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The Master Theorem
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Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4
A median for n numbers can be computed in            .O(n)

≤ n/2 points ≤ n/2 points
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Theorem 3.4
A median for n numbers can be computed in            .O(n)

Proof idea:

Group the numbers into sets of 5.

Sort all quintuples.

O(n)

O(n)

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]
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Proof idea (cont):
Compute the median of medians.

Use the median of medians as pivot to reduce the set of numbers.

≥ n/4 numbers

≥ n/4 numbers

T (n) = T (
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5
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4
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T (
n

5
)

T (
3n

4
)

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]
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Proof idea (cont):
Compute the median of medians.

Use the median of medians as pivot to reduce the set of numbers.
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Each set of numbers corresponds to a point in       .

Show that the height of an algebraic decision tree is at least                            .   

Consider the number N of connected components of      .

Theorem 3.6

Ideas:

Consider algebraic decision trees. 

Consider subsets of        that share the same membership properties.

Lower Bounds - II [Ben-Or 1983]

11

Computing a closest pair for n numbers takes at least                 .⌦(n log n)
<latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit>

⌦(logN � n)

Show that ELEMENT UNIQUENESS has many connected components.

Rn

Rn

Rn

Note that determining a small minimum distance solves ELEMENT UNIQUENESS.
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Divide-and-Conquer [Bentley and Shamos 1976]
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Divide-and-Conquer [Bentley and Shamos 1976]

A B

�A

�B
� �

L

Subdivide the set by a median line.

≤ n/2 points ≤ n/2 points

Solve the two subproblems recursively in            .

Merge the two subproblems in           .O(n)

2T (
n

2
)
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Divide-and-Conquer 3 [Bentley and Shamos 1976]

L

Observe: Points on one side cannot be closer than . �
As consequence, no point can have many close neighbors on the other side.

� �

Based on a packing arguments for         -balls; works in any fixed dimension.�/2

�/2

�/2

�/2
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Divide-and-Conquer 4 [Bentley and Shamos 1976]

Thus: Scan linear sequence on one side.
Keep track of potential neighbors on other side.
Sorting takes                   ; total time                      .O(n log n) O(n log2 n)

After global presorting:            ; total time                   .O(n) O(n log n)
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Divide-and-Conquer 4 [Bentley and Shamos 1976]

Thus: Scan linear sequence on one side.
Keep track of potential neighbors on other side.
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Higher dimensions

Same idea: Divide-and-conquer.

Subhash Suri
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Higher dimensions

Same idea: Divide-and-conquer.

Merge step: one dimension lower:

Subhash Suri
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Higher dimensions 2
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Higher dimensions 2
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Higher dimensions 2
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Randomized Approach [Golin, Raman, Schwarz, Smid 1993/1998]

20



Incremental Computation of a Closest Pair

Approach:

Incremental computation

Current minimal distance

Consider next                update     if necessary p 2 P !
<latexit sha1_base64="bH1qS1kkx+C/D5sSx3EDS49fmSI="></latexit><latexit sha1_base64="gDzH8YGl0eatPT+yi/zfaYePCPM="></latexit><latexit sha1_base64="gDzH8YGl0eatPT+yi/zfaYePCPM="></latexit><latexit sha1_base64="YtScFyZgzyCLDBmxWbWfmuTvBmI="></latexit>

�
<latexit sha1_base64="XaKBdMtz8mSqxn4ZSNKOiHZCQrM="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="vkILT1G6awYkhFpxZagBef5eh78="></latexit>

�
<latexit sha1_base64="XaKBdMtz8mSqxn4ZSNKOiHZCQrM="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="vkILT1G6awYkhFpxZagBef5eh78="></latexit>

Sparsity                    many candidates)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

