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LP IN MATRIX NOTATION

As usual, we begin our discussion with the standard-form linear programming problem:
n
max CiT;
o Do
j=

n

subject to Zaijzj <b;, i=12,--,m
i=1

szov j:1727"'7n

It is convenient to introduce slack variables as follows:

n
(e — b, — E a;;xj, i=1,...,m
=1

w; renamed as Tpn4;
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LP IN MATRIX NOTATION

With these slack variables, we now write our problem in matrix form:
max clz
xT

subjectto Ax =b

x>0
where
C1 xr1
c2 z2
ai,1 ai2 - ain 1 by
a1 a2 -+ G2.n 1 ba
A= b= c=len |,z = Tn
. 0 Tn41
am,1 am,2 te Am,n 1 bm
0 Tn+m
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LP IN MATRIX NOTATION

Consider an iteration of the Simplex algorithm where B and A are the set of basic and non-basic

indices

The ith component of Az can be broken up into a basic and a nonbasic part

n+m

Z Qi = Z ai; ;i + Z Qi;Tj
JjeB JEN
to break up the matrix product Az analogously, let
@ B denote an m x m matrix whose columns are indexed by 3. Similarly,
@ N denote an m X n matrix whose columns are indexed by A/
Now, one could write A and « in a partitioned-matrix form as:

=[B N,z = {;ﬂ

This is a rearrangement (basic columns/variables are listed first followed by the nonbasic
columns/variables). Equality is not correct.
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LP IN MATRIX NOTATION

Now, we can write:

Az =[B N] [;”ﬂ = Bz + Nay

Similar partitionanting on c gives:

T
T, _ |°B 8| _ T T
cx= [ } LUN’] =CcRIB + CAr TN

As an example, lets first write the following LP in matirx form, then calculate the above values for
B=1{1,2}

max 31+ 4o — 2x3
T
subject to 1+ 0.52z9 — Sz <2
21 — T2 + 33 <3
z1, z2, z3 >0
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SIMPLEX METHOD IN MATRIX NOTATION

SIMPLEX METHOD IN MATRIX NOTATION
Primal Simplex Algorithm
Dual Simplex Algorithm
Two-Phase Methods
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SIMPLEX METHOD IN MATRIX NOTATION

A dictionary has the property that the

basic variables are written as functions of the nonbasic variables

In matrix notation, we see that the constraint equations Az = b can be written as
Bxp+ Nz =0
variables x can be written as a function of the nonbasic variables x xr iff the matrix B is invertible,

z3 =B lb— B INzy

The fact that B is invertible means that its m column vectors are linearly independent and
therefore form a basis for R™. This is why the basic variables are called basic,
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SIMPLEX METHOD IN MATRIX NOTATION

Similarly, the objective function can be written as

¢

cgacg +c'¥:/z/\[
= cg (B_lb - B_lNzN') + ch\}acN

T
= chflb - ((BilN)TcB - CN) TN

Puting all together, we can write the dictionary associated with basis 3 as

¢ =ckB1p— ((B*lN)TcB - CN)TIN

xB:Bflb 7BlexN
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SIMPLEX METHOD IN MATRIX NOTATION

¢ =ckB1p— ((B*lN)TcB - CN>T:1:N'

z =B — B !Nz

Comparing against the component-form notation, we make the following identifications:

EB h=¢

_ T _
cN — (B 1N) cB = [¢4]
B7b = [by]
BTN = [ai;]

bracketed expressions on the right denote vectors and matrices with the index ¢ running over B
and the index j running over V.
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SIMPLEX METHOD IN MATRIX NOTATION

¢ = ch_lb— ((B_lN)TcB — CN)TzN
zg=B7b — B Nz

The basic solution associated with this dictionary is obtained by setting = »r equal to zero.

*

zi =0, z=B"'b
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SIMPLEX METHOD IN MATRIX NOTATION

As an example, consider the same LP

max 31+ 4xo — 2x3
xT
subject to 1+ 0.5x9 — Bz <2
2x1 — T2 + 33 <3
1, T2, z3 >0

write the initial dictionary. Do first pivot. You get a new basis B = {2, 5}. Compute different part
of this dictionary in matrix form and compare.
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SIMPLEX METHOD IN MATRIX NOTATION

¢ = cg«;B*lb— ((BilN)TcB — CN>T:L‘N
B =B 1 —BileN

To write the associated dual dictionary using the negative transpose property, it is important to
correctly associate complementary pairs of variables.

