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Convex Hull -1

Lemma 4.13
p € P lies on boundary of conv(P) < V(p) unbounded.

Corollary 4.14:

Computing the Voronoi diagram for n points has a lower
bound of Q2(nlogn).
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Fundamental Idea: Plane Sweep

Approach:
® (Consider a moving ,frontier” between resolved and unresolved part.

Crucial issue:

e p € P below / can influence Vor(p)
above /.

Observation:

® The separation between resolved and unresolved
part for a point p and line ¢ is a curve consisting of
points that have equal distance from p and /.
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The Separating Curve

Consider:
{z e R? | d(z,p) = d(z, )}

Theorem 4.15:

The curve is a parabola (with focus p and directrix ().

Proof:

Consider p=(0,s) and X=(x,0).
Then C=(x,y) with

di =2° + (y — s)?
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The Beach Line
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Frontier
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How to Make It Work
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How to Make It Work

Issues:

® How do sites and parabolas interact?
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How to Make It Work

Issues:

® How do sites and parabolas interact?

® How do we describe the whole beach line?
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How to Make It Work

Issues:

® How do sites and parabolas interact?

® How do we describe the whole beach line?

® How do we turn the continuous process into a discrete one?

® How can we capture discrete transitions in the continuous process?

® How do we organize the overall algorithm?

e How do we guarantee correctness?

® How do we get good runtime?

NILg

e

< e .
52 w32 Technische

> Universitit
L) o
ji ,.Q{f Braunschweig

oIVsc?‘

10



The Beach Line

Intuition:
® Let 2 € R* beabove fand p € P below /
= d(x,p) > d(x,?)
e Let ¢ € P be nearest site for .
If d(x,q) <d(x,?),then ¢ not below ¢.
o {zcR?|d(z,q) <d(z,0)}
Is bounded by parabola.

Consequence:

e dparabola 3: x above [
= nearest neighbor ¢ not below /.

Beach line:
® Di,---5,Pk above !/ %parabolaS 517"'76k

e Beach line: f:R — R*with f(z) :=
pointon i U---U B with min. ¥ -coord.

e By construction monotonic
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)
— d(z,q) < d(x,p) =d(x,f) — = above 7
e But =z €3 onbeachline. ¥ []

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.
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® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)
— d(z,q) < d(x,p) =d(x,f) — = above 7
e But =z €3 onbeachline. ¥ []

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.
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Continuous Ildea vs. Discrete Algorithm

Approach:
® Plane sweep
e Compute Vor(p) in guaranteed regions — draw Voronoi edges.

® Discretization
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Point Events

Point events:
® Sweep line ¢ reaches p € P

Issue
e Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.

Proof:
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Complexity of the Beach Line - |
Lemma 4.17

New parabolic arcs can only occur at point events.

Proof:

Bi
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?

Bi

NILg

e

Ky

’3‘3 > Universitit
L) o
e ,.j’ Braunschweig

oIVsc?‘

S f*gz Technische
st
%

15



Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?
B;
Bi
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Lemma 4.17
New parabolic arcs can only occur at point events.

Proof:

® |n general, parabolas correspond to sites, so:
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
Proof:
® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?

e Option1: B, pierces f; (defined by p; € P). ) B;
= Ve e R: Bi(z) < Bi(z)(*)
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
Proof:
® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?
e Option1: B, pierces f; (defined by p; € P). ) B;
= Ve e R: Bi(z) < Bi(z)(*)
e (.y:=Yy-coordinate of ¢ at ,piercing event®.

= At moment £.y: One joint point
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
Proof:
® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?
e Option1: B, pierces f; (defined by p; € P). ) B;
= Ve e R: Bi(z) < Bi(z)(*)
e (.y:=Yy-coordinate of ¢ at ,piercing event®.

= At moment £.y: One joint point

® Di.Y # Pj.Y, otherwise
contradiction to ()
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= At moment £.y: One joint point
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Complexity of the Beach Line - Il

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof (cont.):
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Complexity of the Beach Line - Il

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof (cont.):
Bi
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Complexity of the Beach Line - Il

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof (cont.):

e FEquation for §;: bi

(Ly—y)° = (pjx—2)° + (pjx—y)°
Sly?—2-ly-y+y°

:pj.xQ—Q-x-pj.x—l—x2—|—pj.y2—2-y-pj.y—|—y2
< y-2(pjy—Ly) ’
= g% — 2-$°pj.:v—|—pj.m2 —I—pj.y2 — 0.y?

? —2-x-pjx+pj.a’+py’ — Ly

Sy =
2(pjy—Ly)
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Complexity of the Beach Line - Il

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof (cont.):

e FEquation for §;: bi

Ly —y)? = (pj.x —2)° + (pjx —y)°
Sly?—2-ly-y+y°

:pj.xQ—Q-x-pj.x—l—xz—l—pj.yQ—2-y-pj.y—|—y2
< y-2(pjy—Ly) ’
= g% — 2-$°pj.:v—|—pj.m2 —I—pj.y2 — 0.y?

