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Higher-Order Voronoi Diagrams
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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k=2 k=3

e Worst-Case-optimal: O(n?) for arbitrary (but fixed)k > 2
[Edelsbrunner and Seidel, 1986].
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Medial Axis

Medial axis of a simple polygon
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Straight Skeleton

Straight skeleton of a simple polygon:
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton Parallel wave front

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Furthest-Point Voronoi Diagram
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:

NILg

Universitat
o o
Braunschweig

(TN .
::;_i ‘3% Technische
g

Nsce




Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.

Voronoi diagram
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The Voronoi Game
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The Voronoi Game

« A domain
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The Voronoi Game

Blue's Turmn

-

« A domain

- Two players
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The Voronoi Game

Blue's Turmn

A domain
- Two players

- Players take turns
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The Voronoi Game

Blue's Turmn

- A domain
- Two players
- Players take turns

* Voronoi diagram is computed
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The Voronoi Game

Blue's Tumnm

« A domain

- Two players

|
- i
» - Players take turns

‘; - Voronoi diagram is computed
\ - Player with larger area wins
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [Macility Location along a Highway*

HeesKap Ahe!, Siu-\Wing Cherz® Ut:ried O hhong "
Murdecai Gooia”, sl Heoe van Oosleum!

YD tment o5 Compoter Saenee, Diesdil Dmiversity, Nodloslam s,
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Scienes, HKUST, Hong Kang,
[:7]»";.”-1 im+Bex uxt hk

Abstract, 'we considor a compotitove laalivy locasion problom with twe
plavors. Plavers altercate placing palnts, oca at & tima, nto the play-
ng arena, ancil rach of them has placed o podnts. The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven st of cwdomers, Typically, e fancton to be cptizniesd & Jbe musxinmm
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Mogiddo (8], Welzl 12] and Aronev ot gl [2).

Competitire Tacility bcation deals with the placement o gites by compet-
ing market players, Geometrc arguments are combined with argurents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. 4.

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than o any other facllity, This et & callad the merket ares of tha facllity. The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It E playes by two playars, Blue zand Red, whe place a specifled nuber, n

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,

Wang (Ko ) COCDON 2000, ENCS 2008 op 207238 500
9 3 xingor-\erlay Berkia lixdlnl\ 201
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Murdecai Gooia”, sl Heoe van Oosleum!
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Abstract, 'we considor a compotitove laalivy locasion problom with twe
plavors. Plavers altercate placing paints, oca at & tima, nto tha play-
ng arena, ancil rach of them has placed o podnts. The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
ziven set of owstomers, Typically, e fancton to be cptioniesd & Jbe muxinnam
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Mogiddo [8], Welzl 12| and Aronev et gl |2,

Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometrc arguments are combined with argurents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Comzetitive locat.on modals have been studied [n many diferent fAedd:, gueh a8
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [3,7,11]. Comprahens:ve cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other facllity, Thie zet & callad the market eres of tha facllity, The
collecslon of market areas form: a wssclatlon of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue and Red, whe plaoce a specified nuber, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
K USTrER 90 MK TUSTEo 995, TIRUSTG162/005, and HRUSTGLS /99E).
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The most natural Voronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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ing market players, Geometrc arguments are combined with argumrents from
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models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
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Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other factlity, Thie et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororoi Diagram of she st of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [Macility Location along a Highway*

HeesKap Ahe!, Siu-Wing Cherz® . Utmhied Cheong',
Murdecai Gooia”, sl Heoe van Oosleum!

i Dvpmar bt 5 Compoater Senee, Dinsdil Dsiversity, Nl lam Iy
{beck:p,otfried, renejdcs.uu.nl
7 Department of Computer Scienct, HKUST, Hong Kang,
lxtllbm.g-li"ltrr uxt hk
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plavors. Plavers altercate placing palnts, oca at & tima, nto the play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven st of cwdomers, Typically, e fancton to be cptizniesd & Jbe musxinmm
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatal economies and industrlal ongantzatlon [1.3), mathematies |6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other factlity, Thie et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororoi Diagram of she st of facilitios [10].

We addres o competitive facility Jocation problem that we eall the Vorores
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd Gfth suzhors were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
suppocted by the Nesearch Grans Cencal of Hong Koeg, Uhona [HKUSTS0TY, 970,
HKUSTrEE 90 K USTEo 99 E, TIRUSTGIE2/005, and HTRUSTGLST 94K,
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations. In other words, we consider competitive facility location
along an Australian highway.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Competitive [acility Location along a Ilighway*
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Abstract, ‘e considir a competitove facliny locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
the aeceme plagwer, where toe arena s a cive o o 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the smmee thar & facdlity can determine the set of customers more attracted o lt
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
i the Vororod Diagram of she ot of facilitios [10].

