
Computational Geometry 
Chapter 4: Voronoi Diagrams

Prof. Dr. Sándor Fekete

Algorithms Division

Department of Computer Science


TU Braunschweig

1



1. Introduction and Motivation 

2. Definitions 

3. Representing planar partitions 

4. Properties 

5. Fortune’s algorithm 

6. Variations 

7. The Voronoi game 

8. Summary and conclusions

2



1. Introduction and Motivation 

2. Definitions 

3. Representing planar partitions 

4. Properties 

5. Fortune’s algorithm 

6. Variations 

7. The Voronoi game 

8. Summary and conclusions

3



Lemma 4.13
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

lies on boundary of                            unbounded.conv(P) ,
<latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

Corollary 4.14:
Computing the Voronoi diagram for n points has a lower

bound of                  . 

Convex  Hull - I
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Superhero!
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Observation:

`
`

The separation between resolved and unresolved 

 part for a point p and line     is a curve consisting of 

 points that have equal distance from p and   .  

Fundamental Idea: Plane Sweep

Approach:
Consider a moving „frontier“ between resolved and unresolved part.

Crucial issue:

            below    can influence               

 above    .

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>
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{x 2 R2 | d(x, p) = d(x, `)}
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The Separating Curve

Consider:

Theorem 4.15:
The curve is a parabola (with focus  p and directrix   ).`
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x
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Proof:
Consider p=(0,s) and X=(x,0). 

Then  C=(x,y) with

d21 = x2 + (y � s)2 = x2 + y2 � 2ys+ s2

d22 = y2

y =
1

2s
x2 +

s

2

So
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<latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit>

The Separating Curve

Consider:

Theorem 4.15:
The curve is a parabola (with focus  p and directrix   ).`

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

`

p

x

7
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Berechnung mittels Plane-Sweep - I

Konvention:
Überstreichen von oben nach unten

Entscheidendes Konzept:
Parabel  mit Brennpunkt    und Leitgraden   :p

<latexit sha1_base64="b46jVceqbjo7sGUZsuqwdwpKVw0="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="96b4L32Q43dFRwUlpXhYamwOZdM="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

{x 2 R2 | d(x, p) = d(x, l)}
<latexit sha1_base64="HsnSto6mO68vgO0TcnHPg9gEuOI="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="aRS7+lhQCJbkS+d0tvJ/5/XuJ7E="></latexit> `

p

x

Invariante:
x

<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> -Struktur: Alle noch relevanten Informationen

Problem:
            unterhalb    kann              

 oberhalb von    beeinflussen

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

V or(P)
<latexit sha1_base64="GAHOBCFr2rz85RX5v7RxPzxUfbA="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="Nn4YBPOI6zk4GMPGaaH0Ie3ETL0="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Gesichert: oberhalb  .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

8



Berechnung mittels Plane-Sweep - I
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Überstreichen von oben nach unten

Entscheidendes Konzept:
Parabel  mit Brennpunkt    und Leitgraden   :p

<latexit sha1_base64="b46jVceqbjo7sGUZsuqwdwpKVw0="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="96b4L32Q43dFRwUlpXhYamwOZdM="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

{x 2 R2 | d(x, p) = d(x, l)}
<latexit sha1_base64="HsnSto6mO68vgO0TcnHPg9gEuOI="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="aRS7+lhQCJbkS+d0tvJ/5/XuJ7E="></latexit> `

p

x

Invariante:
x

<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> -Struktur: Alle noch relevanten Informationen

Problem:
            unterhalb    kann              

 oberhalb von    beeinflussen

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

V or(P)
<latexit sha1_base64="GAHOBCFr2rz85RX5v7RxPzxUfbA="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="Nn4YBPOI6zk4GMPGaaH0Ie3ETL0="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Gesichert: oberhalb  .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>
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Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

11

The  Beach Line



Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>
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`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

11

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

�3
<latexit sha1_base64="Yx+yIGuK7KLaJqQuZmmluKykHwo="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