? —2-x-pjx+pj.a’+py’ — Ly

Sy =
2(pjy—Ly)

e Analogously for j;
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Complexity of the Beach Line - llI

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

Analogously for S; Bi
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Complexity of the Beach Line - llI

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

e Analogously for (; Bi
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Complexity of the Beach Line - llI

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:
e Analogously for j; Bi
e Equate:
N r? —2-x-pj.x+pj.a®+py’ — Ly
2(p;.y —L.y)
B 2 —2-x-p;.x+p.x®+py? — Ly?
2 (piy —L.y) ‘
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Complexity of the Beach Line - llI

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:
e Analogously for j; Bi
e Equate:
N r? —2-x-pj.x+pj.a®+py’ — Ly
2(p;.y —L.y)
B 2 —2-x-p;.x+p.x®+py? — Ly?
2 (piy —L.y) ‘

e p;.y#pi.yand piy,piy > Ly
:>361,026R:1-a:2—|—01-:c+02:0 with ¢co # 0
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Complexity of the Beach Line - llI

Lemma 4.17

New parabolic arcs on the beach line can only occur by point events.
Proof:

e Analogously for j; Bi
e Equate:
N r? —2-x-pj.x+pj.a®+py’ — Ly
2(pj-y — L.y)
B 2 —2-x-p;.x+p.x®+py? — Ly?
2 (piy —L.y) ‘

e p;.y#pi.yand piy,piy > Ly
:>3(:1,026R:1-a:2—|—01-:c+02:0 with ¢co # 0

= Two intersection points %
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
o d(q,pi) =d(q,p;) = d(q,px) = d(q,r)
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
o d(q,pi) =d(q,p;) = d(q,px) = d(q,r)

e Infinitesimal perturbation of £ — circle C with center point v := £; N B,
that touches 7.
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
o d(q,pi) =d(q,p;) = d(q,px) = d(q,r)

e Infinitesimal perturbation of £ — circle C with center point v := £; N B,
that touches 7.
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
o d(q,pi) =d(q,p;) = d(q,px) = d(q,r)

e Infinitesimal perturbation of £ — circle C with center point v := £; N B,
that touches 7.
e p,c(C’

= d(u,pr) < d(u,p;),d(q,p;) ¥
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Complexity of the Beach Line - IV

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof:

® |n general, parabolas correspond to sites, so:
— Can an existing arc g, (defined by p; € P) pierce through the beach line?

e Option 2: B, pierces intersection point ¢ of 5;, 5i (defined by p;, px € P).
o d(q,pi) =d(q,p;) = d(q,px) = d(q,r)

e Infinitesimal perturbation of £ — circle C with center point v := £; N B,
that touches 7.
e p,c(C’

= d(u,pr) < d(u,p;),d(q,p;) ¥
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Complexity of the Beach Line -V
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Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.
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Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:
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Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:

e Each p € P generates a new parabolic arc.
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Lemma 4.18
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Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:

e Each p € P generates a new parabolic arc.

e Each new arc (with the exception of the first arc) can
split at most one other arc into two pieces.

Complexity of the Beach Line -V

Technische
% Universitit

¥ Braunschweig

19



Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:

e Each p € P generates a new parabolic arc.

e Each new arc (with the exception of the first arc) can
split at most one other arc into two pieces.

e |Lemma 4.17: There is no other way to generate new arcs. .
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Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:

e Each p € P generates a new parabolic arc.

e Each new arc (with the exception of the first arc) can
split at most one other arc into two pieces.

e |Lemma 4.17: There is no other way to generate new arcs. .

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.
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Complexity of the Beach Line -V

Lemma 4.18
The beach line has at most 2n — 1 parabolic arcs.

Proof:

e Each p € P generates a new parabolic arc.

e Each new arc (with the exception of the first arc) can
split at most one other arc into two pieces.

e |Lemma 4.17: There is no other way to generate new arcs. .
[]

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.
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Implications of a Point Event
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Implications of a Point Event

Observation:
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Implications of a Point Event

Observation:

® Pointevent p; — > 1Voronoi edges are discovered.
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Implications of a Point Event
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Lemma 4.15
p € P defines arc 8 on beach line

= P is nearest neighbor Yz € 3.
T e

Observation:

Implications of a Point Event

® Pointevent p; — > 1Voronoi edges are discovered.

e More precisely: Arc 3, (defined by p;) splits 3; (defined by pi) into B5i1, Bi,e.

e Lemma 4.15/Corollary 4.16: Intersection pointsz1 := 3; N Bi1 and x2 1= B; N B2
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Lemma 4.15
p € P defines arc 8 on beach line

= P is nearest neighbor Yz € 3. Corollary 4.16
e e ———

Observation:

Implications of a Point Event

Intersection points of adjacent arcs lie on Voronoi edges.
T E———— R
® Pointevent p; — > 1Voronoi edges are discovered.

e More precisely: Arc 3, (defined by p;) splits 3; (defined by pi) into B5i1, Bi,e.
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Lemma 4.15
p € P defines arc 8 on beach line

= P is nearest neighbor Yz € 3. Corollary 4.16
m
: Intersection points of adjacent arcs lie on Voronoi edges.
Observation:
e e - M
® Pointevent p,; — > 1Voronoi edges are discovered.

Implications of a Point Event

e More precisely: Arc 3, (defined by p;) splits 3; (defined by pi) into B5i1, Bi,e.

e Lemma 4.15/Corollary 4.16: Intersection pointsz1 := 3; N Bi1 and x2 1= B; N B2
lie on a Voronoi edge e C B(p;,p;)-

® Edge i.g. not connected to already computed part of Vor(P)
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Circle events:
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Circle Events - |

Circle events:
® Arc B;shrinks to a point ¢.
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Circle Events - |

Circle events:
® Arc (;shrinks to a point ¢.
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Circle Events - |

Circle events:
® Arc B shrinks to a point q.

o [(;/0 left/right neighbor of B,
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Circle Events - |

Circle events:
® Arc B shrinks to a point q.

o [(;/0 left/right neighbor of B,
o d(q,0)=d(q,pi) =d(¢q,p;) =d(¢q,px) = q Voronoi vertex. (x)
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Circle Events - i

Lemma 4.19
In situation (A), C does not contain a 7€ P.
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Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
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Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:
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Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:

® Assumption: r € C°.
= d(q,7) < d(q,?)
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Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:

® Assumption: r € C°.
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® Lemma 4.15: Nearest neighbor s of ¢ 5 By 1
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Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:

: Lemma 4.15
® Assumption: r € C°. ©

= d(q,7) < d(q,?)

