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Problem 3.1, „Closest Pair“:

Definitions - I

Given:      A finite point set P := {p0, . . . , pn�1} ⇢ Rd
<latexit sha1_base64="Yx0Ov/dnwy3CSJ9bYDZqR8lrZ8c="></latexit><latexit sha1_base64="Yx0Ov/dnwy3CSJ9bYDZqR8lrZ8c="></latexit><latexit sha1_base64="Yx0Ov/dnwy3CSJ9bYDZqR8lrZ8c="></latexit><latexit sha1_base64="Yx0Ov/dnwy3CSJ9bYDZqR8lrZ8c="></latexit>

Wanted:   A pair with minimal distance wrt to metric     :d
<latexit sha1_base64="s098u68949TEk+X4p/yqeUnq0yc="></latexit><latexit sha1_base64="s098u68949TEk+X4p/yqeUnq0yc="></latexit><latexit sha1_base64="s098u68949TEk+X4p/yqeUnq0yc="></latexit><latexit sha1_base64="s098u68949TEk+X4p/yqeUnq0yc="></latexit>

(p, q) 2 P ⇥ P
<latexit sha1_base64="DquWklVrHc9m7j6WgNIjsErFhIY="></latexit><latexit sha1_base64="DquWklVrHc9m7j6WgNIjsErFhIY="></latexit><latexit sha1_base64="DquWklVrHc9m7j6WgNIjsErFhIY="></latexit><latexit sha1_base64="DquWklVrHc9m7j6WgNIjsErFhIY="></latexit>

with d(p, q) = min{d(x, y) | x, y 2 P, x 6= y}
<latexit sha1_base64="FNph+eQrookvGhotbn6N6RUwjFI="></latexit><latexit sha1_base64="FNph+eQrookvGhotbn6N6RUwjFI="></latexit><latexit sha1_base64="FNph+eQrookvGhotbn6N6RUwjFI="></latexit><latexit sha1_base64="FNph+eQrookvGhotbn6N6RUwjFI="></latexit>
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3.8x, y, z 2 M : d(x, z)  d(x, y) + d(y, z)
<latexit sha1_base64="0sbIi9SsZSAD6wCjT/YRO0FTfaU=">AAAC/nichVFdSxtBFD1ubf3oV9o++jIYCoaGsDFCpU9CVXwJpNAkghGZ3UzSIZPd7exGTKTg3+gf8K30tW991Z+gv8WHnp2uhVaKs8zeM+fee+beuUFidJr5/tWc92D+4aOFxaXlx0+ePnteevGyk8YTG6p2GJvY7gcyVUZHqp3pzKj9xCo5DozqBqP3ub97rGyq4+hjNk3U4VgOIz3QocxIHZUajZroDWIrjREn1Wl1Jno6Es 13or92Up1VRM+ozw5PK+INASMqR6WyX/PdEndBvQBlFKsVl67RQx8xQkwwhkKEjNhAIuV3gDp8JOQOcUrOEmnnV/iCZeZOGKUYIcmO+B/ydFCwEc+5ZuqyQ95iuC0zBV5z7zrFgNH5rYo4pb3hnjlu+N8bTp1yXuGUNqDiklNsks/wiRH3ZY6LyNta7s/Mu8owwKbrRrO+xDF5n+EfnW16LLmR8wjsuMghNQJ3PuYLRLRtVpC/8q2CcB33aaWzyqlEhaKknqXNX5/1cMz1f4d6F3TWa/VGbf3DRnlrsxj4IlawijVO9S22sIcW6wjxFT9xgUvvzDv3vnnff4d6c0XOK/y1vB+/ALLTn8w=</latexit>

1.8x, y 2 M : d(x, y) = 0 , x = y
<latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit>

Definition 3.2
A metric is a mapping                                 with

2.8x, y 2 M : d(x, y) = d(y, x)
<latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit>

(Definitness)

(Symmetry)