�4
<latexit sha1_base64="Gt8LCdYF1TeaZv+uD9HPV/KfJeQ="></latexit>

�3
<latexit sha1_base64="Yx+yIGuK7KLaJqQuZmmluKykHwo="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

�4
<latexit sha1_base64="Gt8LCdYF1TeaZv+uD9HPV/KfJeQ="></latexit>

�3
<latexit sha1_base64="Yx+yIGuK7KLaJqQuZmmluKykHwo="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

�4
<latexit sha1_base64="Gt8LCdYF1TeaZv+uD9HPV/KfJeQ="></latexit>

�3
<latexit sha1_base64="Yx+yIGuK7KLaJqQuZmmluKykHwo="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>
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x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>

12
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Approach:
Plane sweep
Compute  Vor(p)   in guaranteed regions      draw Voronoi edges.!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

Continuous Idea vs. Discrete Algorithm

Discretization
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Point events:
Sweep line      reaches`

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Issue
Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.

Point Events

14



Point events:
Sweep line      reaches`

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Issue
Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.

Point Events

14



Point events:
Sweep line      reaches`

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Issue
Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.

Point Events

14



Point events:
Sweep line      reaches`

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Issue
Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.

Point Events

14



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

15

Lemma 4.17
New parabolic arcs can only occur at point events.



Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

�i �j

pjpi

`

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>
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Lemma 4.17
New parabolic arcs can only occur at point events.



Lemma 4.17

Proof (cont.):
Equation for     :�j

<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

(`.y � y)2 = (pj .x� x)2 + (pj .x� y)2
<latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit>

, `.y2 � 2 · `.y · y + y2
<latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit>

= pj .x
2 � 2 · x · pj .x+ x2 + pj .y

2 � 2 · y · pj .y + y2
<latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit>

, y · 2 (pj .y � `.y)
<latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit>

= x2 � 2 · x · pj .x+ pj .x
2 + pj .y

2 � `.y2
<latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit>

, y =
x2 � 2 · x · pj .x+ pj .x2 + pj .y2 � `.y2

2 (pj .y � `.y)
<latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit>

Analogously  for �i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>
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Lemma 4.17

Proof (cont.):
Equation for     :�j

<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

(`.y � y)2 = (pj .x� x)2 + (pj .x� y)2
<latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit>

�i

`

�j

(x, y)

pi

pj

, `.y2 � 2 · `.y · y + y2
<latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit>

= pj .x
2 � 2 · x · pj .x+ x2 + pj .y

2 � 2 · y · pj .y + y2
<latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit>

, y · 2 (pj .y � `.y)
<latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit>

= x2 � 2 · x · pj .x+ pj .x
2 + pj .y

2 � `.y2
<latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit>
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= pj .x
2 � 2 · x · pj .x+ x2 + pj .y

2 � 2 · y · pj .y + y2
<latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit>

, y · 2 (pj .y � `.y)
<latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit>
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)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit> Two intersection points

Lemma 4.17

Proof:
�i

`

�j

(x, y)

pi

pj

Analogously for �i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Equate:

=
x2 � 2 · x · pi.x+ pi.x2 + pi.y2 � `.y2

2 (pi.y � `.y)
<latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit>

) x2 � 2 · x · pj .x+ pj .x2 + pj .y2 � `.y2

2 (pj .y � `.y)
<latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit>

pj .y 6= pi.y
<latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit>

) 9c1, c2 2 R : 1·x2 + c1 · x+ c2 = 0
<latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit>

with c2 6= 0
<latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit>

and pi.y, pj .y > `.y
<latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit>
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)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit> Two intersection points

Lemma 4.17

Proof:
�i

`

�j

(x, y)

pi

pj

Analogously for �i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Equate:

=
x2 � 2 · x · pi.x+ pi.x2 + pi.y2 � `.y2

2 (pi.y � `.y)
<latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit>

) x2 � 2 · x · pj .x+ pj .x2 + pj .y2 � `.y2

2 (pj .y � `.y)
<latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit>

pj .y 6= pi.y
<latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit>

) 9c1, c2 2 R : 1·x2 + c1 · x+ c2 = 0
<latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit>

with c2 6= 0
<latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit>

and pi.y, pj .y > `.y
<latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit>
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<latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit>
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Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>

18

Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>

18
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!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>

18

Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>

18

Complexity of the Beach Line - IV

New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>



Lemma 4.17

Proof:

Option 2: �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pierces intersection point     of           (defined by                 ).pi, pk 2 P
<latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit><latexit sha1_base64="H4MP/jO7kJexSRFPIYQdlfMTGuk="></latexit>

�i,�k
<latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit><latexit sha1_base64="P5yPuyQdGH7eJmudf7icmyyydFs="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

d(q, pi) = d(q, pj) = d(q, pk) = d(q, r)
<latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit><latexit sha1_base64="jxOLkdoyyFpns1JXxM0Qh+oGQQ0="></latexit>

q

pi

r

pj

pk
�i �k

�j

Infinitesimal perturbation of            circle C with center point    

that touches    .

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

! C
<latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit><latexit sha1_base64="hXisGT7KqPz41oMOV4nm+3Q/ryQ="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

pk 2 C�
<latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit><latexit sha1_base64="bJSe14GlnAiBDEDAp/0QBjTxnAw="></latexit>

u := �i \ �j
<latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit><latexit sha1_base64="83/fji2e0M3vnWpVkt3y5P7/rSM="></latexit>

pi

pj

pk

Cu

) d(u, pk) < d(u, pi), d(q, pj)
<latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit><latexit sha1_base64="EH5ZpE3l8GjI9R31Cclz1M8H6U0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�k
<latexit sha1_base64="IWK0ap7Gt1OJcLrt4fER1dhxl7g="></latexit>
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New parabolic arcs on the beach line can only occur by point events.

In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



Lemma 4.18
The beach line has at most              parabolic arcs.2n� 1

<latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit>

Proof:

Each            generates a new parabolic arc.p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Each new arc (with the exception of the first arc) can 

split at most one other arc into two pieces.

Lemma 4.17: There is no other way to generate new arcs.
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Lemma 4.18
The beach line has at most              parabolic arcs.2n� 1

<latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit>
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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Lemma 4.17: There is no other way to generate new arcs.
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<latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit>
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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Proof:

Each            generates a new parabolic arc.p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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Lemma 4.18
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Lemma 4.18
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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Lemma 4.18
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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19

Complexity of the Beach Line - V



Lemma 4.18
The beach line has at most              parabolic arcs.2n� 1

<latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit>
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Each new arc (with the exception of the first arc) can 

split at most one other arc into two pieces.

Lemma 4.17: There is no other way to generate new arcs.
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Lemma 4.18
The beach line has at most              parabolic arcs.2n� 1

<latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit><latexit sha1_base64="hSL40dukYaFGeQ5ZXpwuGqUI8fo="></latexit>

Proof:

Each            generates a new parabolic arc.p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Each new arc (with the exception of the first arc) can 

split at most one other arc into two pieces.

Lemma 4.17: There is no other way to generate new arcs.
⇤

<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>
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�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

20



�i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Observation:

Implications of a Point Event

Point event                     Voronoi edges are discovered.pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> � 1

<latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit><latexit sha1_base64="1/wWw30fGNIqKtXc4+cqhZtd7P8="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

More precisely: Arc     (defined by    ) splits      (defined by    )  into               .pi
<latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit><latexit sha1_base64="6JhRAyLZaN4ufknKSgNzl1jpqO8="></latexit>

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

�i,1,�i,2
<latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit><latexit sha1_base64="zwXQvJ6WFvJHn0A3SqiraLasLzo="></latexit>