= P is nearest neighbor Yz € j.

| —————e e

® _emma 4.15: Nearest neighbor s of ¢
on ¢ or one of p;,p;, Pk.

p € P defines arc 3 on beach line Pi
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Lemma 4.19

In situation (A), C does not contain a 7€ P.

Proof:

® Assumption: r € C°.
= d(q,7) < d(g,?)

® \We have: d(q,s) = d(q,¢) > d(q,r) %
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Lemma 4.15

p € P defines arc 3 on beach line Pi

= P is nearest neighbor Yz € j.
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Lemma 4.19

In situation (A), C does not contain a 7€ P.

Proof:

® Assumption: r € C°.
= d(q,7) < d(g,?)

® \We have: d(q,s) = d(q,¢) > d(q,r) %

Observation:

Circle Events - |l

Lemma 4.15

p € P defines arc 3 on beach line Pi

= P is nearest neighbor Yz € 3.

| ————rareersssie

® _emma 4.15: Nearest neighbor s of ¢
on ¢ or one of p;,p;, Pk.

/

\\52‘ Bk,l
\ . //

S ’
\~ "

Situation (A)

e Arc disappears < /¢ reaches lowest point of circle C.

Technische
% Universitit

¥ Braunschweig

22




Circle Events - |l

Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:

® Assumption: r € C°. Lemma 4.15

= d(q,r) < d(q,?)

= P is nearest neighbor Yz € 3.

| ———r e ()

® _emma 4.15: Nearest neighbor s of ¢
on ¢ or one of p;,p;, Pk.

® \We have: d(q,s) = d(q,?) > d(q,7) %

p € P defines arc 3 on beach line Pi

/

v Bi ,
A ’
\ . /

~
~ ’,
— -

Situation (A)

Observation:

e Arc disappears < /¢ reaches lowest point of circle C.
® Di,pj,pr € 0C
e C°NP =10

} = Algorithmic recognition of VVoronoi vertices
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Lemma 4.19
In situation (A), C does not contain a 7€ P.
Proof:

® Assumption: r € C°. Lemma 4.15

= d(q,r) < d(q,?)

= P is nearest neighbor Yz € 3.
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® _emma 4.15: Nearest neighbor s of ¢
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Properties of the Voronoi Diagram
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Properties of the Voronoi Diagram

Theorem 4.20:
1. = € R? Voronoi vertex

() ¢ °
Largest circle C' with ¢
PNC° = and

center x has .
three points on its boundary o 0
2. pi,p; € P define °
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Properties of the Voronoi Diagram

Theorem 4.20:
1. = € R? Voronoi vertex

() ¢ °
Largest circle C' with ¢
PNC° = and

center x has .
three points on its boundary o 0

2. pi,p; € P define o
Voronoi edge e C B(p;,p;)
¢
3Circle C with
- only pi,pjon boundary and
- no point in its interior.
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Properties of the Voronoi Diagram

Theorem 4.20:
1. = € R? Voronoi vertex

() ¢ °
Largest circle C' with ¢
PNC° = and

center x has .
three points on its boundary o 0

2. pi,p; € P define o
Voronoi edge e C B(p;,p;)
)
3Circle C with
- only pi,pjon boundary and
- no point in its interior.
Proof:

Straightforward, because nearest neighbor to center lies on circle.
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Fortune’s Algorithm - |

Approach [Fortune, 1987]:
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Fortune’s Algorithm - |

Approach [Fortune, 1987]:

® Plane sweep: Beach line in x-structure.
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Fortune’s Algorithm - |

Approach [Fortune, 1987]:

® Plane sweep: Beach line in x-structure.
e x-structure: balanced binary search tree B.
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Fortune’s Algorithm - |

(pj, Dk

Approach [Fortune, 1987]: ﬂ’ pi)

® Plane sweep: Beach line in x-structure. (i, pj) (1 D)

e x-structure: balanced binary search tree B.
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Fortune’s Algorithm - |

(pj, Dk

Approach [Fortune, 1987]: ﬂ» pi)

® Plane sweep: Beach line in x-structure. (i, pj) (1 D)

e x-structure: balanced binary search tree B.

® | eaves = parabolic arcs. @ @ @ @ @
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(pj, Dk

Approach [Fortune, 1987]: ﬂ» pi)

® Plane sweep: Beach line in x-structure. (i, pj) (1 D)

e x-structure: balanced binary search tree B.

® | eaves = parabolic arcs. @ @ @ @ @

® QOrder: left to right
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Fortune’s Algorithm - |

(pj, Dk

Approach [Fortune, 1987]: ﬁ» pi)

® Plane sweep: Beach line in x-structure. (i, pj) (1 D)

e x-structure: balanced binary search tree B.