(Triangle inequality)

d : M ⇥M ! R�0
<latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit>

Definitions - I
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3.8x, y, z 2 M : d(x, z)  d(x, y) + d(y, z)
<latexit sha1_base64="0sbIi9SsZSAD6wCjT/YRO0FTfaU=">AAAC/nichVFdSxtBFD1ubf3oV9o++jIYCoaGsDFCpU9CVXwJpNAkghGZ3UzSIZPd7exGTKTg3+gf8K30tW991Z+gv8WHnp2uhVaKs8zeM+fee+beuUFidJr5/tWc92D+4aOFxaXlx0+ePnteevGyk8YTG6p2GJvY7gcyVUZHqp3pzKj9xCo5DozqBqP3ub97rGyq4+hjNk3U4VgOIz3QocxIHZUajZroDWIrjREn1Wl1Jno6Es 13or92Up1VRM+ozw5PK+INASMqR6WyX/PdEndBvQBlFKsVl67RQx8xQkwwhkKEjNhAIuV3gDp8JOQOcUrOEmnnV/iCZeZOGKUYIcmO+B/ydFCwEc+5ZuqyQ95iuC0zBV5z7zrFgNH5rYo4pb3hnjlu+N8bTp1yXuGUNqDiklNsks/wiRH3ZY6LyNta7s/Mu8owwKbrRrO+xDF5n+EfnW16LLmR8wjsuMghNQJ3PuYLRLRtVpC/8q2CcB33aaWzyqlEhaKknqXNX5/1cMz1f4d6F3TWa/VGbf3DRnlrsxj4IlawijVO9S22sIcW6wjxFT9xgUvvzDv3vnnff4d6c0XOK/y1vB+/ALLTn8w=</latexit>

1.8x, y 2 M : d(x, y) = 0 , x = y
<latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit>

Definition 3.2
A metric is a mapping                                 with

2.8x, y 2 M : d(x, y) = d(y, x)
<latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit>
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3.8x, y, z 2 M : d(x, z)  d(x, y) + d(y, z)
<latexit sha1_base64="0sbIi9SsZSAD6wCjT/YRO0FTfaU=">AAAC/nichVFdSxtBFD1ubf3oV9o++jIYCoaGsDFCpU9CVXwJpNAkghGZ3UzSIZPd7exGTKTg3+gf8K30tW991Z+gv8WHnp2uhVaKs8zeM+fee+beuUFidJr5/tWc92D+4aOFxaXlx0+ePnteevGyk8YTG6p2GJvY7gcyVUZHqp3pzKj9xCo5DozqBqP3ub97rGyq4+hjNk3U4VgOIz3QocxIHZUajZroDWIrjREn1Wl1Jno6Es 13or92Up1VRM+ozw5PK+INASMqR6WyX/PdEndBvQBlFKsVl67RQx8xQkwwhkKEjNhAIuV3gDp8JOQOcUrOEmnnV/iCZeZOGKUYIcmO+B/ydFCwEc+5ZuqyQ95iuC0zBV5z7zrFgNH5rYo4pb3hnjlu+N8bTp1yXuGUNqDiklNsks/wiRH3ZY6LyNta7s/Mu8owwKbrRrO+xDF5n+EfnW16LLmR8wjsuMghNQJ3PuYLRLRtVpC/8q2CcB33aaWzyqlEhaKknqXNX5/1cMz1f4d6F3TWa/VGbf3DRnlrsxj4IlawijVO9S22sIcW6wjxFT9xgUvvzDv3vnnff4d6c0XOK/y1vB+/ALLTn8w=</latexit>

1.8x, y 2 M : d(x, y) = 0 , x = y
<latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit>

Definition 3.2
A metric is a mapping                                 with

2.8x, y 2 M : d(x, y) = d(y, x)
<latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit>

(Definitness)

(Symmetry)

(Triangle inequality)

d : M ⇥M ! R�0
<latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit>

Definitions - I

4



3.8x, y, z 2 M : d(x, z)  d(x, y) + d(y, z)
<latexit sha1_base64="0sbIi9SsZSAD6wCjT/YRO0FTfaU=">AAAC/nichVFdSxtBFD1ubf3oV9o++jIYCoaGsDFCpU9CVXwJpNAkghGZ3UzSIZPd7exGTKTg3+gf8K30tW991Z+gv8WHnp2uhVaKs8zeM+fee+beuUFidJr5/tWc92D+4aOFxaXlx0+ePnteevGyk8YTG6p2GJvY7gcyVUZHqp3pzKj9xCo5DozqBqP3ub97rGyq4+hjNk3U4VgOIz3QocxIHZUajZroDWIrjREn1Wl1Jno6Es 13or92Up1VRM+ozw5PK+INASMqR6WyX/PdEndBvQBlFKsVl67RQx8xQkwwhkKEjNhAIuV3gDp8JOQOcUrOEmnnV/iCZeZOGKUYIcmO+B/ydFCwEc+5ZuqyQ95iuC0zBV5z7zrFgNH5rYo4pb3hnjlu+N8bTp1yXuGUNqDiklNsks/wiRH3ZY6LyNta7s/Mu8owwKbrRrO+xDF5n+EfnW16LLmR8wjsuMghNQJ3PuYLRLRtVpC/8q2CcB33aaWzyqlEhaKknqXNX5/1cMz1f4d6F3TWa/VGbf3DRnlrsxj4IlawijVO9S22sIcW6wjxFT9xgUvvzDv3vnnff4d6c0XOK/y1vB+/ALLTn8w=</latexit>