Lemma 4.15/Corollary 4.16: Intersection points                         and                         

lie on a Voronoi edge                     .

x1 := �j \ �i,1
<latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit><latexit sha1_base64="bQNvJ3pQjuzDiCeUnjOSYPtwNrI="></latexit>

x2 := �j \ �i,2
<latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit><latexit sha1_base64="D12sn/mDHKN4si1AE7jVygADQqw="></latexit>

e ✓ B(pi, pj)
<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

pj

pi

�i

pj

pi

�i,1

�i,2

�j
pj

pi

�i,1

�i,2

�j

Edge i.g. not connected to already computed part of V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex. (⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex. (⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex. (⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex.

pj

pi
pk

�j

�i
�k

(⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex.

pj

pi
pk

�j

�i
�k

(⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex.

pj

pi
pk

�j

�i
�k

pj

pi
pk

�j

�i
�k

q

(⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex.

pj

pi
pk

�j

�i
�k

pj

pi
pk

�j

�i
�k

q

(⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>

21



Circle events:

Circle Events - I

Arc     shrinks to a point    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

�i/�k
<latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit><latexit sha1_base64="99KDzXdidSQpYZiqfEH65wK/Hdk="></latexit>

left/right neighbor of     .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

d(q, `) = d(q, pi) = d(q, pj) = d(q, pk)
<latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit><latexit sha1_base64="ynnS4Njvk3nPdGWIj4EgQMnUvQE="></latexit>

) q
<latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit><latexit sha1_base64="OHCUwb2NaTtwnEzQdkvo70VlOow="></latexit>

Voronoi vertex.

pj

pi
pk

�j

�i
�k

pj

pi
pk

�j

�i
�k

q

pj

pi
pk

�j

�i
�k

q

(⇤)
<latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit><latexit sha1_base64="AW+AYgBHI6dJxTQ4yWrsDHzjSY0="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

pj

pi
pk

�j

�i
�k

q

C

Situation (A)
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

pj
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�j
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q
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>
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⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



Lemma 4.19
In situation (A), C does not contain  a            .r 2 P

<latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit><latexit sha1_base64="sjDd5Zbsr/ZHCyQ57RZdWUZpUSE="></latexit>

Proof:
r 2 C�

<latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit><latexit sha1_base64="c4uooJe3YiUYPBvdFbIBhZd5Lww="></latexit>

Assumption:            .
) d(q, r) < d(q, `)

<latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit><latexit sha1_base64="ZoWxlipltiJRJcOP8JWPxBRpf0A="></latexit>

Lemma 4.15: Nearest neighbor     of    

on    or one of              .          `

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

We have:    

s
<latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit><latexit sha1_base64="X+NrYJOxEwgpb2QjnJYapZeQ4Oo="></latexit>

d(q, s) = d(q, `) > d(q, r)
<latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit><latexit sha1_base64="mmrIXUpjHtINoBTKKTuiXG1YjLo="></latexit>

Observation:

Arc disappears         reaches lowest point of circle C., `
<latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit><latexit sha1_base64="wEVQVR5sMsMa+b3kXNSd68SI16Y="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit><latexit sha1_base64="0xbKMsUlvTqOKxEBUJ5TbHLfXLk="></latexit>

C� \ P = ;
<latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit><latexit sha1_base64="hbSkSGiSSeU6+AVsg1JurA3/qso="></latexit>

Algorithmic recognition of Voronoi vertices)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

pj

pi
pk

�j

�i
�k

q

C

Situation (A)
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Circle Events - II

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



P \ C� = ;
<latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit>

Theorem 4.20:
            Voronoi vertex

     

Largest circle     with

                   and

center  x   has

x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>
C

<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

three points on its boundary

     and

pi, pj 2 P
<latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit>

                define

Voronoi edge                     .e ✓ B(pi, pj)

<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

9
<latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit> Circle  C with
- only          on boundary and

- no point in its interior. 

pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

1.

2.

