Unix),

Q: p(v}-ls,y"-laor’i 1030y® — 41289 + 11907 y* — 148767 — 17928y + 75816y — 54756
disei ply)): 2737131713063
Mod 19: plyl=(y+ 7)(}'2 9y ~a)y 9yt 8}'.’ + '.'yz-#y— 1)
Mod3l: ply) =¥ =12y =14y +10p° =6 + 8y = 11p* =11y - 11)
Mod37: plyd=(y+ 5y ~17p*+18y° ~10+* 115y = 16)° + 17y 1 Q)

R —

(as, b) (a,, b))

Fig. 4. Symmetric configurations of five points.
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[Bajaj 1988]

minimize,, f(x, y) = | \/(x -a,)’+ (y— b,)?.
dffdx= Y (x-a)/V(x—a)+(y-b) =0,
t=1,..,n

df/dy= Y (y=b)/N(x—a)+(y—b)=0.

E=1,...

S ————— (as, by) (a., bJ) (ay, b,) (a,, b,)

Table 1. Factorizations obtained with the use of MACSYMA (actually Vaxima on Unix),

Q: p({v}-u,’-"—laor’i 1030y® — 41289 + 11907 y* — 148767 — 17928y + 75816y — 54756

disel p(y)): 2737¢"13° 17713062
Mod19: plyd=(p+ My’ -9y -y 19 18y +Hi—4p-1) | GE e e o e e e — e — e —
Mod3l: ply) =¥ =12y =14y +10p° =6 + 8y = 11p* =11y - 11) (a b )
Mod37: plyd=(y+ 5y ~17p*+18y° ~10+* 115y = 16)° + 17y 1 Q) S &S

R —

Lemma 1. The polynomial p(y) (Table 1) is irreducible over Q.

T ———

(as, b) (a,, b))

Fig. 4. Symmetric configurations of five points.
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[Bajaj 1988]

minimize,, f(x, y) = \/(x -a,)’+ (y— b,)?.
i=1,..., n
3 — BE——
dffdx= Y (x—a)/V(x—a)+(y-b) =0,
t=1,..,n
df/jdy= Y (v=b)/V(x—a)+(y—b)=0.
————T]‘” —— (as, b) (a., b) (a;, b,) (a,, b))

Table 1. Factorizations obtained with the use of MACSYMA (actually Vaxima on Unix),

Q: p’({v}_-'l.‘.’)" — 180p7 + 1000y — 4128y" + 11907y* — 14876y” — 17928y + 75816y - 54756

disel ply)): 2735131713062 ; : ~
Mod19: plyd=(p+ Dy -9y -y 19 18"+ i —4p-1) | @ e e e e e e = e e — B.
Mod 3l ply)=1 =12»" =10+ 100° =6 +8)" = 11y* = 11y~ 11)
Mod37: plyd=(y+ 50" 179+ 18y  ~10v* H 15y =16y  + 17y 1 4) (a-“ ’ b‘) (a\ » b‘l) (a' ’ bl)

|

T

Lemma 1. The polynomial p(y) (Table 1) is irreducible over Q.

l

Theorem 11. The generalized Weber problem, in general, is not solvable by radicals (a;, b))

over Q for n=5. tions of five points.
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Solving a ,hard“ problem to approximate an ,,easy” one
[Fekete, Meijer, Rohe, Tietze 2002]
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Problem 7.1:

Given: A set P of points in R?

Wanted: A location ¢ that minimizes the
total distance to the given points
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Problem 7.1:
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Continous location [Fekete, Mitchell, Weinbrecht/Beurer 2000/2005]

On the Continuous Weber and k-Median Problems

(Fxmended Absivact)

Béndor P, Feleole'

Abstract

Wi givw the first ezart alporithmic wady of tu- Bty locarion
peoems that dax with finding 2 medur far & contmaam
of dernand pamts In particelar, we tonsidar veesions of the
“roatimscus kwodian (Wober | problem™ where the goal s
10 oelect 0ar ¢r moee center points that mindmize the aver
age dimance &5 o 2et of pxzts io » demand regsom. 1e sach
Foskma tho average @2 computec ns an inkegrsl over the
rebovaal segioa, versue Lhe wauel dacrese sau of distaaces,
The resuhting facility bocation problesss are (aberextly geo-
metric, requirng analyss techniques of computatioon gee
ometry We proaide polyromislowse algonthms Sor vanoas
verssoas of (ke Ly Loaadian (Webar) peobless. Wo ikio com-
£der the multipe-coater virvida of tas L kmedisn prob-
wm, which wo prove is NP-hasc for lazge &

1 Intscduction

“There are thees ingortan! factors thal aater
manc #he waluc of rea! cotale  lesabion, lecation,
ad heation.”