1.8x, y 2 M : d(x, y) = 0 , x = y
<latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit>

Definition 3.2
A metric is a mapping                                 with

2.8x, y 2 M : d(x, y) = d(y, x)
<latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit>

(Definitness)

(Symmetry)

(Triangle inequality)

d : M ⇥M ! R�0
<latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit>
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3.8x, y, z 2 M : d(x, z)  d(x, y) + d(y, z)
<latexit sha1_base64="0sbIi9SsZSAD6wCjT/YRO0FTfaU=">AAAC/nichVFdSxtBFD1ubf3oV9o++jIYCoaGsDFCpU9CVXwJpNAkghGZ3UzSIZPd7exGTKTg3+gf8K30tW991Z+gv8WHnp2uhVaKs8zeM+fee+beuUFidJr5/tWc92D+4aOFxaXlx0+ePnteevGyk8YTG6p2GJvY7gcyVUZHqp3pzKj9xCo5DozqBqP3ub97rGyq4+hjNk3U4VgOIz3QocxIHZUajZroDWIrjREn1Wl1Jno6Es 13or92Up1VRM+ozw5PK+INASMqR6WyX/PdEndBvQBlFKsVl67RQx8xQkwwhkKEjNhAIuV3gDp8JOQOcUrOEmnnV/iCZeZOGKUYIcmO+B/ydFCwEc+5ZuqyQ95iuC0zBV5z7zrFgNH5rYo4pb3hnjlu+N8bTp1yXuGUNqDiklNsks/wiRH3ZY6LyNta7s/Mu8owwKbrRrO+xDF5n+EfnW16LLmR8wjsuMghNQJ3PuYLRLRtVpC/8q2CcB33aaWzyqlEhaKknqXNX5/1cMz1f4d6F3TWa/VGbf3DRnlrsxj4IlawijVO9S22sIcW6wjxFT9xgUvvzDv3vnnff4d6c0XOK/y1vB+/ALLTn8w=</latexit>

1.8x, y 2 M : d(x, y) = 0 , x = y
<latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit><latexit sha1_base64="GWX6gV+S9b4HxB7GFUGxROoANHE=">AAADAHichVHLShxBFD12TOIjj0lcuikyCAbC0C0JkUBAiEoWCgYyKjgi1T01bTE13U11jXEi2fgb/oA7cZtdtvELkm/JwtOVNqASrKb63nvuvafuIy6MLl0Y/hoL7o3ff/BwYnJq+tHjJ08bz55vlvnQJqqd5Ca327EsldGZajvtjNourJKD2KituP+h8m8dKFvqPPvsRoXaHcg00z2dSEdor/EmanV6uZXGiMNXI9HRmVh/J7 rzNF6K9yIUnTXVc1an+05am38Rh0RHe41m2Ar9EbeVqFaaqM9G3viNDrrIkWCIARQyOOoGEiW/HUQIURDbxRExS017v8I3TDF3yCjFCEm0z39Ka6dGM9oVZ+mzE75ieC0zBeZ4Vz1jzOjqVUW9pPzD+9Vj6X9fOPLMVYUjypiMk55xnbjDPiPuyhzUkVe13J1ZdeXQw6LvRrO+wiNVn8k/nmV6LLG+9wis+MiUHLG3DziBjLLNCqopXzEI33GXUnqpPEtWM0ryWcpq+qyHa45uLvW2srnQisJW9Ol1c2mxXvgEZvEC89zqWyzhIzZYR4IT/MBPXATHwWlwFpz/DQ3G6pwZXDvB90uI3aGv</latexit>