Properties of the Voronoi Diagram

Proof:
Straightforward, because nearest neighbor to center lies on circle.
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P \ C� = ;
<latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit>

Theorem 4.20:
            Voronoi vertex

     

Largest circle     with

                   and

center  x   has

x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>
C

<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

three points on its boundary

     and

pi, pj 2 P
<latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit>

                define

Voronoi edge                     .e ✓ B(pi, pj)

<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

9
<latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit> Circle  C with
- only          on boundary and

- no point in its interior. 

pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

1.

2.

Properties of the Voronoi Diagram

Proof:
Straightforward, because nearest neighbor to center lies on circle.
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P \ C� = ;
<latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit>

Theorem 4.20:
            Voronoi vertex

     

Largest circle     with

                   and

center  x   has

x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>
C

<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

three points on its boundary

     and

pi, pj 2 P
<latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit>

                define

Voronoi edge                     .e ✓ B(pi, pj)

<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

9
<latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit> Circle  C with
- only          on boundary and

- no point in its interior. 

pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

1.

2.

Properties of the Voronoi Diagram

Proof:
Straightforward, because nearest neighbor to center lies on circle.
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P \ C� = ;
<latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit>

Theorem 4.20:
            Voronoi vertex

     

Largest circle     with

                   and

center  x   has

x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>
C

<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

three points on its boundary

     and

pi, pj 2 P
<latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit>

                define

Voronoi edge                     .e ✓ B(pi, pj)

<latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit><latexit sha1_base64="jHr1BEkhNOuXVEqqwLauamfWB3Y="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

9
<latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit><latexit sha1_base64="OQvGsEuPYkPJtxU+mK03Def7shA="></latexit> Circle  C with
- only          on boundary and

- no point in its interior. 

pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

1.

2.

Properties of the Voronoi Diagram

Proof:
Straightforward, because nearest neighbor to center lies on circle.
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P \ C� = ;
<latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit><latexit sha1_base64="ooa9OjxBTG5jk49kzxsCvLvlCwA="></latexit>

Theorem 4.20:
            Voronoi vertex

     

Largest circle     with

                   and

center  x   has

x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

, <latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>
C

<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

three points on its boundary

     and

pi, pj 2 P
<latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit><latexit sha1_base64="8yO7gyO3O53IhU2veZmDsY7y0Us="></latexit>

                define

Voronoi edge                     .e ✓ B(pi, pj)
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Order: left to right

Fortune’s Algorithm - I

Approach [Fortune, 1987]:
Plane sweep: Beach line in    -structure.x
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<latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit> -structure: balanced binary search tree    .
Leaves = parabolic arcs.

Inner nodes: intersection points between

adjacent arcs
Representation of arcs: implicitly by

defining points

pi

pj
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pm

pi pj pk pl pm

(pi, pj) (pl, pm)

(pk, pl)

(pj, pk)

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>
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Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>
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which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B
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Storing Events:
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Leaf           points to circle event            

for which arc      of     may disappear. 
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�
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Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
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!
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b 2 B
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Priority queue: decending  wrt. y
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Leaf           points to circle event            

for which arc      of     may disappear. 
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�
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
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�
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Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
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b 2 B
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Leaf           points to circle event            

for which arc      of     may disappear. 
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b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>
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<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
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�
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b
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
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<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Point events known (and sorted) in advance

Circle events          Priority by   -coordinate of lowest point of    .C !
<latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit><latexit sha1_base64="psHWG7UprvX9GXDAbnmb1xIYd/A="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Pointer to arc (representing leaf           ) 


which may disappear.
b 2 B

<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Storing Events:

Circle events: recognized during runtime

Priority queue: decending  wrt. y
<latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit><latexit sha1_base64="nFuy6mIQh3KPutwJoEHWfdMSQI8="></latexit>

Point events           Priority by         .pi !
<latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit><latexit sha1_base64="zGw2a4Nh1dCSOT20ktcI6ameLaQ="></latexit>

pi.y
<latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit><latexit sha1_base64="S51uJyYJ/LaWpxEfFnDSn50eHjI="></latexit>

b 2 B
<latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit><latexit sha1_base64="+sT7YDIVBFjyju8z/wQMn19L5z4="></latexit>

Leaf           points to circle event            

for which arc      of     may disappear. 