® | eaves = parabolic arcs. @ @ @ @ @

® QOrder: left to right

e |Inner nodes: intersection points between
adjacent arcs i
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Fortune’s Algorithm - |

(pj, Dk

Approach [Fortune, 1987]: ﬂ» pi)

® Plane sweep: Beach line in x-structure. (i, pj) (1 D)

e x-structure: balanced binary search tree B.

® | eaves = parabolic arcs. @
® QOrder: left to right

e |Inner nodes: intersection points between

adjacent arcs pi Pm
e Representation of arcs: implicitly by ) Dk )
defining points b ’ P
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Fortune’s Algorithm - |l

Storing Events:
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance
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Fortune’s Algorithm - |l

Storing Events:
® Point events known (and sorted) in advance

® Circle events: recognized during runtime
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Storing Events: .
® Point events known (and sorted) in advance -

® Circle events: recognized during runtime
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Storing Events:
® Point events known (and sorted) in advance

® Circle events: recognized during runtime
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Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime
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Storing Events: .
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Storing Events: .
® Point events known (and sorted) in advance -

® Circle events: recognized during runtime
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Fortune’s Algorithm - |l

Storing Events: .

® Point events known (and sorted) in advance -

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most _
three new consecutive triples of arcs, .
SO update in constant time!
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Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
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SO update in constant time!
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
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SO update in constant time!
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
three new consecutive triples of arcs, .
SO update in constant time!
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most

three new consecutive triples of arcs, .
SO update in constant time!
® Priority queue: decending wrt. <, _ '
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most

three new consecutive triples of arcs, .
SO update in constant time!
® Priority queue: decending wrt. <, . '

Point events p; — Priority by p;.y .
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most

three new consecutive triples of arcs, .
SO update in constant time!
® Priority queue: decending wrt. <, . '

Point events p; — Priority by p;.y .

Circle events C -
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
three new consecutive triples of arcs,
SO update in constant time!

® Priority queue: decending wrt. <y

Point events p; — Priority by p;.y .

Circle events C' — Priority by y-coordinate of lowest point of C'.
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
three new consecutive triples of arcs,
SO update in constant time!

® Priority queue: decending wrt. <y

Point events p; — Priority by p;.y .

Circle events C' — Priority by y-coordinate of lowest point of C'.

— Pointer to arc (representing leaf b € B)
which may disappear.
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Fortune’s Algorithm - |l

Storing Events:

® Point events known (and sorted) in advance

® Circle events: recognized during runtime

® Each event (inserting or deleting an arc
into/from the beach line) creates at most
three new consecutive triples of arcs,
SO update in constant time!

® Priority queue: decending wrt. <y

Point events p; — Priority by p;.y .

Circle events C' — Priority by y-coordinate of lowest point of C'.

— Pointer to arc (representing leaf b € B)
which may disappear.

e |eaf b € B points to circle event C' € @)
for which arc ¢ of b may disappear.
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Validity of Circle Events
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Validity of Circle Events

Observation 1:
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Validity of Circle Events

Observation 1:

e Discovering p € C°
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Validity of Circle Events

Observation 1:

e Discovering p € C° = Circle event C
becomes obsolete
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Observation 1:

e Discovering p € C° = Circle event C
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Validity of Circle Events

Observation 1:

e Discovering p € C° = Circle event C
becomes obsolete

— Parabolic arc must know associated
circle event. ; N
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Observation 1:

e Discovering p € C° = Circle event C

becomes obsolete

— Parabolic arc must know associated

circle event.

Observation 2:
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Observation 1:

e Discovering p € C° = Circle event C
becomes obsolete

— Parabolic arc must know associated
circle event.

Observation 2:

e TIriple of adjacent arcs do not always
define a circle event.
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Observation 1:

e Discovering p € C° = Circle event C
becomes obsolete

— Parabolic arc must know associated
circle event.

Observation 2:

e TIriple of adjacent arcs do not always
define a circle event.
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Processing Point Events - |
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Processing Point Events - |

—

(pk, pz)

(pia p]) (ply pm)
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(pkapl>

(ply pm)
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Processing Point Events - |

(pja D)

o
/ (b1 )

(pi, ) (D1, D)
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Processing Point Events - |
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Processing Point Events - |

(P> Pk) (pgapk:)

—
/ (P, P1) (i, pj) (pk 1)

(pi> Pj) (p1, pm) (P, P (Pt Pm)
) @ @ @) e @@@@@

NILg

() v &

,g”:;_& ‘3% Technische

< L3¢ = q s
Uﬁ§> Universitat
L) (<) o
22445 Braunschweig

oIVsc?‘




Processing Point Events - I
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Processing Point Events - I

Introducing an arc
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Processing Point Events - I

Introducing an arc
® Defined by point px,
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Processing Point Events - |l

Introducing an arc
® Defined by point px,

% Pm
| Dk )
"\ij/r\./\pil/—/
Dn
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Processing Point Events - |l

(Pkapz)
p y P
Introducing an arc d (p1, Pm)
® Defined by point p» ﬁ
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Processing Point Events - |l

(Prs 1)
] pj, (plapm>
Introducing an arc
pna
® Defined by point px,
® Search for B at insert position. @@@@@ @ @
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Processing Point Events - |l

(pk, Pz)

(pl7 pm>

p » P
Introducing an arc ]
® Defined by point p», ﬁ
® Search for B at insert position. @@@@@ @ @

— Intersection points stored implicitly
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Processing Point Events - |l

(pi» pj)

(pk, Pz)

] pj, (plapm>
Introducing an arc
pm
® Defined by point px,
® Search for B at insert position. @@@@@ @ @