Definition 3.2
A metric is a mapping                                 with

2.8x, y 2 M : d(x, y) = d(y, x)
<latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit><latexit sha1_base64="Nsg4FpXNFSyYbdAcOF2H2mx+9Jg=">AAAC8HichVFNSxxBEH2OmviZrMnRS+MiKMgyI4GIIAhJxIug4KrgivTM9q7N9s4MPbPiKv6C/AFv4tWbV/0l+ls8+KYzBlTEHnqq6lXV6/oIU6Oz3PfvB7zBoeFPn0dGx8YnJr98rUx928mSno1UPUpMYvdCmSmjY1XPdW7UXmqV7IZG7YadX4V/91jZTCfxdt5P1UFXtmPd0pHMCR1WZhdrotFKrDRGnCz0RUPHYmNZNOdozI sVKv2Fk/nDStWv+e6It0pQKlWUZzOpPKCBJhJE6KELhRg5dQOJjN8+AvhIiR3gjJilpp1f4RxjzO0xSjFCEu3w36a1X6Ix7YIzc9kRXzG8lpkCs7xrjjFkdPGqop5RPvKeOqz97gtnjrmosE8ZknHUMW4Qz3HEiI8yu2Xkcy0fZxZd5WhhyXWjWV/qkKLP6D/Pb3ossY7zCPxxkW1yhM4+5gRiyjorKKb8zCBcx01K6aRyLHHJKMlnKYvpsx6uOXi91LfKzmIt8GvB1o/q6lK58BFMYwZz3OpPrGIdm6wjwl/c4BZ3nvUuvEvv6l+oN1DmfMeL410/AZkOmvQ=</latexit>

(Definitness)

(Symmetry)

(Triangle inequality)

d : M ⇥M ! R�0
<latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit><latexit sha1_base64="vu5Mm/Ns36LECyXaxADEnJzROG4="></latexit>
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dp(u, q) :=

 
pX

i=1

(u.xi � q.xi)
p

!1/p

<latexit sha1_base64="VS7fLfCrcxTWn8u8kmhjFV3TA4g="></latexit><latexit sha1_base64="VS7fLfCrcxTWn8u8kmhjFV3TA4g="></latexit><latexit sha1_base64="VS7fLfCrcxTWn8u8kmhjFV3TA4g="></latexit><latexit sha1_base64="VS7fLfCrcxTWn8u8kmhjFV3TA4g="></latexit>

Definitions - II

Examples for               :p, q 2 Rd
<latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit>

Euclidean metric:

d2(p, q) :=

vuut
dX

i=1

(p.xi � q.xi)2
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d1(p, q) :=
dX

i=1

|p.xi � q.xi|
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Manhattan metric:

Maximum metric:
d1(p, q) := max

i=1,...,d
|p.xi � q.xi|
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More generally:
-metric            :p
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(p � 1)
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8p, q 2 Rd, i, j � 1 : i  j ) di(p, q) � dj(p, q)
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d2(p, x) = 1
d1(p, x)

d1(p, x) = 1

1 p
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Divide-and-Conquer

Split (Quicksort) or combine (Mergesort)

7 5 3 2 1 8 6 4

3 2 1 4 7 8 6 5

3 2 1

1 2 3

2 3

2 3

7 8 6 5

5 8 6 7

8 6 7

6 7 8

Quicksort

7 5 3 2 1 8 6 4

7 5 3 2 1 8 6 4

7 5 3 2 1 8 6 4

7 5 2 3 1 8 6 4

5 7 2 3 1 8 4 6

2 3 5 7 1 4 6 8

1 2 3 4 5 6 7 8

Mergesort
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Balanced subdivision, solve recursively

Basic idea:

Analogy: Mergesort

- Split array in a balanced fashion into two arrays
- Sort recursively
- Combine

Transfer to       :

Combine left and right hull

Recursively: right and left hull

Separate by    -median

Divide-and-Conquer [Preparata and Hong, 1977]
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Runtime:

Left and right hull disjointx
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                                                   2. no three points collinear)

Merging Two Convex Hulls - I

T (n) = 2T
⇣n
2

⌘
+ f(n) + fmerge(n)
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f(n) 2 ⇥(n)
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with

Goal: 

fmerge(n)
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:= time for merging right and left hull

fmerge(n) 2 ⇥(n)
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Then T (n) 2 O(n log n)
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The Master Theorem
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The Master Theorem
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The Master Theorem
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Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

Theorem 3.4
A median for n numbers can be computed in            .O(n)

≤ n/2 points ≤ n/2 points
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Theorem 3.4
A median for n numbers can be computed in            .O(n)

Proof idea:

Group the numbers into sets of 5.