Thers has beon considecable sindy of facilty location
prableeas in the feld of combmatcrial epiinlantion, In genr
eral, the inpue o theses oreblaus incuder & weighved st
D of dexaxd locations (with avight distibutkm § and o-
1l weight 4) @ wet F of feasible fackhy comieas, and a
Astance furction 0 that measenes cost betwean & paw of bo.
satoes In 0% impoctant class of questions, the prodem w
1o deteraine cad or more Ranble mefian locations ¢ € »

*foketsOmath, 1w borka dey Pachibeceich Mahematic Tochal
scha Univers th! Eortin, 13627 Bertin, Cormany

FisbmDars sanpsh ade A J)wrww i sosyeh odo | jsthr
Dapartraey. of Appisd Mathematics and Statisties, State Usnlc
ety af New York, Sanay Kreok, NY 1178020000 PAfINGY sp-
soriad by NSF graat CCN-3T32220, mixd by graus foom Bridee-
2ot Machines, Maghss Nesarch Labs, NASA, Saxdla Natenal
Labe, Seagull Teckwhy, awl Seu Nicivaysbes.

Madium s Argemandte hfeinsih, Vnivesiidt se Kbx,
52028 Kiln, Carxary

Porwvssion © mabe Ol or hard copees <F all or pact el v work fw
pervonal oo clagsroom ace is gremted w thout fae provided hat soples
are Yot made or distribuad £ ool o Jemmercial advastage and (hat
copex benr Ihin ratioe and the Ul citeson on the fint page. To copy
CONEMSe, 10 repa bty 10 post 04 Seevirs OF 1e recistndan 1 Ts,
quites pror epea fic prmwiicon sc'or a fee.

Computinenc] Geomery 202) Hong Koz China

Cogyrigh ACM 2000 118113 24 7006, $5.00

Joseph 5. B, Mitckell’

Karin Weinbeacht?

n oeder o mindmize the aveeage cost feom the demand .
CAMAR p e 7 e the corrmpanding cratral pocrts ¢, that
ACe et Lo i

r

[ ) .
me l plaip,Clap
%

If there ts cne medlan polac 1o be placed, the prchiem &
eaowe s the classcal Weber problery; 1l was Sret dscusied
2 Wabes's 1909 boak oa (e pure thecey of location for in-
daitrise |52) (so0 BA| For & modern ewrvey). More gesesally,
%« & given sumber £ > 1 of facilities, the problem is kncwa
s the &-median proflers A pactiem of smiler cype with a
diffexent b jective bucction is the socalled Srcenler prodlen,
whexe the goal is to fd @ set of A Ceater Jocat ces suck thal
the maximurs discance of the derard set frow cha neases:
craer locacion i meinimbaad

With many pesetical motivations, geoaanr< xstances of
facilicy locativn problecss have sttracted a majo pertion of
the reesaach 1o date. In thewo inetancse, the wots D of de
mand locations anc F of feasible placemmate are modaled
points in some gecrartric apace, trpically £7 with diotences
measured accescing to the Buchdean (Lp) or Mashetian
[L1) metric I these gecmetric scenarios, it 3 nataral to
cousider not valy finke (Gocrete) sts F of feadds ks
thoess. but also (contimous) sets having positive anss For
the cassical Weber problem, the sec F iy tae extire plane
N¥, wads 12 ® some fincte st of Arrasd pomes

Locatinn theory dstingnishes betweer, chacrete and con.
tiuous Jecation theory (sse 3)).  Mowwser, for mochan
problems, the distinoion hos xootly bece applicd to ta
set of fensikle plocements, distirgeisaing between cisercts
sad continuous sets F. It & remackable that, %0 far con-
tinuows lcoston theooy of meding preblesss bas almost en-
tirsly treatex] giscrets deasxd sets D[22, 48] We sbould
note that there are several stuclies in the Bterat are tsst deal
uih bcevter packlems with continoous thesasd eg v
[, 51], whers demand aness from the comtruous point
pets aceg the edges in & Zraph  See [30] Sca rescits cr tae
placemnt of b tapazitated Dokties serving a continooas
desead on » ene dmersienal interva. Also, & conter prob
leess bave been studied mcensively in a gecectrie setting,
see eg [1, 15, 23, 26, %€, &7 28, 29, 35, 37 45, 9]
Howeres, designing discoete algorithes fou Acosier paods
e can grusally Le expocied L0 be suore iunasliste Lhan
for k-median pactbamne, sioce the st of dezaad poims that
determine & eritical comtar batating will wsvally form just &
finite set o7 d & | points in ddiTenmonal space
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Problem 7.1:

Given:

Wanted: A location ¢ that minimizes the
total distance to the given points
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Issues:
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Tools

Lemma 1 For a triangle T with vertices A, B, and C, such that edge AB is horizontal, let a be the
length of AB, let ¢ be the length of the altitude from C, and let b be the distance from A to the foot
of the altitude from C. Then the average L, distance of points in 7 from vertex A is %(a +b+c).
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Tools

Lemma 2 Consider the objective function f for average straight-line L; distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of [ are
well-defined and given by:
fo(Z) = é w(Z) —e(Z)),
2

(
f(2) = ;(s(Z2)—n(Z2)). (1)
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Tools

Lemma 2 Consider the objective function f for average straight-line L, distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of [ are
well-defined and given by:

f2(Z) w(Z) —e(Z)),

(
f(2) (s(Z) —n(2)). (1)
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Figure 6: Computing the partial derivative f, for straight-line ) distances (on the left) and for
geodesic L) distances (on the right),

1 — —

NILzy

o e .
“’% ‘32 Technische
’g v

= Universitit
(& o
%> Braunschweig

27



Tools

Lemma 2 Consider the objective function f for average straight-line L; distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of [ are
well-defined and given by:

f2(Z) w(Z) —e(Z)),

(
f(2) (s(Z) —n(2)). (1)
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Figure 6: Computing the partial derivative f, for straight-line ) distances (on the left) and for
geodesic L) distances (on the right),

Lemma 4 The objective function f is piecewise the sum of two cubic functions, fi(z) and fa(y),
both for straight-line and for geodesic distances.
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Tools

Lemma 2 Consider the objective function f for average stroight-line Ly distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of | are

well-defined and given by:
f+(2)

fu(2)

s (w(Z) —e(Z)),
i (8(2) —n(2)).
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Figure 6: Computing the partial derivative f, for straight-line Iy distances (on the left] and for
geodesic L) distances (on the right).
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f(2)
fu(2)

s (w(Z) —e(Z)),
i (8(2) —n(2)).

—

f(Z') - (Z)

f($+h,’y) _f(xay)

fo(z,y) = lim h = fim h
— *

g

X

Lemma 2 Consider the objective function f for average stroight-line Ly distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of | are
well-defined and given by:
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Figure 6: Computing the partial derivative f, for straight-line Iy distances (on the left] and for
geodesic L) distances (on the right).
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Tools

Lemma 2 Consider the objective function f for average stroight-line Ly distance in a region P
of area u = p(P). Let Z = (z,y) be a point in P. Then the first partial derivatives of | are
well-defined and given by:
12) = Lw(2)-e2)), "
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Tools

Lemma 2 Consider the objective function f for average stroight-line Ly distance in a region P
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Local optimality for straight-line distances
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Local optimality for straight-line distances

Insights:
a) L1 median if feasible P
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Local optimality for straight-line distances
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Local optimality for straight-line distances
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Insights:
a) L1 median if feasible
b) Otherwise:
* Boundary point
- Gradient must be
orthogonal to
boundary
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Insights:
a) L1 median if feasible
b) Otherwise:
* Boundary point
- Gradient must be
orthogonal to
boundary
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Insights:
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Straight-line distances

WIL
o™ e,

”iél s 'gz Technische
%

Uﬁ »> Universitit
%4|* 25 Braunschweig
O’VSC <

30



Straight-line distances

Theorem 5 For straight-line L, distances, a point Z* = (x*,y*) in a polygonal region P that
minimizes the average distance f to all points in P can be found in time O(n?).
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Straight-line distances

Theorem 5 For straight-line L, distances, a point Z* = (x*,y*) in a polygonal region P that
minimizes the average distance f to all points in P can be found in time O(n?).
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Figure 8: Subdivision of the polygon into cells.
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Geodesic distances in simple polygons
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Geodesic distances in simple polygons

Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing

the average L, geodesic distance to points in P.
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Geodesic distances in simple polygons

Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing
the average L, geodesic distance to points in P.
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Geodesic distances in simple polygons

Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing

the average L, geodesic distance to points in P.
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Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing

the average L, geodesic distance to points in P.
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Geodesic distances in simple polygons

Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing
the average L, geodesic distance to points in P.

e — —
N
/"/ .“\
v /’ . "\\
A s -
s ()\ N\
/s s,
. / w N
x / E Y
N = \
AR, N,
—— S, - S
y — Yy " - \\
J 4 ~.
7 ¢ . \-_
{ s K
* -\. '/ \\
”’ \\
f" \\
Figure 11: Casce G: Nelther of the ma \\
Vi N N,
/ é \
1 — / \
s Y N
¥ - L)
‘ S E i -
el Teal Ay \,
. P~ — /,' -~ 2 \
> W e ‘ CX T N
- S S \
"' S ‘\‘ N - - \
<~\\ : -~ ” \‘\ \
~— - \\\
~—— - e,
T — .
Figure 12: Case 1: Iixactly one of the median chorde is critical.