— Intersection points stored implicitly

e Splitting an arc
(Special case:p,below arc intersection)
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Processing Point Events - |l

(pi» pj)

(pk, Pz)

] pj, (plapm>
Introducing an arc
pm
® Defined by point px,
® Search for B at insert position. @@@@@ @ @

— Intersection points stored implicitly

e Splitting an arc
(Special case:p,below arc intersection)

bi Prm
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Processing Point Events - llI
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Processing Point Events - llI

Generating circle events:
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Processing Point Events - llI

Generating circle events:
e Before insertion of 5, (defined byp.,):

. BiBiBrB -
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Processing Point Events - llI

Generating circle events:
e Before insertion of 5, (defined byp.,):

. BiBiBrb -
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Processing Point Events - llI

Generating circle events:
e Before insertion of 5, (defined byp.,):

. BiBiBrb -

® After insertion: > "

o BiBi1Bn B 28k01 - - o
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Generating circle events:

e Before insertion of 5, (defined byp.,):

. BiBiBrb -
® After insertion:

o BiBi1BnBi 28k - .

e Possibly deletion of circle events
(e.g., defined by (8;, 85, Bk) )-
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Generating circle events:

e Before insertion of 5, (defined byp.,):

. BiBiBrb -
® After insertion:

o BiBi1BnBi 28k - .

e Possibly deletion of circle events
(e.g., defined by (8;, 85, Bk) )-
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Generating circle events:

e Before insertion of 5, (defined byp.,):

. BiBiBrb -
® After insertion:

o BiBi1BnBi 28k - .

e Possibly deletion of circle events
(e.g., defined by (8;, 85, Bk) )-

® Test all newly adjacent triples.
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Generating circle events:

e Before insertion of 5, (defined byp.,):

. BiBiBrb -
® After insertion:

o BiBi1BnBi 28k - .

e Possibly deletion of circle events
(e.g., defined by (8;, 85, Bk) )-

® Test all newly adjacent triples.

® |nsert new events into O.
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Processing Circle Events - |
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Processing Circle Events - |

Updates
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Processing Circle Events - |

Updates
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Updates

® Delete (5; from B.
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Processing Circle Events - |

Updates

® Delete (5; from B.
— Rebalance if necessary
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Processing Circle Events - |

Updates

® Delete (5; from B.
— Rebalance if necessary

e Delete circle events defined by /3;
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Processing Circle Events - |

Updates

® Delete (5; from B.
— Rebalance if necessary

e Delete circle events defined by 5;

® New adjacent triples

— Possibly insert new circle events
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Correctness - |
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Correctness - |

Lemma 4.21

Voronoi vertices q € Vor(P)
correspond to circle events.
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Correctness - |

Lemma 4.21

Voronoi vertices q € Vor(P)
correspond to circle events.

Proof:
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Correctness - |

Lemma 4.21

Voronoi vertices g € Vor(P)
correspond to circle events.

Proof:
® Theorem 4.20 = 3pi, pj, Pk € P :

DisPj, Pk € OC
CNP=A{pi,pj,pr}

for circle C with center ¢
and radius d(p;,q) = d(p;,q) = d(pk, 9).
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Lemma 4.21

Voronoi vertices g € Vor(P)
correspond to circle events.

Proof:

® Theorem 4.20 = 3pi, pj, Pk € P :

DisPj, Pk € OC

CNP ={pipj,pr}
for circle C with center ¢

Correctness - |

Theorem 4.20:
1. = = [B? Varonoi vertex
¢
Largest circle (. with
PIC° =0 and
center x has

thrae points on its boundary
and

2. pip; € P define

Voronciedge e C B(pi,p;)
ﬁ

3Circle C with

- only »:,?;0n beundary and

- no point in its intericr.

and radius d(p;,q) = d(p;,q) = d(pk, q).
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Correctness - |

Lemma 4.21 Theorem 4.20:
1. = = R Varonol vertex
Voronoi vertices g € Vor(P) | o
. argest circle (0 with
correspond to circle events. PAC® - 0 ane
center x has
Proof: thrae points on its boundary
and
® Theorem 4.20 = Jpi,pj,pr € P : o
2. pi,p; € P define
V noi ed 2 C B i 7
piapj,pk c aC oronci ?Le e (Pisp4)
3Circle C with
C N ’]D — {pi7 pj : pk} - only »:,»;0n beundary and

- no point in its intericr.

for circle C with center ¢
and radius d(p;,q) = d(p;,q) = d(pk, 9).

® CNP ={pipj,pr}
= Bi, B8, Bx form adjacent triple

when ¢ reaches lowest point of C
= Circle event is processed.
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Correctness - |

Lemma 4.21 Theorem 4.20:
1. x = [R* Varonoi vertex
Voronoi vertices g € Vor(P) | o
. argest circle (. with
correspond to circle events. PAC® - ( anc
center x has
Proof: thrae points on its boundary
and
® Theorem 4.20 = 3pi,pj,Pr € P : ..
2. pip; € P define
Voronci ed > € B(pi, ps)
pi,pj,pk c (90 oronei ?Le e C B(pi, p;)
3Circle C with
p— - ly ; is 1) b dary d
CNP = {pu pjapk} . 22 :)o’i)nt Inoi:5 Ir?t‘:::ici'yan

for circle C with center ¢
and radius d(p;,q) = d(p;,q) = d(pk, 9).