O(1)
<latexit sha1_base64="KC7Mw0qKFeCqIHriKdMzdv12zkI="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="Cf1tgQLLJFQ5RUh1z9AjXPthEO4="></latexit>

q 2 P
<latexit sha1_base64="t5s5p4Um+AYmkMd0g1b23QLNgjo="></latexit><latexit sha1_base64="D3qpcgxDrxIXnYyCsYxfr+ivEj0="></latexit><latexit sha1_base64="D3qpcgxDrxIXnYyCsYxfr+ivEj0="></latexit><latexit sha1_base64="g01JFgiSoyyMiAXpsrzH6TA+faQ="></latexit>

Issue:
Efficiently finding           .q 2 P

<latexit sha1_base64="t5s5p4Um+AYmkMd0g1b23QLNgjo="></latexit><latexit sha1_base64="D3qpcgxDrxIXnYyCsYxfr+ivEj0="></latexit><latexit sha1_base64="D3qpcgxDrxIXnYyCsYxfr+ivEj0="></latexit><latexit sha1_base64="g01JFgiSoyyMiAXpsrzH6TA+faQ="></latexit>

Problem:

Processing unsorted sequence           Points cannot be deleted from sequence.)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit> Runtime could be bad…?!
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Constructing a Grid

Idea [Golin et al., 1993]:
Cover      with  an infinite grid

of width    .

G�
<latexit sha1_base64="W+gZV/rKJg9aV2bqrYNDtsnwQwg="></latexit><latexit sha1_base64="e65Ab+EqIJMh1i9B+Libsnm9iv4="></latexit><latexit sha1_base64="e65Ab+EqIJMh1i9B+Libsnm9iv4="></latexit><latexit sha1_base64="QPlEeZG2qdGUGVRNr8+Fw2cfkao="></latexit>

R2
<latexit sha1_base64="2Kh8LhUoiV8A82Hf26FKNE4h64U="></latexit><latexit sha1_base64="b0etIe+14ZuCwmryur3sN3eEY7c="></latexit><latexit sha1_base64="b0etIe+14ZuCwmryur3sN3eEY7c="></latexit><latexit sha1_base64="mjqDangmC6jxNQSDrxxZsyiFk8A="></latexit>

�
<latexit sha1_base64="XaKBdMtz8mSqxn4ZSNKOiHZCQrM="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="HI8CXuVcNfYa8/6wSxN7ZXPmsyk="></latexit><latexit sha1_base64="vkILT1G6awYkhFpxZagBef5eh78="></latexit>

Denote cells with column/row          as             .(x, y)
<latexit sha1_base64="tiWOSQ8S8RLgm28Yc4c9/SfKr/4="></latexit><latexit sha1_base64="rMWG/tAQqY5laZ4oqnD64Up+B7c="></latexit><latexit sha1_base64="rMWG/tAQqY5laZ4oqnD64Up+B7c="></latexit><latexit sha1_base64="wOThEj6pcYL+KcPN5zdZk1wOO5s="></latexit>

G�[x, y]
<latexit sha1_base64="yxBleAiEiMQ82Z/XDHf+9xKMX24="></latexit><latexit sha1_base64="2r+pW0XwGfqNHWaj0VYv+plKqkU="></latexit><latexit sha1_base64="2r+pW0XwGfqNHWaj0VYv+plKqkU="></latexit><latexit sha1_base64="YtlaY5SkgzcnSEHf44VxkWvLL1E="></latexit>

p

�

�

�

W.l.o.g.:                 anchored at originG�[0, 0]
<latexit sha1_base64="a+B+Ykg16rDIa6pvlvVjPm+LL1A="></latexit><latexit sha1_base64="2fjw+ck7hs2QdM5d22JNq3BP948="></latexit><latexit sha1_base64="2fjw+ck7hs2QdM5d22JNq3BP948="></latexit><latexit sha1_base64="bO1m/JGWdy+eH13nY25m+KRfaWA="></latexit>

For                   let                                                                    .(x, y) 2 Z2
<latexit sha1_base64="q+fXhokxIRB6EigHZDtrwS3hcmo="></latexit><latexit sha1_base64="2OO8LAMY+g2ENYla6mVVQVZaHV4="></latexit><latexit sha1_base64="2OO8LAMY+g2ENYla6mVVQVZaHV4="></latexit><latexit sha1_base64="e2zGg7MP1LUr14gbtAHXOAt2+ak="></latexit>