We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of th: work was done whale the first, third . acd 8fth suzhcrs were at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wook described in chis puper has been
sappocted by the Nesearch Grands Cencal of Hong Keeg, Dhona {IIKIJ"_-'I":DTJ/‘_T.'I’.,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T Wang (Fe ) COCOON 2001, LNCS 2008, pp 247-(238] 500
D 3 xinger-\Verlay Berkio Heklellezy 2001

NILzy

The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.
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puinte control the lager wrss wics, W presat & winmicg struvsy foc n > 1
the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction e Circle or line segment

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w - T3
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn ® Keyp°' nts
distsroe from customers to the facility — this results in the minkmum encksing e
disk problemn stidied by Megiddo (8], Welzl 12| and Aronev et sl |2).
Competitive Taciity bcation deals with the placament of sites by compet-
ing market players, Geometric arguments are combined wich arguments from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researca [1,7,11]. Comprahensive cverviess of competitive foility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].
Wa eonslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.
We addrew o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wook described in chis puper has been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).
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subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
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1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).

T “Wang (Fe ) COCOON 2001, INCS 2008, pp. 2147-{238] 500
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.
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distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
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gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.
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2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.
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the ascome pleywer, where tae arena ™ a cisc o o~ 2 lins sepgment

1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
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AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how to win this game, even for very restricted regions U To
this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
along an Australian highway.
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Abstract, ‘e considir a compoetitve laclivy locasicn problom with twe
plavors. Plavers alterrate placing paints, oca at & tima, Into tha play-
g aena, uncil cack of them has placed o podnts, The arena s then
subcivaded aecording ta the nearest neignbor rule, and the player shos:
puinte control the lager wrss wics, W presat & winmicg struvsy foc
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1 Introduction

The ches ol Gueility locution pecbber [5 asks Jor the oplimun locwtion of «
vew facility (polive stution, super markel, tscosootter, ete) with respodt o w
2iven set of cwstomers, Typically, tae functon to be cptizniosd = be musinmn
distsroe from customers to the facility — this results in the minkmum encksing
disk problem studied by Moegiddo [8), Welzl 12 and Aronev et gl [2].

Competitire Tacility bcation deals with the placament o sites by compet-
ing market players, Geometrc arguments are combined with argumrents from
gamy ey bo see bow the Duhisvor of teas decision mukere alfect wch ooher,
Compzetitive location modals nave been studies (n many diferent fedd:, eueh ae
gpatial economnies and incustrial ongantzation [1.39), mathematies 6] ard opers
tizas researen [3,7.11]. Comprahensivwe cverviews of competitive seility locstions
models wrr vhe surveys by Fricsz et al. [11), Eiselt and Logarte 3] ond Eiscly ot
al. [4].

Wz eanslder a model where the behaviar of the cugmomers & deterministie ln
the sanee thas & facility can determine the set of customers more attracted v It
than to any other facllity, This et & callad the merket ares of tha facllity, The
aoleeslon af market areas form: a wssclatlan of the underlying space. If cus-
tomers ehocee the facility oo the basis of desoaec in some metriz, the vssellation
it the Vororod Diagram of the s0t of facilitios [ 10f.

We addres o competitive facility Jocation problem that we eall the Voronei
Game. It ¥ playes by two playars, Blue znd Red, whe place a specified number, n,

* Port of the work was done whale the first, third, acd Gfth sushicrs wore at the Dept, of
Computer Scierce, HEUST, Hong Korg. The wosk described in chis puper hay been
sappocted by the Nesearch Grands Concdl of Hong Keeg, Uhona [HKUSTS0TY, 970,
AR USTrwE 90 MKUSTEo 99 E, TIRUSTSIE2/005, and HRUSTGLS M94E ).
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The most natural Veronol Game is played in a two-dimensional arena U using the Euclidean
metric. Unfortunately nobody knows how o win this game, even for very restricted regions U7 Tn

this note we present strategics for winning one-dimensional versions of the game, where the arena is
a cirele or a line segment, and variations, In other words, we consider competitive facility location
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

NILzy

Universitat
o o
Braunschweig

o™ R, .
g”:;_& ‘3% Technische
g

Nsc$

11



1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

« Stage I: Play keypoint while available
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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* Playing keypoints ensures that blue intervals are uneven.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Observations:
* Playing keypoints ensures that blue intervals are uneven.
* Playing into large blue intervals ensures never falling behind.

* Placing the last point (exploiting uneven blue intervals) ensures win.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]
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Observations:

* Playing keypoints ensures that blue intervals are uneven.
* Playing into large blue intervals ensures never falling behind.
* Placing the last point (exploiting uneven blue intervals) ensures win.