® CNP ={pipj,pr}
= Bi, B8, Bx form adjacent triple

when ¢ reaches lowest point of C

= Circle event is processed.
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Correctness - |

Lemma 4.21 Theorem 4.20:
1. x = [R* Varonoi vertex
Voronoi vertices g € Vor(P) | o
. argest circle (. with
correspond to circle events. PAC® - ( anc
center x has
Proof: thrae points on its boundary
and
® Theorem 4.20 = 3pi,pj,Pr € P : ..
2. pip; € P define
Voronci ed > € B(pi, ps)
pi,pj,pk c (90 oronei ?Le e C B(pi, p;)
3Circle C with
p— - ly ; is 1) b dary d
CNP = {pu pjapk} . 22 :)o’i)nt Inoi:5 Ir?t‘:::ici'yan

for circle C with center ¢
and radius d(p;,q) = d(p;,q) = d(pk, 9).

® CNP ={pipj,pr}
= Bi, B8, Bx form adjacent triple

when ¢ reaches lowest point of C

= Circle event is processed.
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Constructing the Voronoi Diagram - |
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Constructing the Voronoi Diagram - |

Goal
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Constructing the Voronoi Diagram - |

Goal
® \oronoi diagram: DCEL.
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Constructing the Voronoi Diagram - |

Goal
® \oronoi diagram: DCEL.

® Necessary: bounding box

NILg

v
v

Universitat
o o
Braunschweig

::;_& ‘3% Technische
O ~* " z
3

Nsce

32



Constructing the Voronoi Diagram - |

Goal
® \/oronoi diagram: DCEL. A

® Necessary: bounding box
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Constructing the Voronoi Diagram - |

Goal
® \/oronoi diagram: DCEL. A

® Necessary: bounding box

® Possible: Voronoi vertices outside conv(P). ¢
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Goal
® \oronoi diagram: DCEL.

® Necessary: bounding box
® Possible: Voronoi vertices outside conv(P).

® Preprocessing: conv(P) +
topologically enclosing box
— outer face.
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Constructing the Voronoi Diagram - |

Goal
® \/oronoi diagram: DCEL. A

7’

® Necessary: bounding box

® Possible: Voronoi vertices outside conv(P). ¢

® Preprocessing: conv(P) + -
topologically enclosing box o o \
— outer face.

e Constructing Vor(P): second run )
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Constructing the Voronoi Diagram - Il
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
® |nitially: Construct all regions
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
(first without end points)
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Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
(first without end points)

— e separates regions for p;,p;.
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Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
(first without end points)

— e separates regions for p;,p;.

® (Circle event: Merge
e1 C B(pi,pj),e2 C B(pj,px) at g
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Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
(first without end points)
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® (Circle event: Merge
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Constructing the Voronoi Diagram - Il

Constructing the DCEL.:
® |nitially: Construct all regions

® Point event: Generate e C B(p;,p;)
(first without end points)

— e separates regions for p;,p;.

® (Circle event: Merge
e1 C B(pi,pj),e2 C B(pj,pr) at ¢
— new edge e3 C B(p;,px) incident to g.

Technische
% Universitit

¥ Braunschweig

33



Constructing the Voronoi Diagram - il
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Unbounded edges:
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Unbounded edges:
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Constructing the Voronoi Diagram - llI

Unbounded edges: > ,
® After last eventin O: |B| > 2
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Constructing the Voronoi Diagram - llI

Unbounded edges: > ,
® After last eventin O: |B| > 2

e — Two pi,ps € Q) form °
unbounded e C B(p1, p2)

NILg

e

Ky

»}3 > Universitit
L) o
e ,.Q{f Braunschweig

oIVsc?‘

¢ .
goj;é %gz Technische
X

34



Constructing the Voronoi Diagram - llI

Unbounded edges: > ,
® After last eventin O: |B| > 2

e — Two pi,ps € Q) form °
unbounded e C B(p1, p2)

e Connect such edges with the
bounding box. .
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Degeneracy
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Degeneracy

Degenerate situation:
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Degeneracy

Degenerate situation:

WIL
o .f’&(

3¢ | a2 Technische
:% %; echni
X

*}i > Universitit
%7A|725 Braunschweig

oIVsc?‘

35



Degeneracy

Degenerate situation:

® Point event p; below q.

1L
o™ e,

2 |32 Technisch
::?’é‘%; echnische
X

’3‘3 > Universitit
L) o
e ,.j’ Braunschweig

oIVsc?‘

35



Degeneracy

Degenerate situation:

® Point event p; below q.
— p; lowest point

of C:=O(:,pj, k)
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Degeneracy

Degenerate situation:

® Point event p; below q.
— p; lowest point

of C:=O(:,pj, k)

e Simultaneously: Generate and reach
circle events C.
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Degeneracy

Degenerate situation:

® Point event p; below q.
— p; lowest point

of C:=O(:,pj, k)

e Simultaneously: Generate and reach
circle events C.

e Generate Voronoi vertex g.
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Overview

Algorithm 1: Computation of V*(S).

[nput: S is 2 set of m= | points with unique harrammast paint.

Output; The bisectors and vertices of V*,

Data structures:  Q: a priority quene of poinis in the plane, ordered lexicographi-
cally. Each point is labeled as a site, or labeled as the intersection
of a pair of boundaries of a single region. Q may contain duplicate
instances of the same point with distinet labels; rthe ardering af
duplicates 1s irrelevant,

L asequence (ry, ¢, ra, ..., %) of regions (labeled by site) and
boundaries (labeled by a pair of sites). Note that a region can
appear many times on L.

initialize Q with all sites

p< extract_min(Q)

L = the bist contaiming K.

while Q is not empty begin

peextract min(Q}

case

p is a site!
Find an occurrence of a region RY on L containing p.
Crearte bisector B,
Update list L so that it contains .., RS C_ R} C RY ... in
place of R3.
Delete from Q the intersection between the left and right boundary
of RY, i any.