N�(x, y) :=
[

⇣=x�1,x,x+1;⌫=y�1,y,y+1

G�[⇣, ⌫]

<latexit sha1_base64="o5abDjDZEWMYYHhx486LCei7f+A="></latexit><latexit sha1_base64="zegfwgr32DN1lILvQlIWOV55Zxg="></latexit><latexit sha1_base64="zegfwgr32DN1lILvQlIWOV55Zxg="></latexit><latexit sha1_base64="zUXGMTT4dnvNfSAU0EMADckq+8g="></latexit>

Lemma
p, q 2 P

<latexit sha1_base64="+JUqFHjNdBPFgVP34PqXC1lqqa0="></latexit><latexit sha1_base64="DKp6xL6vmtKMVfoWJJ5zQ+1GAXg="></latexit><latexit sha1_base64="DKp6xL6vmtKMVfoWJJ5zQ+1GAXg="></latexit><latexit sha1_base64="o/M0VUSV4Gk0Hhf/eAYknSdCvc0="></latexit>

For              with                   :p 2 G�[x, y]
<latexit sha1_base64="MS1Rc9UHHSo89U/6FCDemA3AOCQ="></latexit><latexit sha1_base64="T/vSHdhXJ2llCstQOxAZfXOeJZ4="></latexit><latexit sha1_base64="T/vSHdhXJ2llCstQOxAZfXOeJZ4="></latexit><latexit sha1_base64="PM6F5tYKWAx8s/8uAf7PTQiMHUA="></latexit>

[d(p, q)  � ) q 2 N�(x, y)]
<latexit sha1_base64="FqMIoNtCcDU6hoaEqmFPBF5rIbA="></latexit><latexit sha1_base64="barC4WDde39SC+wdgrUNMkSjpfc="></latexit><latexit sha1_base64="barC4WDde39SC+wdgrUNMkSjpfc="></latexit><latexit sha1_base64="k61V5b7wqDKV4+XOOEY+IHTpdUE="></latexit>

22

Each (half-) open grid cell stores all previously

considered points in it.



A Closer Look

Using the grid:

For                   let                                                                    .(x, y) 2 Z2
<latexit sha1_base64="q+fXhokxIRB6EigHZDtrwS3hcmo="></latexit><latexit sha1_base64="2OO8LAMY+g2ENYla6mVVQVZaHV4="></latexit><latexit sha1_base64="2OO8LAMY+g2ENYla6mVVQVZaHV4="></latexit><latexit sha1_base64="e2zGg7MP1LUr14gbtAHXOAt2+ak="></latexit>

N�(x, y) :=
[

⇣=x�1,x,x+1;⌫=y�1,y,y+1

G�[⇣, ⌫]

<latexit sha1_base64="o5abDjDZEWMYYHhx486LCei7f+A="></latexit><latexit sha1_base64="zegfwgr32DN1lILvQlIWOV55Zxg="></latexit><latexit sha1_base64="zegfwgr32DN1lILvQlIWOV55Zxg="></latexit><latexit sha1_base64="zUXGMTT4dnvNfSAU0EMADckq+8g="></latexit>

Sparsity                        contains         many points with pairwise distance       .) N�(x, y)
<latexit sha1_base64="POhlZwfwVUssFY3wgOpcgQ1P02U="></latexit><latexit sha1_base64="xl7IC7Mg0j7uU2JH9MOv6OxVr68="></latexit><latexit sha1_base64="xl7IC7Mg0j7uU2JH9MOv6OxVr68="></latexit><latexit sha1_base64="Jtrh9T62ZqKNljPcj4JGXFvkuPo="></latexit>

O(1)
<latexit sha1_base64="KC7Mw0qKFeCqIHriKdMzdv12zkI="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="Cf1tgQLLJFQ5RUh1z9AjXPthEO4="></latexit>

