
Computational Geometry 
Chapter 4: Voronoi Diagrams

Prof. Dr. Sándor Fekete

Algorithms Division

Department of Computer Science


TU Braunschweig

1



1. Introduction and Motivation 

2. Definitions 

3. Representing planar partitions 

4. Properties 

5. Fortune’s algorithm 

6. Variations 

7. The Voronoi game 

8. Summary and conclusions

2



1. Introduction and Motivation 

2. Definitions 

3. Representing planar partitions 

4. Properties 

5. Fortune’s algorithm 

6. Variations 

7. The Voronoi game 

8. Summary and conclusions

3



4



4



5

The Voronoi Game



5

The Voronoi Game



5

The Voronoi Game

• A domain



5

The Voronoi Game

• A domain

• Two players



5

The Voronoi Game

• A domain

• Two players

• Players take turns



5

The Voronoi Game

• A domain

• Two players

• Players take turns

• Voronoi diagram is computed



5

The Voronoi Game

• A domain

• Two players

• Players take turns

• Voronoi diagram is computed

• Player with larger area wins



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



6

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]

• Blue and Red
• n > 1

• Circle or line segment
• „Keypoints“



7

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

• Stage III:  Place last point to win:

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

• Stage III:  Place last point to win:

         (i)   Play in largest blue interval

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

• Stage III:  Place last point to win:

         (i)   Play in largest blue interval

         (ii)  Play in large mixed interval

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



7

• Stage I:    Play keypoint while available

• Stage II:   Play in largest blue interval

• Stage III:  Place last point to win:

         (i)   Play in largest blue interval

         (ii)  Play in large mixed interval

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

Observations:

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

Observations:

• Playing keypoints ensures that blue intervals are uneven.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

Observations:

• Playing keypoints ensures that blue intervals are uneven.

• Playing into large blue intervals ensures never falling behind.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

Observations:

• Playing keypoints ensures that blue intervals are uneven.

• Playing into large blue intervals ensures never falling behind.

• Placing the last point (exploiting uneven blue intervals) ensures win.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



8

Observations:

• Playing keypoints ensures that blue intervals are uneven.

• Playing into large blue intervals ensures never falling behind.

• Placing the last point (exploiting uneven blue intervals) ensures win.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

• Distinguish interior and boundary intervals.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

• Distinguish interior and boundary intervals.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



9

Modifications for game on a line segment:

• Keypoints are predefined by breaking line segments into equal pieces.

• Distinguish interior and boundary intervals.

1D Voronoi Game [Ahn, Cheng,  Cheong, Golin, van Oostrum 2001]



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• A square



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• A square

• Two players, White and Black



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• A square

• Two players, White and Black

• Players place all points at once



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• A square

• Two players, White and Black

• Players place all points at once

• Voronoi diagram is computed



10

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• A square

• Two players, White and Black

• Players place all points at once

• Voronoi diagram is computed

• Player with larger area wins



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



11

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

• 1D: First player wins

• 2D: Second player wins for large n

• Complicated randomized arguments



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

Open:



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

Open:

• White wins for n=1, Black for large n



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

Open:

• White wins for n=1, Black for large n

• White wins for 1D, Black for 2D



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

Open:

• White wins for n=1, Black for large n

• White wins for 1D, Black for 2D

• Strategy uses randomization



12

The One-Round Voronoi Game [Cheong, Har-Peled, Linial, Matousek  2002/2004]

Open:

• White wins for n=1, Black for large n

• White wins for 1D, Black for 2D

• Strategy uses randomization

• Explain and find simpler strategy!
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Insights:

• Consider rectangle

• Outcome depends on aspect ratio

• Game flips at small n

• Simple deterministic strategy

• Players „Wilma“ and „Barney“
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• Barney can always claim arbitrarily close to half a cell

• So Barney can win as soon as he gets one cell above average

• Barney wins if Wilma creates uneven cells:

• Uneven size

• Uneven position

• So Wilma must create uniform cells with centered sites

• How can we exploit this in 2D?
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The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• Consider the top edge of a cell.

• By point symmetry, there is a corresponding 

bottom edge.

• This induces a „strip“ sequence of cells.

• Because Voronoi cells are convex, all cells 

have minimum width of top edge length.

• Because cells are disjoint, so are different 

strips.

• Because total horizontal width is constant, 

strip width must be constant.

• We get a rectangular grid.



17

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



17

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



17

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• If Wilma does not play a regular grid, 

Barney can win.



17

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• If Wilma does not play a regular grid, 

Barney can win.

• If Wilma does play a regular grid, 

Barney can gain area from both cells 

and win.



17

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• If Wilma does not play a regular grid, 

Barney can win.

• If Wilma does play a regular grid, 

Barney can gain area from both cells 

and win.



18

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



18

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



18

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



19

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



19

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



19

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



19

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



20

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



20

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



20

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



20

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



21

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



21

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

General polygons instead of rectangles?!



21

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

General polygons instead of rectangles?!



21

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

General polygons instead of rectangles?!



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• For each variable, choose 

true or false by picking 

all even or all odd black 
positions.



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• For each variable, choose 

true or false by picking 

all even or all odd black 
positions.



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• For each variable, choose 

true or false by picking 

all even or all odd black 
positions.



22

The One-Round Voronoi Game Replayed [Fekete and Meijer 2003/2005] 

• For each variable, choose 

true or false by picking 

all even or all odd black 
positions.

• For each clause, a 

satisfying truth assignment 

picks additional area.
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Thank you for today!