C 2 Q
<latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit><latexit sha1_base64="MXSDGjjnOLl6AZ3VAwCA6gg2skQ="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

b
<latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit><latexit sha1_base64="1oHXK72O4iobmr3JoZy2LnRrdwM="></latexit>
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Fortune’s Algorithm - II

Each event (inserting or deleting an arc 

into/from the beach line) creates at most 

three new consecutive triples of arcs,

so update in constant time!



Discovering                   Circle event

                becomes obsolete

Validity of Circle Events

Observation 1:
p 2 C� )

<latexit sha1_base64="GT4RRMoRXjXbwV9sINYTWTIsF30="></latexit><latexit sha1_base64="GT4RRMoRXjXbwV9sINYTWTIsF30="></latexit><latexit sha1_base64="GT4RRMoRXjXbwV9sINYTWTIsF30="></latexit><latexit sha1_base64="GT4RRMoRXjXbwV9sINYTWTIsF30="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Parabolic arc must know associated


circle event.

Observation 2:
Triple of adjacent arcs do not always

define a circle event. 
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Introducing an arc

Search for       at insert position.B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Intersection points stored implicitly
Splitting an arc

(Special case:    below arc intersection)

Defined by point pn
<latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit>

pn
<latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit>

�
<latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit><latexit sha1_base64="y8zNBRK0ZNQxC1tzUfMu3BZJfaU="></latexit>

Splitting:                       

(rebalancing if necessary)

� ! �1,�n,�2
<latexit sha1_base64="vAE++gtYTNt5LL3mqzkI+MaH3B4="></latexit><latexit sha1_base64="vAE++gtYTNt5LL3mqzkI+MaH3B4="></latexit><latexit sha1_base64="vAE++gtYTNt5LL3mqzkI+MaH3B4="></latexit><latexit sha1_base64="vAE++gtYTNt5LL3mqzkI+MaH3B4="></latexit>
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Splitting an arc

(Special case:    below arc intersection)

Defined by point pn
<latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit>
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Generating circle events:
Before insertion of     (defined by    ):�n

<latexit sha1_base64="yuBD3XGf71bmXP2TABzKCZLND+U="></latexit><latexit sha1_base64="yuBD3XGf71bmXP2TABzKCZLND+U="></latexit><latexit sha1_base64="yuBD3XGf71bmXP2TABzKCZLND+U="></latexit><latexit sha1_base64="yuBD3XGf71bmXP2TABzKCZLND+U="></latexit>

pn
<latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit><latexit sha1_base64="/o5/QT5OuceGZb+9OtZGmcs0WuI="></latexit>

. . .�i�j�k�l . . .
<latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit>

After insertion:
. . .�i�j,1�n�j,2�k�l . . .

<latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit>

Possibly deletion of circle events

(e.g., defined by                   ).(�i,�j ,�k)

<latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit>

Test all newly adjacent triples.

Insert new events into Q.
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<latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit>

Possibly deletion of circle events

(e.g., defined by                   ).(�i,�j ,�k)

<latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit>
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Insert new events into Q.
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. . .�i�j�k�l . . .
<latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit><latexit sha1_base64="yyA9ExYjIO4WR1qNuuuKqEJUp6Q="></latexit>

After insertion:
. . .�i�j,1�n�j,2�k�l . . .

<latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit><latexit sha1_base64="QQjTFK0IrAw3jalLBxJnxg3J2GU="></latexit>
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<latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit><latexit sha1_base64="fYhdCnIZgGzInt1+ANUTCifpJ8E="></latexit>

Test all newly adjacent triples.