Recall that, we have appended the primal slack variables to the end of the original variables:

(1, oy Ty Wi, o oy Wm) = (T, ey Tn y Tl .-y Tntm )

Recall that,
@ dual slacks are complementary to the primal originals, and

@ dual originals are complementary to the primal slacks

using similar index for complementary variables,

(Z1,~--,zn,y1,~-~7ym)—>(21,--v,zn s Zn+17~-~7zn+m)
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SIMPLEX METHOD IN MATRIX NOTATION

¢ =ckB o - ((B_lN)TcB — CN)T:EN

zr =B — B !Nzp

and the corresponding dual dictionary :

¢ =-c5B™ —(B7')" 25
N = ((BilN)TcB — CN) + BilNzB

The dual solution associated with this is obtained by setting z; equal to zero:

zp =0, 2y = (B_lN)TCB —cN
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SIMPLEX METHOD IN MATRIX NOTATION

Using the shorthand ¢* = ¢ B~ b, we can write
Primal dictionary as
T
(=¢ = () an
x5 =z — B 1Nxyn

and dual dictionary as
—€ ="~ (=p)" =8

zZy + (B_lN)T B

ZN

P. KELDENICH, A. MORADI (IBR ALGORITHMIK) LINEAR PROGRAMMING DECEMBER 19, 2022

16 /30



SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

Primal Dictionary Dual Dictionary
¢=¢ - @) lay —& = ¢ = (ap)" 28
op = — B 'Nay v =z + (B7IN)T 25

Lets elaborate on details of an iteration of the primal Simplex algorithm.

STEP 1. Check for optimality

if zxr >0 stop
/| Primal feasibility and complementary is already maintained, just check dual feasibility.

STEP 2. Select Entering Variable

Else: pick j € A with 27 < 0.
//variable x; is the entering variable.
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SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

Primal Dictionary Dual Dictionary
¢=¢ - () an —& =" —(p)" 28
xB:x%—BlexN' zN:zj{[Jr(B*lN)TzB

STEP 3. Compute Primal Step Direction Axp
Having selected the entering variable, we let
TN = tej
where e; denote the unit vector that is zero in every component except for a one in the position
associated with index j,
TR =TR — Bithej
Hence, the step direction Az g for the primal basic variables is given by

Azp = B~ Ne;
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SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

STEP 4. Compute Primal Step Length, t
We wish to pick the largest ¢t > 0 for which
zp > tAzg.

(every component of x5 remains nonnegative)

Since, for each i € B*,z; > 0and ¢t > 0

Ax;
*
i

> Vie B

& | =

x

Hence, the largest ¢ for which all of the inequalities hold is given by

Ax; -1 . 0, .
t = | max /| convention for — is to set such ratios to 0
i€B T 0

if +t<0 stop /| primal is unbounded

STEP 5. Select Leaving Variable The leaving variable is chosen as any variable z;, i € B, for which

the maximum in the calculation of ¢ is obtained.
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SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

Primal Dictionary Dual Dictionary

—¢* = (2p)" 28

Zh + (BilN)T 2B

¢=¢ - () an —£

zB:l‘*B—B_lNZIT,/\/' ZN

Essentially all that remains is to explain changes to the objective function.

STEP 6. Compute Dual Step Direction Azps
Since in dual dictionary z; is the entering variable, we see that

Azpy = — (B_IN)Tei

STEP 7. Compute Dual Step Length, s
Since we know that j is the leaving variable in the dual dictionary,

*

zX
J
s = 7A
2j
P. KELDENICH, A. MORADI (IBR ALGORITHMIK) LINEAR PROGRAMMING DECEMBER 19, 2022

20/30



SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

Primal Dictionary Dual Dictionary
(=¢ - @E)'an & = —(ep)" 25
zp =z — B 1Nxyn zN:zj*\[Jr(Ble)TzB

We now have everything we need to update the data in the dictionary:

STEP 8. Update Current Primal and Dual Solutions

* *
;1 z; < 8

Th +— T — tAzg Z 4 Zn — SAzys

STEP 9. Update Basis
B (B\{i}) U{j}
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SIMPLEX METHOD IN MATRIX NOTATION PRIMAL SIMPLEX ALGORITHM

As an example, Lets solve the following LP

max 4x1+ 3z
x

subject to x1 — 2 <1
2x1 — z2 <3

+ T2 <5

x1, x2 >0
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SIMPLEX METHOD IN MATRIX NOTATION DUAL SIMPLEX ALGORITHM

Lets now derive Dual simplex in matrix notation.