� �
<latexit sha1_base64="WkjskVN9xgvsn28vvYfWVL9kkJc="></latexit><latexit sha1_base64="6jf7GaAUfdtGN9KEjMyh0e4JNpc="></latexit><latexit sha1_base64="6jf7GaAUfdtGN9KEjMyh0e4JNpc="></latexit><latexit sha1_base64="45KxBV8W+dKB9cy2wndK/786T6M="></latexit>

For current             :         many distance computations suffice.p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

O(1)
<latexit sha1_base64="KC7Mw0qKFeCqIHriKdMzdv12zkI="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="eQbOIfB9PFp3OeaPPbaE9l62R+A="></latexit><latexit sha1_base64="Cf1tgQLLJFQ5RUh1z9AjXPthEO4="></latexit>

Updating the grid:

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

belongs to a pair with minimal distance      rebuild grid.)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

„Black Box“
Representing the grid / assignment:   „Point       cell“!

<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

23
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Algorithm
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Representing the grid - I

Cell representation (x, y) 2 N2
<latexit sha1_base64="mzHPZzyIXPSPangLHbjzoKDw4/4="></latexit><latexit sha1_base64="2FttCD6lVxQUiBTQTNAoIDlDKRA="></latexit><latexit sha1_base64="2FttCD6lVxQUiBTQTNAoIDlDKRA="></latexit><latexit sha1_base64="P9m5POeo5GJ3hlRpRV836kX9nik="></latexit>

G
<latexit sha1_base64="ixEwkIMISpCDa3hOKlpIiGe/6RI="></latexit><latexit sha1_base64="DumqZyRdqt1hIMwo406klfILoUA="></latexit><latexit sha1_base64="DumqZyRdqt1hIMwo406klfILoUA="></latexit><latexit sha1_base64="q+4a7+2yqcYfVbq78bOoFymDdlc="></latexit>

as OrderedDictionary
<latexit sha1_base64="PoaOoKCciGzuuikxCcmect+hfRY="></latexit><latexit sha1_base64="q+FMm1+HEJgMHlNj+3DRsF8s+p0="></latexit><latexit sha1_base64="q+FMm1+HEJgMHlNj+3DRsF8s+p0="></latexit><latexit sha1_base64="pZgy80CDI7f07JqRRV2zuOAjKkw="></latexit>

Key of              :               .(p.x, p.y)
<latexit sha1_base64="+8q373OCwzUm4vYwZFDlKdYhb60="></latexit><latexit sha1_base64="Maj99vhbvGfOc0eRutuVPLRa6LU="></latexit><latexit sha1_base64="Maj99vhbvGfOc0eRutuVPLRa6LU="></latexit><latexit sha1_base64="GIhL99VDy3NOotCAVTzFF+qsGWo="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

Computing the key value:
Assignment:

p 2 G�[x, y] , x = bp.x
�

c, y = bp.y
�

c
<latexit sha1_base64="v2F7POKUlcPL0/IRm0pBgYWaBXs="></latexit><latexit sha1_base64="v2F7POKUlcPL0/IRm0pBgYWaBXs="></latexit><latexit sha1_base64="v2F7POKUlcPL0/IRm0pBgYWaBXs="></latexit><latexit sha1_base64="v2F7POKUlcPL0/IRm0pBgYWaBXs="></latexit>

Note:
Operation       b·c

<latexit sha1_base64="Iv4F5dyXqeOm6zlrE1HwW/vWk1U="></latexit><latexit sha1_base64="Iv4F5dyXqeOm6zlrE1HwW/vWk1U="></latexit><latexit sha1_base64="Iv4F5dyXqeOm6zlrE1HwW/vWk1U="></latexit><latexit sha1_base64="Iv4F5dyXqeOm6zlrE1HwW/vWk1U="></latexit>

Implementing the grid:
Data structure:
-                : Construction costTbuild(n)

<latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit>

Tinsert(n)
<latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit>

Tquery(n)
<latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit>

-                : Insertion cost
-                : Query cost
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bp.x
�

c
<latexit sha1_base64="5yybLLBhb0qAqTiTiCfXv1z/urg="></latexit>

bp.x
�

c+ �
<latexit sha1_base64="4oZ4iIfQMcRmRI1NpwlcPoeBrqM="></latexit>

bp.y
�

c+ �
<latexit sha1_base64="OJ+s7ijY83EmHoPcxO5i0PiVMbs="></latexit>

bp.y
�

c
<latexit sha1_base64="WjSfNRC0owxB35730I2lfIzCh94="></latexit>

p

�

�

�



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>

26



0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>
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0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>
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0,
<latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit><latexit sha1_base64="+NYR+7hNcJoI2wCt8Me0NIc5FJg="></latexit>

Analysis - I

Construction cost:                          .2 ⌦(n),O(n2)
<latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit><latexit sha1_base64="iGvRGcVy0JeR2A2Y8fBtAHJX8yM="></latexit>

Terminology:

(p0, . . . , pn�1)
<latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit><latexit sha1_base64="x5sYYIpqV+IkIwVxub79JV0ZU34="></latexit>

:= permuted sequence
Pi := {p0, . . . , pi�1}

<latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit><latexit sha1_base64="9euhKAAPFqKLpG6T0t0x4KL2IsQ="></latexit>

�i := min{d(pj , pk) | 0  j < k  i� 1}
<latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit><latexit sha1_base64="jk9geJAcMSv8AAJNJtpewwRqr48="></latexit>

Randomization:

Expected runtime?

Random variable:

X(pi�1,Pi�1) :=
<latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit><latexit sha1_base64="WUJWXa8/kvRJSXY5EYlzyvoPqpo="></latexit>

1,
<latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit><latexit sha1_base64="YvEgBVchCSbmS0AOWFemW6AEtDo="></latexit>

if
else

�i < �i�1
<latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit><latexit sha1_base64="eafFTnxMy25xGZa7HL2ANNJ159o="></latexit>
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) E[T (i)] 2 O (E[Tinsert(i� 1)] + E[Tquery(i� 1)] + P ({�1 < �i�1}) · E[Tbuild(i)])
<latexit sha1_base64="UsjFkQHPSWtBZZ9ym9+eBUxDxc0="></latexit><latexit sha1_base64="UsjFkQHPSWtBZZ9ym9+eBUxDxc0="></latexit><latexit sha1_base64="UsjFkQHPSWtBZZ9ym9+eBUxDxc0="></latexit><latexit sha1_base64="UsjFkQHPSWtBZZ9ym9+eBUxDxc0="></latexit>

T (i) 2 O (Tinsert(i� 1) + Tquery(i� 1) +X(pi�1,Pi�1) · Tbuild(i))
<latexit sha1_base64="m71Sh0sD+5L+G6SyQK9nuQUd8tk="></latexit><latexit sha1_base64="m71Sh0sD+5L+G6SyQK9nuQUd8tk="></latexit><latexit sha1_base64="m71Sh0sD+5L+G6SyQK9nuQUd8tk="></latexit><latexit sha1_base64="m71Sh0sD+5L+G6SyQK9nuQUd8tk="></latexit>

Runtime:

: cost for                  .T (i)
<latexit sha1_base64="uood5s1QTHKli8avkFmSfxALPQs="></latexit><latexit sha1_base64="uood5s1QTHKli8avkFmSfxALPQs="></latexit><latexit sha1_base64="uood5s1QTHKli8avkFmSfxALPQs="></latexit><latexit sha1_base64="uood5s1QTHKli8avkFmSfxALPQs="></latexit>

Pi�1 ! Pi
<latexit sha1_base64="KzRinmutWXZGU0XUGpggoD3jKsc="></latexit><latexit sha1_base64="KzRinmutWXZGU0XUGpggoD3jKsc="></latexit><latexit sha1_base64="KzRinmutWXZGU0XUGpggoD3jKsc="></latexit><latexit sha1_base64="KzRinmutWXZGU0XUGpggoD3jKsc="></latexit>