T — e —

NILzy

o™ e .
”t;& ‘32 Technische
7{ v

Universitat
Braunschweig

31



Geodesic distances in simple polygons

Theorem 7 The point Z,, is feasible (lies in P) and thus a unique global optimum, minimizing
the average L, geodesic distance to points in P.
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Geodesic distances in simple polygons

Theorem 8 The point Z,, can be computed in linear time.
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Geodesic distances in simple polygons

Theorem 8 The point Z,,, can be computed in linear time.
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Geodesic distances in simple polygons

Theorem 8 The point Z,, can be computed in linear time.

1. Trapezoidization in linear time
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Theorem 8 The point Z,,, can be computed in linear time.

1. Trapezoidization in linear time
2. Compute median in weighted tree
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Geodesic distances in simple polygons

Theorem 8 The point Z,,, can be computed in linear time.

1. Trapezoidization in linear time
2. Compute median in weighted tree

3. Compute point within cell
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Geodesic distances in non-simple polygons [Mitchell 1992]
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Geodesic distances in non-simple polygons [Mitchell 1992]

Algorthmics [I990) X: 55 Algori(hmica
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L., Shortest Paths Among Polygonal Obstacles
in the Planc'

Joseph S. B Mitchell?

Alarect. We prosent an agonithan bor cenipating L, switest peths among polygonal oxtades ia
the plase. Dur algonthm evpleyy the “certinuous Dijksira” technique of proseguiseg o “vivekort”
and runs . time OV leg v and ipace NE), where n i the rumber of vertices of the obstacles and £
it the nomber of “evenic ™ Ry narng Secerdt on 1he desaty of cormaim sparne hinary mamoee we show
that £ = Cax Jog nl implying that cur alponthm i acarly odBraal We cosjeciure hal £ = (9l %ok
weade imply our algarkhm to ¢ optimzl. Provious tounds for our problen we'e quadnu in ime
and soece,

Dwr algonthm gencral 203 to the case of fivoc omentation mretrics, yiddiag an Qe ' log? m) time
and Oes™ ' 7) gpace sppremimation algonithm lor finding Eocladean dhoter: path amerg obstazlee
The algarihm further general 2o¢ In the cawe of many covress allvang i 1o compate an T, Vewarod
cizgram for sourse poinls that lie amoag 2 ocdiechon of polypcnal obsiacied

hey Woeds. Shotles: paths, Varerce dagrams, Keclimedy paths, Wire reating. Hized orenlaloa
neines Conunuoas Dksra algontm, Computaneral geomery, Exremal graph $ory,

1. Introduction. Recently, there kas been much interest in the problem of finding
shortest Luclidean | L) paths for a pomt moving in a planc clutiersd with poygonal
obstacks. Ths problem can be solved by comstracting the v'sthiliry graph of the
set of obstacles and thea exarching this graph nsing Dijksira’s algosithm [TH] or
an A% algenthm [Ni], The bottlensck in the compultaticn s in the zonstruction
of the vistkility graph. It hos been known for some time that the visibility graph
car be constructed in time Oin? log n) [Le), TLWY, [Mill, [S5], where & is the
number of vertices describing the set of obstackss. More recently, it has been shown
that the visibility graph can he constrpzted in worst.case optimal time O %)
[AAGHI], [We], or in output-senative tmse Cle + nlogn) [GM ] [KM], where
¢ = x*) 15 the rumder of edges in the visibility geapa, In soxe special coses in
which the shoriest path is Xnown o possess centain monoICnicity propertics,
algorithms tha: require Ofn Jog o) tme (o compuie shoriest paths are known [LP],
[14i1], [SS] While ather algorithms for the genaral case are Eaown whose running
fime can be written in other, posasbly more favorable, terms | Ma3 ), [RS |, it remsins

' Pardaly sappared by 2 gram; (rom Fugyes Research Labogaorics. Malb, Cali'orais xac by NaF
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Geodesic distances in non-simple polygons [Mitchell 1992]
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and Oes™ ' 7) gpace sppremimation algonithm lor finding Eocladean dhoter: path amerg obstazlee
The algarihm further general 2o¢ In the cawe of many covress allvang i 1o compate an T, Vewarod
dizgram for sourse poanls that e amoag & ocdiechon of polypcnal obsiacies

hey Woeds. Shotles: paths, Varerce dagrams, Keclimedy paths, Wire reating. Hized orenlaloa
neines Conunuoas Dksra algontm, Computaneral geomery, Exremal graph $ory,