Theorem 1 The keypoint strateqy is a well-defined winning strategy for Red.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Modifications for game on a line segment:
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Modifications for game on a line segment:

 Keypoints are predefined by breaking line segments into equal pieces.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

1

A+ L i=0,1,...,n—1 are keypoints.

Definition 2 The n points u; =

Modifications for game on a line segment:

 Keypoints are predefined by breaking line segments into equal pieces.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

1

A+ L i=0,1,...,n—1 are keypoints.

Definition 2 The n points u; =

Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.

* Distinguish interior and boundary intervals.
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1D Voronoi Game [Ahn, Cheng, Cheong, Golin, van Oostrum 2001]

Definition 2 The n points u; = ﬁ + :T 1 =0,1,....n — 1 are keypoints.

Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.

* Distinguish interior and boundary intervals.
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Modifications for game on a line segment:
 Keypoints are predefined by breaking line segments into equal pieces.
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins

- 2D: Second player wins for large n
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
- 2D: Second player wins for large n

- Complicated randomized arguments
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins
- 2D: Second player wins for large n

- Complicated randomized arguments

Lemma 4. Forevery sufficiently large constani D, there exist constants f, > 0,6 > 0,
and nqo such that for every n-point set VYW C Q, n = ng, if B C Q is obtained by én
independent random draws from the uniform distribution on Q, then

E[Vol(R(B, W)] 2 (} + f1)én.
If the total area A¢ of the long regions (of diameter at least D) exceeds n/2D, then

E[vol(R(B, W))] > 25n.
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins :
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]

- 1D: First player wins :
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek 2002/2004]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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Abstruct

We carsider e anc-rourkd Voronon game, ‘whare the hies! plaves ("Whate™, called “Wilma”) plecss a s¢t ¢l n
poonts in & rectanzular arca of pspect ratio o < 1, followed by the secomd player (*Black™, called *Bamey ™). who
plces tx e sumbes of pomts, Each ployer wins the fmaction of the board c.oszs! to oe ¢f ms paidts, ind the
goalis to wim more thoe holf of the tote] area, This problem has been studied by Chcong et al, whx snowed thot for
laree coouzh nanc o = 1, Barncy a8 a strutegy Lot guarantos o fuctan of 1/2 + o, tar some small ixed o

We resolve & numbder of oper problems raised by that paper, In particu’ar, we give o pracise eaaractarzacion of
the sucome of 1 game Lor oatimal play: ‘ac skow that Hamey has a wimmpg stralegy lorm = 3 and p =~ Va/in,
end formw Zend o > S0, Wilme wins in all remaining sees. 1.2, forn 2 3 aad 0 € V2. for n e 2 anc
2 <32, a0¢ tar e = 1. We alss dsemss comalexaly spects of the game o1 more gencrul boands, by provinz that
far a poly gon with boles, itis NP-nard to meximice the 2xca Barncy can win agains a given sct of pont: by Wilma.
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£0al 15 to wim more thee, holf of the tote] area, This problems hos been studied by Cheong et al, wix showed thot for
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

- 1D: Wilma wins by creating uniform cells
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- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell
- So Barney can win as soon as he gets one cell above average
- Barney wins if Wilma creates uneven cells:

- Uneven size

- Uneven position

« So Wilma must create uniform cells with centered sites
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- 1D: Wilma wins by creating uniform cells

- Barney can always claim arbitrarily close to half a cell
- So Barney can win as soon as he gets one cell above average
- Barney wins if Wilma creates uneven cells:
- Uneven size
- Uneven position
- So Wilma must create uniform cells with centered sites

- How can we exploit this in 2D?
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.
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Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
« All cells must have the same area
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Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
 All cells must have the same area
* The sites must be centrally symmetric in each cell
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 3. Barney wins, if and only if he can place a point p that steals an area strictly larger than

1Q1/(2n) from W.

2D:
 All cells must have the same area
* The sites must be centrally symmetric in each cell

Lemma 1. If V(W) contains a cell that is not point symmetric, then Barney wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
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Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
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’\\_l— - \. ‘
I 4- \ :
strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

e f
\ \ /’ // - By point symmetry, there is a corresponding
/\
/fo\ > bottom edge.
\\H - This induces a ,,strip“ sequence of cells.
-J - Because Voronoi cells are convex, all cells
~ ) have minimum width of top edge length.
1\\—1 o lr—’ -
I 4. \ :

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

e f
\ \ /’ // - By point symmetry, there is a corresponding
/\
/H‘\?\\ > bottom edge.
\\‘l_‘( - This induces a ,,strip“ sequence of cells.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

. f
\ \ /" // - By point symmetry, there is a corresponding
<
/H;\\ > bottom edge.
\\“1_‘( ’ y - This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells

\

? ' have minimum width of top edge length.
T —_— - Because cells are disjoint, so are different

~
~

S strips.
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ > bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ > bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.