Random permutation:
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Lemma: P ({�i < �i�1}) 
2

i
<latexit sha1_base64="nB6GjrBM0ujVvwTezIngjV6MFHs="></latexit><latexit sha1_base64="nB6GjrBM0ujVvwTezIngjV6MFHs="></latexit><latexit sha1_base64="nB6GjrBM0ujVvwTezIngjV6MFHs="></latexit><latexit sha1_base64="nB6GjrBM0ujVvwTezIngjV6MFHs="></latexit>

Proof:
Backward analysis: Let p = Pi \ Pi�1

<latexit sha1_base64="2FBfCvjVWPHxmoFZd/8bp+62lVY="></latexit><latexit sha1_base64="2FBfCvjVWPHxmoFZd/8bp+62lVY="></latexit><latexit sha1_base64="2FBfCvjVWPHxmoFZd/8bp+62lVY="></latexit><latexit sha1_base64="2FBfCvjVWPHxmoFZd/8bp+62lVY="></latexit>

Si := {r 2 Pi | 9q 2 Pi : r 6= q, d(q, r) = �i}
<latexit sha1_base64="exTT7CBdHzUqNaSPVgpKqNLGB+g="></latexit><latexit sha1_base64="exTT7CBdHzUqNaSPVgpKqNLGB+g="></latexit><latexit sha1_base64="exTT7CBdHzUqNaSPVgpKqNLGB+g="></latexit><latexit sha1_base64="exTT7CBdHzUqNaSPVgpKqNLGB+g="></latexit>

Grid rebuilt , �i < �i�1
<latexit sha1_base64="0FG5EFI8Gp1khcaj052RRxERppU="></latexit><latexit sha1_base64="0FG5EFI8Gp1khcaj052RRxERppU="></latexit><latexit sha1_base64="0FG5EFI8Gp1khcaj052RRxERppU="></latexit><latexit sha1_base64="0FG5EFI8Gp1khcaj052RRxERppU="></latexit>

If               :|Si| = 2
<latexit sha1_base64="nYrHt1ZpykfIEJEUMcJxgJ9Wrkw="></latexit><latexit sha1_base64="nYrHt1ZpykfIEJEUMcJxgJ9Wrkw="></latexit><latexit sha1_base64="nYrHt1ZpykfIEJEUMcJxgJ9Wrkw="></latexit><latexit sha1_base64="nYrHt1ZpykfIEJEUMcJxgJ9Wrkw="></latexit>

P ({�i < �i�1}) = P ({p 2 Si}) =
2

i
<latexit sha1_base64="WyZkda9+F+bzpEvLcxbna5O/2i0="></latexit><latexit sha1_base64="WyZkda9+F+bzpEvLcxbna5O/2i0="></latexit><latexit sha1_base64="WyZkda9+F+bzpEvLcxbna5O/2i0="></latexit><latexit sha1_base64="WyZkda9+F+bzpEvLcxbna5O/2i0="></latexit>

|Si| > 2
<latexit sha1_base64="OZ+O6OzBs7aJCHsFF8CwCgpr6UQ="></latexit><latexit sha1_base64="OZ+O6OzBs7aJCHsFF8CwCgpr6UQ="></latexit><latexit sha1_base64="OZ+O6OzBs7aJCHsFF8CwCgpr6UQ="></latexit><latexit sha1_base64="OZ+O6OzBs7aJCHsFF8CwCgpr6UQ="></latexit>

If               :
- Case 1: All pairs                with                    share a unique point: q, r 2 Pi

<latexit sha1_base64="tX4tKWlrwPpqEUtbmrdYP+Q1UIU="></latexit><latexit sha1_base64="tX4tKWlrwPpqEUtbmrdYP+Q1UIU="></latexit><latexit sha1_base64="tX4tKWlrwPpqEUtbmrdYP+Q1UIU="></latexit><latexit sha1_base64="tX4tKWlrwPpqEUtbmrdYP+Q1UIU="></latexit>

d(q, r) = �i
<latexit sha1_base64="l6lYvJhft0Raue5CdOJqGk1u34s="></latexit><latexit sha1_base64="l6lYvJhft0Raue5CdOJqGk1u34s="></latexit><latexit sha1_base64="l6lYvJhft0Raue5CdOJqGk1u34s="></latexit><latexit sha1_base64="l6lYvJhft0Raue5CdOJqGk1u34s="></latexit>