1. Introduction. Recently, there kas been much interest in the problem of finding
shortest Luclidean | L) paths for a pomt moving in a planc clutiersd with poygonal
obstacks. Ths problem can be solved by comstracting the v'sthiliry graph of the
set of obstacles and thea exarching this graph agsing Dijksira’s algasithm [TH] ar
an A% algenthm [Ni], The bottlensck in the compultaticn s in the zonstruction
of the viskility graph. It bas been known for some time that the visibility graph
car be constructed in time @1n? log ) [L<], TLW, [Mill, [S$5], where & is the
number of vertices describing the set of obstackss. More recently, it has been shown
that the visibility graph can he constrizted in worst.case optimal tims 02
[AAGHI], [We], or in output-sensative tmwe Ofe + nlogn) [GM ]
¢ = Ox°) 15 the rumder of edges in the visibility geapa, In soxe
which the shoriest path is Xnown Lo possess certain monoicnic
algorithms tha: reguire Ofn log o) tme (o compuie shoriest paths ar
[14i1], [SS] While ather algorithms for th2 genaral case are Enown
fime can be written in other, posasbly more favorable, terms | Ma3 ), |

THEOREM 1.  Given a source point s and a set of polygonal obstacles with a total
of n vertices, one can build an L, shortest path tree SPT(s) rooted at s in time
O(E log n) and space O(E), where E = O(n log n) is the number of events in the main
algorithm. The shortest path tree SPT(s) can be extended to a shortest path map
SPM(s) in time O(nlogn), so that queries for the shortest path length to any
destination t can be answered in time O(log n) and a shortest path from s to t can
be reported in time O(k + log n), where k is the number of turns in the path.

' Pardaly sapparied by 1 gram; (rom Fuges Research Labogaories. Maliba, Cali'
Gram: ZOSE-B827542 Much of s worl was doue whide (e aafior was a PRD 3t
Universicy, undes the sepport of a Howard Haghes Doctoral Fellowship, and an ¢
Research Liboratanes

* Department of Appied Mathemanes asd Slamres Niste Dinvwessity of New Vo
Stomy Baook, WY HI798-3500 USA Emadl: juberidans sunvsd, edu.

Reovived May 25, 1757, revsog Docexber 15, 1990, Commundcased by Bernard C
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Geodesic distances in polygons with holes
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Geodesic distances in polygons with holes

Lemma 9 There is a subdivision of P of worst-case complezity I = ©(n%), such that f is a cubic
function within each face of the subdivision.
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Geodesic distances in polygons with holes

Lemma 9 There is a subdivision of P of worst-case complezity I = ©(n?), such that f is a cubic
function within each face of the subdivision.
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Geodesic distances in polygons with holes

Lemma 9 There is a subdivision of P of worst-case complezity I = ©(n?), such that f is a cubic

function within each face of the subdivision.

R

} £2(n) vertices

nu‘\‘n'\’l

i)
cells
/s
K
‘_‘ Q(n) hiserior
' segments
K

Theorem 10 For geodesic Ly distances, o feasible point Z* = (&*,y*) in o polygonal region P
with holes that minimizes the average (geodesic I.\) distance f to all points in P can be found in

worst-case time O(1 +nlogn).
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Multiple centers
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Multiple centers

Theorem 11 For polygons P with holes, it is NP-hard to determine a set of N centers that min-
imizes the average geodesic Ly distance from the points in P to the nearest center.

R e

WIL
o™ e,

0”% a2 Technische
< AR Z
i

U*}i »> Universitit
- o
»7#|* %5 Braunschweig

7, v
s &

35



Multiple centers

Theorem 11 For polygons P with holes, it is NP-hard to determine a set of N centers that min-
imizes the average geodesic L, distance from the points in P to the nearest center.
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Figure 16: The graph &y for the Pleaar 3SAT nstanee T = (- Vap Vas)A e vaeava g AMaavVieaVay),
and its geometric representation.
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X3
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and its geometric representation.

Figure 16: The graph &y for the Pleaar 3SAT nstanee T = (- Vap Vas)A e vaeava g AMaavVieaVay),
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Theorem 11 For polygons P with holes, it is NP-hard to determine a set of N centers that min-
imizes the average geodesic L, distance from the points in P to the nearest center.
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Thank you for today!
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