\‘I_‘( / - This induces a ,,strip“ sequence of cells.

-J - Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - -~ \' -
. : S strips.
-~ P -
~ -

strip S(e) strip S{J)
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
_TW - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.
~ 'I
_

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different
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. : S, strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /" //’ - By point symmetry, there is a corresponding
Voum ;\\ : bottom edge.
/')—’.

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

—_— - Because cells are disjoint, so are different

- - ~ \. =
. : S, strips.
-~ 7, -
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':
—

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

. - Because cells are disjoint, so are different

I\ . \. .
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. : S, strips.
-~ 7, -
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strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

\
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ /! //’ - By point symmetry, there is a corresponding
N
/A ~ N\ bottom edge.
")—':
—

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- - Because cells are disjoint, so are different

R K " — strips.

strip S(e) strip S{J)

Fig. 1. Playing board with two strips.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.
\ \ J/ /,/’ - By point symmetry, there is a corresponding
O N
/A ~ N\ bottom edge.
"J—':
—

- This induces a ,,strip“ sequence of cells.
- Because Voronoi cells are convex, all cells

? ' | have minimum width of top edge length.
S ' - - Because cells are disjoint, so are different
—l_ . : ‘\

T~ \_\\ \:_.\' Strips-

~ X - -~ - s )

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S(J)

Fig. 1. Playing board with two strips. strip width must be constant.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Theorem 2. If the board is a rectangle and if V(W) is not a regular grid, then Barney wins.

- Consider the top edge of a cell.

- By point symmetry, there is a corresponding
bottom edge.

- This induces a ,,strip“ sequence of cells.

- Because Voronoi cells are convex, all cells
have minimum width of top edge length.

- Because cells are disjoint, so are different

strips.

- Because total horizontal width is constant,

strip S(e) strip S{J)

Fig. 1. Playing board with two strips. strip width must be constant.

e+ We get a rectangular grid.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > ~/3/2, then Barney wins. If the aspect ratio is smaller, Barney loses.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.

- If Wilma does not play a regular grid,

Barney can win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.

- If Wilma does not play a regular grid,
Barney can win.

- If Wilma does play a regular grid,
Barney can gain area from both cells

and win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 4. If n =2 and p > /3 /2, then Barney wins. If the aspect ratio is smaller, Barney loses.
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- If Wilma does not play a regular grid,
Barney can win.

- If Wilma does play a regular grid,
Barney can gain area from both cells

and win.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

WILgy

e

Universitat
o o
Braunschweig

::;_& ‘3% Technische
O ~* " z
3

Nsce

22



The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 5. Suppose that the board is rectangular and that n = 4. If Wilma places her points on a regular
2 x 2 grid, Barney can gain 50.78% of the beard.
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area ~ 0.136
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‘ Corollary 2. If n = 3, then Wilma can only win by placing her pointsina 1 x n grid.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n 3> 3. Barney can win if p > ~/2/n; otherwise, he loses.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n > 3. Barney can win if p > ~/2/n; otherwise, he loses.

Fig. 3. Wilma has placed at least three points on a line.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

Lemma 6. Let n > 3. Barney can win if p > ~/2/n; otherwise, he loses.

Fig. 3. Wilma has placed at least three points on a line.

Theorem 7. Ifn > 3 and p > s/i/n., or n =2 and p > +/3/2, then Barney wins. In all other cases,
Wilma wins.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!

Theorem 8. For a polygon with holes, it is NP-hard to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]

General polygons instead of rectangles?!

Theorem 8. For a polygon with holes, it is NP-hard to maximize the area Barney can claim, even if all
of Wilma’s points have been placed.

¢
—_— X Xy ——
C.‘! C3
X3
Xy |
Fig. 4. A geometric representation of the variable-clause incidence graph G; for the Planar 3SAT instance I = (x; V
X2 VX3)A(X] VX3V X4)A (X2 VX3V Xg).
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005]
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Locating a Single Site [Cheong, Efrat and Har-Peled 2007]
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Locating a Single Site [Cheong, Efrat and Har-Peled 2007]
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Locating a Single Site [Cheong, Efrat and Har-Peled 2007]
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Abstract. We present a ncar-quadratic time algorithm that computes a point inside a
Vinding ¢ Guard that Sees Most and & Shop thed Sells Most” simple polygon £ in the planc having approximately the largest visibility polygon inside £,
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Compctitive Location Problems:
Balanced Facility Location and the
One-Round Manhattan Voronoi Camc *

Thomas n},nml [002C < W03~ X548 ~408€] , Séndar P Dokt p2l00-00C2 - W62 - 424 l[’
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' Schocl of Nsthematics, University of Edinburgh, Umted Kingdom
{tbtyrne, joerg knlcoics}ed.ac.uk
* Depantmernt of Computer Scisner, TU Braunschweig, Germary
{o.fekete,l kleint}tu-ta.de

Abstract. We study competitive lozation prookams in a coatinuous
scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized dirrensions of 1 and p = 1, and distances are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono. cells ol incividual facilities are
cqualaed with reapect 1o geomatrie propertis) ia richer in thn metric
than for Kucicear distanoes. Our main resall considers the One-Hoard
Varcnos Cams with Manhattan distances, in which first player White and

then nlaver Black each place n pomis in i each plaver scares the area
for which cae of ita fazilitica o clocer thar the facilitics of the cpponcnt.