RECALL:
Dual Simplex is to apply simplex to the dual LP but (indirectly) on a sequence of primal pivots

Here, instead of assuming that the primal dictionary is feasible (xg > 0), we now assume that the
dual dictionary is feasible (zns > 0) and perform the analogous steps
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SIMPLEX METHOD IN MATRIX NOTATION

Primal Dictionary

¢C=¢ - ()T an

5 =z — B 1Nxyn

STEP 1. Check for optimality
if x>0 stop

STEP 2. Select Entering Variable

Else: pick ¢ € Bwithz} < 0.
/variable z; is the entering variable.

STEP 3. Compute Dual Step Direction Azps
Azp = — (BilN)T e;
STEP 4. Compute Dual Step Length, s

-1
AZj>

s = | max
<jEN z*
J
ual is unbounded, primal infeasible
dual is unbounded, primal i ibl

if s<0 stop
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DUAL SIMPLEX ALGORITHM

Dual Dictionary

—& =—C —(2p)" 28

N =2y + (B_lN)T 2B

STEP 5. Select Leaving Variable
Pick z;, where the maximum obtained.

STEP 6. Compute Primal Step Direction Axpg
Azg = B! Ne;

STEP 7. Compute Primal Step Length, t

X
i

t=
Aéﬂi

STEP 8. Update Current Primal and Dual Solutions
2¥ «— s wj —1

k2
2 < Zh — SAzys TR T —tAzp

STEP 9. Update Basis
B+ (B\{i}) U {j}
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SIMPLEX METHOD IN MATRIX NOTATION DUAL SIMPLEX ALGORITHM

As an example, Lets solve the following LP

max —lx; — 3z2 —
x
subjectto  +2x; — Sx2 +
+2z1 —  lzo+
z1, x2,
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lzg < =5
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SIMPLEX METHOD IN MATRIX NOTATION DUAL SIMPLEX ALGORITHM

Primal Simplex Dual Simplex

Suppose z; > 0 Suppose zx, > 0
while (23, # 0) { while (23 2 0) {

pick j € {j € N2 2] <0} picki € {i € B:z] <0}

Az = B~ 'Ne; Azy = —(B7'N)Te;

1 -1
Az; Az
t = | max;ep — s = | maxjen ry
i
o Az; _
pick i € argmax;ep—-= pick j € argmax; ¢\ —
1 ~J
Azy = —(B7IN)Te; Azp = B 'Ne;
P24 Tt
s= 2 t = i
Az; Az;

Ti et z;

Th  ap — tAzp TR 1R — tAzg

2 s i s

Zj 4 zp — sAzy Zj 2 — sAzy

B« B\ {i}u{j} B« B\ {i}u{j}
} }
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SIMPLEX METHOD IN MATRIX NOTATION TwO-PHASE METHODS

Initially we set

N={1,2,...,n} , B={n+1,n+2,...,n+m}
So we have
ai,1 ai2 -+ QAln 1
az1 az2 - G2n 1
N= . B=
am,1 Om,2 - am,n 1
and
c1 0
c2 0
CN = y CB =
Cn 0

Substituting these expressions into the definitions of z3;, zx and ¢*, we find that

zy=B"tb=0b , z.’,‘\[:(B_lN)TCB—cN':—cN , =0
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SIMPLEX METHOD IN MATRIX NOTATION TwO-PHASE METHODS

¢ = () an

T3 =T — BilNzN

g =Bb=b , zi=(B'N) ecs—eny=—cx , C*=0

Hence, the initial primal dictionary reads

T
¢ = cyan
rp =b— Nz
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SIMPLEX METHOD IN MATRIX NOTATION TwO-PHASE METHODS

(= cyan
g =b— Nz

Ifb>0and c <0
/[ primal feasibility + optimality observed = stop

Ifb>0andc £ 0
[ primal feasibility observed = start with primal simplex

Ifb#0andc <0
//dual feasibility observed => start with dual simplex

Ifb?0andc £0
//we need to do a Phase I
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SIMPLEX METHOD IN MATRIX NOTATION TwO-PHASE METHODS

(= cyay
g =b— Nz

Ifb#0andc £0

a Phase I could be :

~» Define the auxilary problem, as in Ch. 2, and apply primal simplex.
//In Phase I1, proceed with primal simplex.

~+ Replace cpr with a non-positive one and apply dual simplex.
//In Phase I1, proceed with primal simplex.

~ Replace b with a non-negative one and apply primal simplex.
//In Phase I1, proceed with dual simplex.
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