Insert new events into Q.
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Updates

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

Delete       from    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary

Delete circle events defined by �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events
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Updates

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

Delete       from    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary
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<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events
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<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary

Delete circle events defined by �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events

30
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Updates

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

Delete       from    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary

Delete circle events defined by �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events

30
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Updates

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

Delete       from    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary

Delete circle events defined by �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events
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Updates

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

Delete       from    .�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

B
<latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit><latexit sha1_base64="LSVTHzUTkc0tTqOAbGMrDbshntU="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Rebalance if necessary

Delete circle events defined by �j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

New adjacent triples
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Possibly insert new circle events
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.

31



Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Correctness - I

Lemma 4.21
Voronoi vertices

Proof:
Theorem 4.20 ) 9pi, pj , pk 2 P :

<latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit><latexit sha1_base64="tBDRohrewWG8HRfyT3xuiG7xsYA="></latexit>

pi, pj , pk 2 @C
<latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit><latexit sha1_base64="T86solSgE/870Rco0BMH9OGsZ7U="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

for circle C  with center q

and radius                                             .d(pi, q) = d(pj , q) = d(pk, q)

<latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit><latexit sha1_base64="0S6BvDhq1z/9RIn67eotQcpxnd8="></latexit>

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

when   reaches lowest point of C`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

C \ P = {pi, pj , pk}
<latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit><latexit sha1_base64="kKttKveUYIAuJAbxuR+mlJdWhMo="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�i,�j ,�k
<latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit><latexit sha1_base64="1hutvH7idRGdvoo3w86qbaXJOZA="></latexit>

form adjacent triple

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit> Circle event is processed.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

q 2 V or(P)
<latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit><latexit sha1_base64="58/BZyhZ1hzG+6A4SoShIXZcqWs="></latexit>

correspond to circle events.
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Constructing the Voronoi Diagram - I

Goal
Voronoi diagram: DCEL.

Necessary: bounding box

Possible: Voronoi vertices outside              .conv(P)
<latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit>

Preprocessing:               + 

topologically enclosing box

     outer face. 

conv(P)
<latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

Constructing             : second run
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Constructing the Voronoi Diagram - I
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
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�j

q
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! e
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Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Constructing the DCEL:
Initially: Construct all regions

Point event: Generate

(first without end points)  

e ⇢ B(pi, pj)
<latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit><latexit sha1_base64="5vdk50dBnDUKwyWCp+wWtWGmyKQ="></latexit>

pj

pi

�i,1

�i,2

�j

q

pj

pkpi

�i �k�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

separates regions for          .pi, pj
<latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit><latexit sha1_base64="kF67qy3CYvQYg7Ww+gggms/6Uj4="></latexit>

! e
<latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit><latexit sha1_base64="cBF0ecdG1UepSyxaUT6VqAG/dGc="></latexit>

Circle event: Merge 

                                               at   .

     new edge                        incident to      .
e1 ⇢ B(pi, pj), e2 ⇢ B(pj , pk)

<latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit><latexit sha1_base64="kwNkIFuqzkTj408nfpBhdjUdUmQ="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

e3 ⇢ B(pi, pk)
<latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit><latexit sha1_base64="53/W/+eK1c711sbU70bf3MlW4bU="></latexit>
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 

34
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 

34
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 

34
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 

34
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Unbounded edges:
After last event in Q: |B| � 2

<latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit><latexit sha1_base64="8byHp5HpG1ncJVLktdR19zOK2hA="></latexit>

!
<latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit><latexit sha1_base64="1y+f6ZdAyb8+XSp+QjtuSjCpML8="></latexit> Two                   form


unbounded     
p1, p2 2 Q

<latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit><latexit sha1_base64="JXranydRgFMmmS0mwZCjjoTYeVs="></latexit>

e ⇢ B(p1, p2)
<latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit><latexit sha1_base64="9oY3qDt7sl/42tgTwKEc3rholhQ="></latexit>

Connect such edges with the

bounding box. 