We give a tight characterizalion: White h2s a winrang sorategy il and
ouly if p > s, for all ocher cases, we presect a winning stiategy for Dlack.

Keyweordas: Padlity locstion - campetitive location - Maahaitar dis-
tanoes - Yoranoi gane « gecaretric optimizacion.

1 Introduction

Pxcblems of optinzl location are arguadly among the most importan: in a
w.de range of arces, suck as coonomics, enginecring, and bio.ogy, as well as in
mathemat ez and computer stience. In recent years, thay have gained myportance
througa claster ng problems in artificial inwelligence. In all sceazrios, the task is 1
shoose a st of positions frcm & given domain, suck that some: optimality criteria
for the resnlting distances 1o a set of demand poies are satisfied; iv a geomatrie
setting, Eudidean or Manhatten clstances are natural choloes, Another challergp
i thot foclity Jocotion problams often happea n o compefafwe sectng, in whica
twa or moce players conterd for the best locations, This chenge 1o competitive,
usibi-player versicas can bave a seious Lopadt oo the algorideuic diTicully of
optimsization problams: e.g., the classic Trawlling Salesrasn Problem s NF-hard,
while the campetitive two-nlayver variant 18 evea PSPACE-complete 1]

* A full version can be found at ar Xiv: 2011.13275 [).
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Competitive Location Problems: « Manhattan instead of Euclidean

Balanced Facility Location and the _
One-Round Manhattan Voronoi Camc * dlStanceS
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scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured
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ouly If p > . for all other cases, we presect a winning stiategy for Dlack.
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tanoes - Yoranoi gane « gecaretric optimizacion.
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]
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One-Round Manhattan Voronoi Camc * dlStanceS
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Abstract. We study competitive location prodkans in a coatinuous
scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono: cells ol incividual facilities are
cqualzed with reapect lo geometrie propertiss) ia rcher in thn metric
than ‘o Bucicear distanses. Our main resall considers the One-Hoarxd
Varcnos Cames with Manhattan distances, in which first player White and
then plaver Bladk each place n pomis in i each playver scares the area
for which cne of ita fazilitica @ clocer thar the ‘acilitics of the cpponcnt.
We give a tight characterization: White 128 a winring sorategy il and
ouly If p > ne. for all other cases, we presert a winning stiategy for Dlack.

Keyweords: Pality locstion - campetitive location - Maahaitar dis-
tanoes - Yoranoi gare - gocaretric optimizacion.

1 Introduction

Pxcblems of optinzl location are arguadly among the most importan: in a
w.de range of arces, such a8 coonomics, enginecring, and bio.ogy, aa well as in
mathemat ¢z and enmputer stience. In recent pears, thay have gained myportance
throug clasver ng problems in artificial intelligence, In all sceazrios, the task is
shoose a st of positions frcm & given domain, suck that some: optimality criveria
for the resnlting distances 1o a set of demand poines are satisfied; iv a zeomatrie
setting, Eudidean or Manhatten clstances are natural choloes, Another challergp
s thot foclity Jocotion problams often happea n o compefafme sectng, in which
twa or moce players conterd for the best locations, This chenge to competitive,
untlti-player versicus can bave a sexious Lopadt oo the algo:itauic diTiculty of
optimsization problams: e.g., the classic Trawlling Salesrasn Problem s NF-hard,
walle the competitive two-Dlaver variant 18 evea PSPACE-complete |10].
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]
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Abstrazcet. We study competitive lozation prookms in a coatinuous
scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono. cells ol incividual facilities are
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ouly If p > ne. for all other cases, we presert a winning stiategy for Dlack.

Keyweords: Padlity locstion - campetitive location - Maahaitar dis-
tanoes - Yoranoi gare - gocaretric optimizacion.