12. [nsert into Q the intersection herween €, and its neighbor to the

left on L, if any, and the intersection between €7, and its neighbor
to the right, if any.

SOWN AN B W

— —
—
-

13. p is an intersection:

14, Let p be the intersection of boundaries C,, and C,,.

15. Create the bisector B3,

16. Update list L so it contains C,, = €, or O, as appropriate, instead
of C,, R}, C,.

17. Delete from € any intersection between €, and its neighbor to the
left and between C,, and its neighbor to the nght.

18, Insert any intersections between €, and its neighbors 1o the lelt or
right into Q.

19. Mark p as a vertex and as an endpoint of B5,, BE, and B}

20. end

Fig. 2.4 Algocithm |- computation of V*(5)
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events

e O(n) Voronoi vertices
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events

e O(n) Voronoi vertices

= O(n) processed circle events
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events

e O(n) Voronoi vertices

= O(n) processed circle events

= O(n) total circle events
(processed circle event generates
O(1) new circle events)
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events

e O(n) Voronoi vertices

= O(n) processed circle events

= O(n) total circle events
(processed circle event generates
O(1) new circle events)

Theorem 4.23
Fortune’s algorithm computes the Voronoi diagram of n points in time O(nlogn).
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Analysis

® z-structure B, event queue Q: cost of O(logn) per operation

e O(n) point events

e O(n) Voronoi vertices

= O(n) processed circle events

= O(n) total circle events
(processed circle event generates
O(1) new circle events)

Theorem 4.23
Fortune’s algorithm computes the Voronoi diagram of n points in time O (nlogn).

THEOREM 2.8. Algorithm 1 can be implemented to run in time O(nlog n) and
space O(n).
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Steve’s Questions

Steven Fortune 4. Dezember 2020 um 14:48
Aw: Computational Geometry - video message?

An: Sandor Fekete,
Umgeleitet von: fekete@tu-braunschweig.de

The ways | know:

1. original paper, transforming the plane

2. beach line (maintaining the “known” part of the VD)

3. sweep line maintains the top of circles

4. in 3d, sweep a plane at 45 degrees to Xy, watch it intersect 45 degree cones centered at siteas
L M

NIly,
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Steve’s Questions

Control

Sweep Plane

Zoom Out| Zoom In -

BEACHLINE
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Steve’s Questions

Control r\| e ~ " I :‘ [E
. (=
Back Next NAY A B AEY
Cones ’

Horizontal| Vertical

Move Cones (¢)  *

New Input
# of Sites 23
Wuder

Zoom In

Zoom Out
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Steve’s Questions

Control
Back Next

Sweep Plane s

ST - Forward
Resel Finish
Horizontal Vertical

Move Cones (c) *

.

New Input
# of Sites 23
D Beachline Info
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Zoom OQut. Zoom In
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Steve’s Questions

Control

Back Next

Sweep Plane -

Backward Forward
Resel Finish
Honzontal Vertical

Move Cones (¢c) *

New Input
# of Sites 25
U] Beachline Info
wssowes | Wider

Zoom Qut Zoom In

BEACHLINE: 6-2-24-20-6
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Steve’s Questions

Control
Back Next

Sweep Plane g

Halt (h)

l P e

Horizontal Vertical

Move Cones (¢c) *

New Input
# of Sites 2)
8] Beachline Info
| Nasvwee | Wider
Zoom Qut. Zoom In

BEACHLINE: 6-2-13-5-9-7-8-7-21-12-6
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Steve’s Questions

Control
Back Next
Sweep Plane ‘

Backward Forward

- -

Resel Finish

Horizontal Vertical

Move Cones (¢c) *

New Input
# of Sites 25
8] Beachline Info
E . Wider
Zoom Qul | Zoom In

BEACHLINE: 9-16-15-22-1-15-18-5-9-13-8-13-20-0-12-3-9
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1. Introduction and Motivation
Definitions

Representing planar partitions
Properties

Fortune’s algorithm

Variations

The Voronoi Game

® N O o k& W D

Summary and conclusions
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Higher-Order Voronoi Diagrams
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:

® \/oronoi region := point set with same set of k£ nearest neighbors

L IR A RV
T At j»-'\.O:f

k=2 k=3

e Worst-Case-optimal: O(n?) for arbitrary (but fixed)k > 2
[Edelsbrunner and Seidel, 1986].
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Medial Axis
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Medial Axis

Medial axis of a simple polygon
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

NILzy

Universitat
o o
Braunschweig

o™ e .
,g”j;& ‘3% Technische
g

Nsc$

42



Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Medial Axis

Medial axis of a simple polygon
e Analogously: polygon instead of P

® \/oronoi edges and vertices: two or three nearest neighbors on polygon boundary

® Computation for simple polygons in linear(!) time [Chin et al., 1995].
® Application: Surface reconstruction
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Straight Skeleton
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Straight Skeleton

Straight skeleton of a simple polygon:
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Straight Skeleton

Straight skeleton of a simple polygon:

® \/oronoi edges and vertices: Intersection points of parallel wave fronts
[Aichholzer et al., 1995].
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Straight Skeleton Parallel wave front

® Computation in O(mn + nlogn) with m =: # reflex vertices [Felkel and Obdrzalek, 1998].
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Furthest-Point Voronoi Diagram
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.