Sort all quintuples.

O(n)

O(n)

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]
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Proof idea (cont):
Compute the median of medians.

Use the median of medians as pivot to reduce the set of numbers.

≥ n/4 numbers

≥ n/4 numbers

T (n) = T (
n

5
) + T (

3n

4
) +⇥(n)

T (
n

5
)

T (
3n

4
)

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]
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Proof idea (cont):
Compute the median of medians.

Use the median of medians as pivot to reduce the set of numbers.

≥ n/4 numbers

≥ n/4 numbers

T (n) = T (
n

5
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3n

4
) +⇥(n)
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5
)

T (
3n

4
)

Medians [Blum, Floyd, Pratt, Rivest, Tarjan 1973]



1. Introduction 

2. Prelude: Solving recursions 

3. Lower bounds 

4. Divide-and-conquer 

5. Randomized incremental construction

Overview

17



Each comparison partitions the remaining permutations into two sets.

Until we get a unique permutation, we need at least                        comparisons. 

Thus, we can at best guarantee that half the number of permutations remain.

Theorem 3.5
SORTING has a lower bound of                  .⌦(n log n)

<latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit>

Proof:
Initially, we have                possible permutations. 

In the worst case, the larger set remains.

Lower Bounds - I
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O(n!)

⌦(log(n!))



Each set of numbers corresponds to a point in       .

Show that the height of an algebraic decision tree is at least                            .   

Consider the number N of connected components of      .

Theorem 3.6

Ideas:

Consider algebraic decision trees. 

Consider subsets of        that share the same membership properties.

Lower Bounds - II [Ben-Or 1983]

19

Computing a closest pair for n numbers takes at least                 .⌦(n log n)
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⌦(logN � n)

Show that ELEMENT UNIQUENESS has many connected components.

Rn

Rn

Rn

Note that determining a small minimum distance solves ELEMENT UNIQUENESS.
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A Gabrielov, N Vorobjov
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Proof:
Sort.

Run through points in order and consider distance.

Easy Observations

Theorem 3.7
Computing a closest pair for             can be computed in                   . P ⇢ R
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O(n log n)
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Attempt: Apply to     :R2
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Sort (wrt.             ?)x / y
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Closest pair does not have to be adjacent.
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Divide-and-Conquer [Bentley and Shamos 1976]
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Divide-and-Conquer [Bentley and Shamos 1976]

A B

�A

�B
� �

L

Subdivide the set by a median line.

≤ n/2 points ≤ n/2 points

Solve the two subproblems recursively in            .

Merge the two subproblems in           .O(n)

2T (
n

2
)
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Divide-and-Conquer 2 [Bentley and Shamos 1976]

L

Issue: Still           on either side possible. 

≤ n/2 points ≤ n/2 points

Brute-force enumeration yields            .
⇥(n)

⇥(n2)

� �

Additional ideas are necessary to get merge time         .O(n)
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Divide-and-Conquer 3 [Bentley and Shamos 1976]

L

Observe: Points on one side cannot be closer than . �
As consequence, no point can have many close neighbors on the other side.

� �

Based on a packing arguments for         -balls; works in any fixed dimension.�/2

�/2

�/2

�/2
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Divide-and-Conquer 4 [Bentley and Shamos 1976]

Thus: Scan linear sequence on one side.
Keep track of potential neighbors on other side.
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Divide-and-Conquer 4 [Bentley and Shamos 1976]

Thus: Scan linear sequence on one side.
Keep track of potential neighbors on other side.
Sorting takes                   ; total time                      .O(n log n) O(n log2 n)
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Divide-and-Conquer 4 [Bentley and Shamos 1976]

Thus: Scan linear sequence on one side.
Keep track of potential neighbors on other side.
Sorting takes                   ; total time                      .O(n log n) O(n log2 n)

After global presorting:            ; total time                   .O(n) O(n log n)
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Higher dimensions

Same idea: Divide-and-conquer.

Subhash Suri



26

Higher dimensions

Same idea: Divide-and-conquer.

Merge step: one dimension lower:
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Same idea: Divide-and-conquer.
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Higher dimensions 2



27

Higher dimensions 2



27

Higher dimensions 2
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Higher dimensions 2
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Higher dimensions 2
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Thank you for today!