1 Introduction

Pxcblems of optinzl location are arguadly among the most importan: in a
w.de range of arces, such as coonomics, enginecring, and bic.ogy, as well as in
mathemat ¢: and computer stience. In recent years, thay have gained mportance
througa claster ng problems in artificial intelligence. In all sceazrios, the task is
shoose a st of positions frcm & given domain, suck that some: optimality criveria
for the resnlting distances 1o a set of demand poines are satisfied; iv a zeomatrie

setting, Eudidean or Manhatten clstances are natural choloes, Another challergp O
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untlti-player versicus can bave a sexious Lopadt oo the algo:itauic diTiculty of
optimsization problams: e.g., the classic Trawlling Salesrasn Problem s NF-hard,
walle the competitive two-Dlaver variant 18 evea PSPACE-complete |10].
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]
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Abstract. We study competitive Jozation prodkams in a continuous
scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in whkich the Vorono: cells ol incividual facilities are
cqualzed with reapect lo geometrie propertiss) ia rcher in thn metric
than jor Kucicear distanses. Our main resall considers the One-foard
Varcnos Cames with Manhattan distances, in which first player White and
then player Black each place n pomnis in i each playver scares the area
for which cne of ita fazilitica @ clocer thar the ‘acilitics of the cpponcnt.
We give a light characterizalion: White 128 a winrng strategy il and
ouly If p > . for all other cases, we presect a winning stiategy for Dlack.

Keyweords: Pality locstion - campetitive location - Maahaitar dis-
tanoes « Yoranoi gare « gocaretric optimizacion.

1 Introduction

Pxcblems of optinzl location are arguadly among the most importan: in a
wde range of arcas, such as coonomics, enginecring, and bio.ogy, aa well as in
mathemat ¢: and computer stience. In recent years, thay have gained mportance
throug clasver ng problems in artificial intelligence, In all sceazrios, the task is
shoose a st of positions frcm & given domain, suck that some: optimality criveria
for the resnlting distances 1o a set of demand poines are satisfied; iv a zeomatrie
setting, Eudidean or Manhatten clstances are natural choloes, Another challergp
s thot foclity Jocotion problams often happea n o compefafme sectng, in which
twa or moce players conterd for the best locations, This chenge 1o competitive,
umilti-player vessicas can bave a serious Lopadt oo the algositenic diTically of
optimsization problams: e.g., the classic Trawlling Salesrasn Problem s NF-hard,
while the campetitive two-nlayver variant 18 evea PSPACE-complete 1]

A full versicn can be found at arXiv: 2011.13275 ).
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Thomas Byrne! 000—X03-3545-408¢] Qandaor P Sokota?l00(0-00(2- 90624241

Jorg Kalews110009-0%8-5013-369] 'ur) Lincin Kleist? 1999003375916  Neutral zones cause additional

' Schocl of Nsthematics, Universaty of Edinburgh, Unated Kingdom

{tbtyrne, joexrg knlcoics}Ped.ac.uk

-
* Depantmert of Computer Scisnee, TU Braunschweig, Germary tWISts.

{a.fekete,]l kleint}otu-ta.de
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scit agg, in whick fudil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured
accerding to the Manhactar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono. cells ol incividual facilities are
cqualzed with reapect lo geometrie propertiss) ia rcher in thn metric
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then player Black each place n pomis in i/ each plaver soares the area
for which cne of ita fazilitica @ clocer thar the ‘acilitics of the cpponcnt.
We give a tight characterizalion: White his a winning sorategy il and
ouly If p > ne. for all other cases, we presert a winning stiategy for Dlack.
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tanoes - Yoranoi gare - gocaretric optimizacion.
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walle the competitive two-Dlaver variant 18 evea PSPACE-complete |10].

* A full versicn can te found at ar Xiv: 201115275 ).
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

« Manhattan instead of Euclidean

Compctitive Location Problems:
Balanced Facility Location and the
Onc-Round Manhattan Voronoi Camc * dlStanceS
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Abstrazcet. We study competitive lozation prookms in a coatinuous * other ”balanced“ co nfigurationS-
Rz, for p € (1,3/2]

scit agg, in whick fadil tics have to be placed in a rectanguler domain R
of normalized diurensions of 1 and 2 = 1, and distanoes are measured

accerding to the Manhactar metric. We show that the family of balonced R2_l
conliguratiors (in wkich the Vorono. cells ol incividual facilities are 1 .
cqualzed with reapect 1o geometrie propertiss) ia rcher in thn metric
than o0 Kucicear distanoes. Our main resull considers the One-foard 1
Varcnoi Camz with Manhattan distances, in which first player White and 7‘5 N Q-
then player Black each place n pomis in i each plaver scares the area .

for which one of ita fazilitica @ clocer thar the acilitics of the cpponcnt.
We give a tight characterizalion: White his a winning strategy il and
ouly If p > . for all other cases, we presect a winning stiategy for Dlack.
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Keyweords: Padlity locstion - campetitive location - Maahaitar dis-
tanoes - Yoranoi gare - gocaretric optimizacion.