Furthtest-point Voronoi diagram
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.

Furthtest-point Voronoi diagram
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
e \oronoi region: Set of points with same furthest site p € P.

° ® °
®
o
o
®
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Furthtest-point Voronoi diagram Voronoi diagram
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1. Introduction and Motivation
Definitions

Representing planar partitions
Properties

Fortune’s algorithm

Variations

The Voronoi game
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Summary and conclusions
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The Voronoi Game

Blue's Turn
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The Voronoi Game
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The Voronoi Game

Avalakle online &1 www.sciencedirect.ocm
lellue.@..- geT Co“npu:adonal
Goometry

Twvry axt Avicasom

pi

E.SE\’I R Competst amal Ceovetry W) (X05, R1-06

waw rsevier come e Ccamgen

The one-round Voronoi game replayed *

Sdndor P. Fekete **, Henx Meijer"'

* AMeilmg Yir Maoroouscks Optumiersay, Bravrschwwig Uk recsity of Tecunslogy, D-AZ 106 Branascvalg, Grooxy
b Schoo! of Comparing. (reven’s Unfuersivy, Kingston, Oaveris K7L ANS. Canaida

Received 6 June 2003; seceived in revised fone 20 April 2004 sceepied 26 May 2004
Svalcble oalwe / Uctober 2003

Commumzaied by B, Kkein

Abstruct
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£0al 15 to wim more thoe holf of the tote] area, This problem hos been studied by Chcong et al, whx snowed thot for
laree coouzh nanc o = 1, Barncy a8 a strotegy Lot guarantees o frctar of 1/2 + o, tar some smell hixed o

Wz resolve & number of oper problems raised by that paper, In particuar, we give 0 pracise eharactarzacion of
the cukcome of tae game Lor oatimral play: ‘wc skow that Hamey has a wimmpg stralegy locm = 3 and p =~ Vain,
end for & = Z end o > 372, Wilme wins i all 7emaining ceses. 1.2, for e > 3 aad 0 € V2/n, for w2 anc
2 €32, a0¢ tar e = 1. We alss discuss comalexaly &spects of the game 03 more gencral boands, by provinz that
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The Voronoi Game

Compctitive Location Problems:
Balanced Facility Location and the
One-Round Manhattan Voronoi Camc *
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Abstract. We study competitive location prookans in a continuous
scit ag, in whick faciltics have to be placed in a rectanguler domain 2
of normalized diurensions of 1 and 2 > 1, and distanoes are measured
acccrding to the Manhaitar metric. 'We show that the family of balonced
conliguratiors (in wkich the Vorono: cells of incividual facilities are
cqualzed with reapeet 1o geomatrie propertiz) ia rcher in thin metric
than ‘o Bucicear distanoes. Our main resall considers the One-Hoard
Varenoi Cams with Manhattan distances, in which first player White and

then olaver Black each place n pomnis in i each plaver scares the area
for which cae of ita lazilitica o clocer thar the facilitics of the cpponcnt.

We give a tight characterization: White 128 a winring sirategy il and
only if p > n. for all ocher cases, we preseet a winning stiategy for Dlack.

Keyweords: Padlity locstion - campetitive location - Maahaitar dis-
tanoes « Yoranoi garne « gecaretric optimizacion.

1 Introduction

Prcblems of optinzl location are arguadly among the most importan: in a
w.de range of arces, such as coonomics, enginecring, and bio.okgy, aa well s in
mathemat ¢z and computer sHience. In recent pears, thay have gained myportance
througa claster ng problems in artificial inwelligence. In all sceazrios, the task is 1
shoose a st of poaitions fram & given domain, suck that some optimality criveria
for the resnlting distances 10 a set of demand poies are satisfied; iv a zeomatrie
setting, Eudidean or Manhattan clstances are natural chodces, Another challerge
s thot faclity Jocotion problams often happea n o compefafie sectng, in which
two or moce players conterd for the bes: locstions, 'This change 1o competitive,
usmilti-player verzsicas can bave a saious Lopad oo the algositunic diTicully of
optinsization problams: e.g., the classic Trawlling Salesrasn Problem s NF-hard,
while the campetitive two-nlayver variant 18 evea PSPACE-complete [110).

* A full versicn can be found at ar Xiv: 201115275 [5].
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Voronoi diagrams:
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Summary

Voronoi diagrams:
® Definition for point sets
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Summary

Voronoi diagrams:
® Definition for point sets
® | ower bound for runtime: Q2(nlogn)
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D

® Plane sweep [Fortune, 1987]
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D

® Plane sweep [Fortune, 1987]

Further reading:
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D

® Plane sweep [Fortune, 1987]

Further reading:
® [Aurenhammer, 1991] (Survey article)
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D

® Plane sweep [Fortune, 1987]

Further reading:
® [Aurenhammer, 1991] (Survey article)
® [Fortune, 2004] (Survey article)
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Summary

Voronoi diagrams:

® Definition for point sets

® | ower bound for runtime: 2(nlogn)
® Related to several previous problems

Algorithm for 2D

® Plane sweep [Fortune, 1987]

Further reading:

® [Aurenhammer, 1991] (Survey article)
® [Fortune, 2004] (Survey article)

® [Akabe et al., 2000] (Survey book).
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