P ({�i < �i�1}) = P (p = s) =
1

i
<latexit sha1_base64="2+Mn7UjCU2COOBUhD9NDnyfrkcA="></latexit><latexit sha1_base64="2+Mn7UjCU2COOBUhD9NDnyfrkcA="></latexit><latexit sha1_base64="2+Mn7UjCU2COOBUhD9NDnyfrkcA="></latexit><latexit sha1_base64="2+Mn7UjCU2COOBUhD9NDnyfrkcA="></latexit>

- Case 2: Such a unique point does not exist:
P ({�i < �i�1}) = 0

<latexit sha1_base64="HSqHRJPdBXARJ3ue8H/zAMWHY9A="></latexit><latexit sha1_base64="HSqHRJPdBXARJ3ue8H/zAMWHY9A="></latexit><latexit sha1_base64="HSqHRJPdBXARJ3ue8H/zAMWHY9A="></latexit><latexit sha1_base64="HSqHRJPdBXARJ3ue8H/zAMWHY9A="></latexit> ⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

Analysis - III



) E[T (i)] 2 O

✓
E[Tinsert(i� 1)] + E[Tquery(i� 1)] +

2

i
· E[Tbuild(i)]

◆

<latexit sha1_base64="gm/w5uM7kJw3yp2PkGcZ3yEhMI0="></latexit><latexit sha1_base64="gm/w5uM7kJw3yp2PkGcZ3yEhMI0="></latexit><latexit sha1_base64="gm/w5uM7kJw3yp2PkGcZ3yEhMI0="></latexit><latexit sha1_base64="gm/w5uM7kJw3yp2PkGcZ3yEhMI0="></latexit>

Summary - I

Expected cost:

Implementing the grid:

Data structure
AVL tree
Dynamic perfect hashing

Tquery(n)
<latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit><latexit sha1_base64="LC1kJDWqK1e/b/qGTxe+5Wa+hoI="></latexit>

Tinsert(n)
<latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit><latexit sha1_base64="uer8MJ2OaQi1fD/JEHGEnPBYTh4="></latexit>

Tbuild(n)
<latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit><latexit sha1_base64="8wS0cUO3OvMqhLppjFRcteIctNY="></latexit>

O(log n)
<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

O(log n)
<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

O(n log n)
<latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit>

O(1)
<latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit>

(exp.) O(1)
<latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit>

(exp.) O(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

(exp.)

Implementation as AVL tree:
nX

i=3

E[T (i)] 2 O

 
nX

i=3

✓
log i+ log i+

i log i

i

◆!
= O(n log n)

<latexit sha1_base64="PKo7KFBfYqwRCOKH5ug4OTS10Fw="></latexit><latexit sha1_base64="PKo7KFBfYqwRCOKH5ug4OTS10Fw="></latexit><latexit sha1_base64="PKo7KFBfYqwRCOKH5ug4OTS10Fw="></latexit><latexit sha1_base64="PKo7KFBfYqwRCOKH5ug4OTS10Fw="></latexit>

Implementation as dynamic perfect hashing:
nX

i=3

E[T (i)] 2 O

 
nX

i=3

✓
1 + 1 +

i

i

◆!
= O(n)

<latexit sha1_base64="fiS3ggOxHYWyL7+R8LkzJT0RKak="></latexit><latexit sha1_base64="fiS3ggOxHYWyL7+R8LkzJT0RKak="></latexit><latexit sha1_base64="fiS3ggOxHYWyL7+R8LkzJT0RKak="></latexit><latexit sha1_base64="fiS3ggOxHYWyL7+R8LkzJT0RKak="></latexit>
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Summary - II
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Thank you!