1 Introduction

Prcblems of optinzl location are arguadly among the most importand
w.de range of arcas, suck as coonomics, enginecring, and bio.ogy, as well
mathemat ¢z and computer sHience. In recent pears, thay have gained mypa
througa clasver ng problems in artificial intelligence. In all sceazrios, Lthe 1as
shoosc a sct of positions frcm & given domain, suck that some: optimality
for the resnlting distances 10 a set of demand poievs are satisfied; ir a ze
setting, Eudidean or Manhatten clstances are natural choloes, Another ch
is thot foclity Jocotion problams often happea n o compefafme sectng, in
two or moee players conterd for the best locstions, This chenge 1o compé
untlti-player versicns can bave a sexious Lopadt oo the algositaic JdiTicd
optinsization problams: e.g., the classic Trawlling Salesrasn Problem = NB 1
walle the ccmpetitive two-Dlaver variant 18 evea PSPACE-complete 1)) -

N= OOt

- --

Tle e TS -

=
o N .

1 12 30 48 60

49 49 49 49

S

(o}
e S

* A full versicn can te found at ar Xiv: 201115275 ).

Fig. 4. Non-grid examples of balanced point sets of cardinality 2, 3, 4, and 5.
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Theorem 15. While has a winning stralegy for placing n points in o (1 X p)
rectangle with p > 1 if and only if p > n,; otherwise Black has a winning strategy.
Moreover, if p > n, the unique winning strategy for White is to place a 1 x n
grid.
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The One-Round Manhattan Game [Byrne, Fekete, Kalcsics and Kleist 2021]

Theorem 15. While has a winning stralegy for placing n points in o (1 X p)
rectangle with p > 1 if and only if p > n,; otherwise Black has a winning strategy.
Moreover, if p > n, the unique winning strategy for White is to place a 1 x n

grid.
e i T

Fig. 9. lllustration of the proof of Theorem 15. (Left) A black winning point in a 2 x 2
grid. (Right) Every black cell has an area < 1/2n - A(R). Moreover, only n — 1 locations
result in cells of that size.
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We propose the “competing salesmen problem™ (CSP), a two-player competinve version of
the classical traveling salesman problem. Thizs prohlem arizes when considermg two compening
salesmen nstead of just one. The concern for a shortest tour is replaced by the necessity to
rcach any of the customers before the oppencnt docs.
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Abstract

The Vorondi game is a two-persoa game waich is a mold for a com-
petitive facility lozation. The garie is plaved on a continuous domain,
ard only two special casea (cne-cimendonal ease and one reunc case) are
well mvestigated. We imtroduce the discrete Vorono: game 1n which the
game aroma s zivea as a gmph. We first analyze the game when the arern
is & loege complete b-ary treo, and give an optimal sirategy. When both
players play optimally, the firs: player wins vhen K is cdd, and the game
ends in a tie for even k. Next we show taat the discrete Voronoi game is
intractanle in gencral. Even for the one round cose in which the strategy
acopted by the frst player consist of a fixec single node deciding whether
the seeemd player can win is NPocompletee We also show that decidirg
whether the sccond slayer can win i PSPACE-complete in groeral,

Submitted Peviesed- Revised : Accapted:
May 2009 Ocdoser 2AXO July 2011 Avgrust 2017
Firal, Fuld shwxl
Augest 2J11 August 2011
Acticle type: Ceammunirated by

Roguaar Fapes H. Meior

A prelusnuy vesion wos prescutal at the 2ud 1IEED Sy ugroias wa Conpatatiocal Lstd-
ligence and Games (CIG 2006). A part of this work was done while the third auther was
visit ng MIT, USA.

E-mail odaresses: s-teramsto®boc jp.nac com (Sachio Teramoto) edemiire®mit.adu (Erik D,

. - .

ZTN —
'3z Technische

S 258 % Universitit
¥ .58

Y

27| % %5 Braunschweig
OIVS o)

c¥

30



Voronoi Game in Graphs [Teramoto, Demaine and Uehara 2011]

4 /.: ) " Journal of Graph Algorithms and Applicatons
3 i htte:)/igaainfo/ vol. 15, no. 4. pp. 485-501 (2011)

p
T > T

The Voronoi game on graphs and its complexity

Gpos(P0OS DNF):
Input: A positive DNI formula A (that is, a DNI formula containing no
IService Flatforms Ressarch Laboratories, NEC Corporazion, Tokyo, Jadan nega,t,i\-'e lil;eral].

?Computar Scisnce and Artificial [ntelligence Lab, the Massachuset:s Institute ‘ . . , ot .
of Tecuolugy, Catalrilge. Massaclasetts, USA. Rule: Two players alternately choose some variable of A which has not

Sachio Teramo'o) Erik D Demaine? Rywhei Ushara®

“Behool of Information Science, .la!)m} Advanced Institute of Science and been chosen vcet. The game ends after all variables of A have been chosen.
RS S The first player wins if and only if A is truc when all variables chosen by

— the first player are set to 1 and all variables chosen by the second player are

The Voronol game 18 & TWO-person geme waich i a model or a oom- set to 0. (In other words, the first player wins if and only if he takes every

petitive facility lozation. The garie is plaved on a continuous domain,
ard only two special casea (cne-cimendonal ease and one reunc case) are

variable of some disjunct.)

well investigated. We introcuce the discrete Vorono: game in which the Output: Determine whether the first player has the winning strategy for
game aroma s zivea as a gmph. We first analyze the game when the arern v
is & loege complete b-ary treo, and give an optimal sirategy. When both jl'

players play optimally, the firs: player wins vhen K is cdd, and the game
ends in a tie for even k. Next we show taat the discrete Voronoi game is
intractanle in gencral. Even for the one round cose in which the strategy P T
acopted by the frst player consist of a fixec single node deciding whether
the seeemd player can win is NPocompletee We also show that decidirg
whether the sccond slayer can win i PSPACE-complete in groeral,

Submitted Peviesed- Revised : Accapted:
May 2009 Ocdoser 2AXO July 2011 Avgrust 2017
Firal. Fulbd shwrl
Augest 2J11 August 2011
Acticle type: Ceammunirated by

Roguaar Fapes H. Meior

A prelusnuy vension was prescutal at the 2ud 1IEED S5y agroias wa Compatatiocal Tstd-

ligence and Games (CIC 20061, A part of this work wis done while the third auther was
visitng MIT, USA.
E-mail odaresses: s-teramsto®boc jp.nac com (Sachio Teramoto) edemiire®mit.adu (Erik D,

R

Technische

Universitat
Braunschweig

30



Voronoi Game in Graphs [Teramoto, Demaine and Uehara 2011]

4 /.: ) " Journal of Graph Algorithms and Applicatons
3 i htte:)/igaainfo/ vol. 15, no. 4. pp. 485-501 (2011)

p
T > T

The Voronoi game on graphs and its complexity

Gpos(P0OS DNF):
Input: A positive DNI formula A (that is, a DNI formula containing no
IService Flatforms Ressarch Laboratories, NEC Corporazion, Tokyo, Jadan nega,t,i\-'e lil;eral].

?Computar Scisnce and Artificial [ntelligence Lab, the Massachuset:s Institute ‘ . . , ot .
of Tecuolugy, Catalrilge. Massaclasetts, USA. Rule: Two players alternately choose some variable of A which has not

Sachio Teramo'o) Erik D Demaine? Rywhei Ushara®

“Behool of Information Science, .la!)m} Advanced Institute of Science and been chosen vcet. The game ends after all variables of A have been chosen.
RS S The first player wins if and only if A is truc when all variables chosen by

— the first player are set to 1 and all variables chosen by the second player are

The Voronol game 18 & TWO-person geme waich i a model or a oom- set to 0. (In other words, the first player wins if and only if he takes every

petitive facility lozation. The garie is plaved on a continuous domain,
ard only two special casea (cne-cimendonal ease and one reunc case) are

variable of some disjunct.)

well investigated. We introcuce the discrete Vorono: game in which the Output: Determine whether the first player has the winning strategy for
game aroma s zivea as a gmph. We first analyze the game when the arern v
is & loege complete b-ary treo, and give an optimal sirategy. When both jl'

players play optimally, the firs: player wins vhen K is cdd, and the game
ends in a tie for even k. Next we show taat the discrete Voronoi game is
intractanle in gencral. Even for the one round cose in which the strategy P T
acopted by the frst player consist of a fixec single node deciding whether
the seeemd player can win is NPocompletee We also show that decidirg
whether the sccond slayer can win i PSPACE-complete in groeral,

Submitted Peviesed- Revised : Accapted:
May 2009 Ocdoser 2AXO July 2011 Avgrust 2017
N A Theorem 4 The discrete Voronoi game is PSPACE-complete in general.
Acticle type: Ceammunirated by
Roguaar Fapes H. Meior

A prelusnuy vension was prescutal at the 2ud 1IEED S5y agroias wa Compatatiocal Tstd-

ligence and Games (CIC 20061, A part of this work wis done while the third auther was
visitng MIT, USA.
E-mail odaresses: s-teramsto®boc jp.nac com (Sachio Teramoto) edemiire®mit.adu (Erik D,

R

Technische

Universitat
Braunschweig

30



Thank you for today!

1L
o™ e,

»}3 > Universitit
3G ,.é‘f Braunschweig

oIVsc?‘

2 |32 Technisch
;iﬁ%a echnische
X

31