34
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! pj
<latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit>

Degeneracy

Degenerate situation:

Point event      below    .

        lowest point 

        of                             .

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

C := �(pi, pj , pk)
<latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit>

Simultaneously: Generate and reach

                    circle events C.

Generate Voronoi vertex q.

pj

pi
pk

q

�i
�j �k

35



! pj
<latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit><latexit sha1_base64="EgzftsJGkJ6TgKN1XwEnw1eXkyM="></latexit>

Degeneracy

Degenerate situation:

Point event      below    .

        lowest point 

        of                             .

pj
<latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit><latexit sha1_base64="np32XI3Yw1ixaj6WKQYB60gg918="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

C
<latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit><latexit sha1_base64="ZM006wLIi689TtceKyGNshj8EBY="></latexit>

C := �(pi, pj , pk)
<latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit><latexit sha1_base64="uuoRPeqPY2ExbPNu53RMbjrBcQQ="></latexit>

Simultaneously: Generate and reach

                    circle events C.

Generate Voronoi vertex q.

pj

pi
pk

q

�i
�j �k

35



! pj
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Analysis

-structure B, event queue Q:  cost of                per operationx
<latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit> O(log n)

<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

O(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

point events

O(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

Voronoi vertices

) O(n)
<latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit>

processed circle events

) O(n)
<latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit><latexit sha1_base64="rUbi1x2ePT6Fj1wF84K9PnD9M6g="></latexit>

         total circle events

(processed circle event generates

         new circle events)O(1)

<latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit>

Theorem 4.23
Fortune’s algorithm computes the Voronoi diagram of  n  points in time                 .⇥(n log n)

<latexit sha1_base64="9F2/WCeJ5LBddOXx24ct9LNN2EI="></latexit><latexit sha1_base64="9F2/WCeJ5LBddOXx24ct9LNN2EI="></latexit><latexit sha1_base64="9F2/WCeJ5LBddOXx24ct9LNN2EI="></latexit><latexit sha1_base64="9F2/WCeJ5LBddOXx24ct9LNN2EI="></latexit>
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:
Voronoi region := point set with same set of k nearest neighbors

Worst-Case-optimal:           for arbitrary (but fixed) 

                                             [Edelsbrunner and Seidel, 1986]. 
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k � 2
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Higher-Order Voronoi Diagrams

Higher-order Voronoi diagrams:
Voronoi region := point set with same set of k nearest neighbors

k = 2
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Worst-Case-optimal:           for arbitrary (but fixed) 

                                             [Edelsbrunner and Seidel, 1986]. 

O(n3)
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Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Medial Axis

Medial axis of a simple polygon

Voronoi edges and vertices: two or three nearest neighbors on polygon boundary
Analogously: polygon instead of   P<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Computation for simple polygons in linear(!) time [Chin et al., 1995].
Application: Surface reconstruction

42



Straight Skeleton

Straight skeleton of a simple polygon:
Voronoi edges and vertices: Intersection points of parallel wave fronts

[Aichholzer et al., 1995].

Computation in                            with          # reflex vertices [Felkel and Obdrzalek, 1998].  O(mn+ n log n)
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Parallel wave frontStraight Skeleton
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Furthest-Point Voronoi Diagram

Furthest-point Voronoi diagram:
Voronoi region: Set of points with same furthest site            .p 2 P
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Summary

Voronoi diagrams:
Definition for point sets
Lower bound for runtime: ⌦(n log n)

<latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit><latexit sha1_base64="SutS9imgHbSZ0oZ8DtaWbj/UShk="></latexit>

Related to several previous problems

Algorithm for 2D

Plane sweep [Fortune, 1987]

Further reading:
[Aurenhammer, 1991] (Survey article)
[Fortune, 2004] (Survey article)
[Akabe et al., 2000] (Survey book).
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Thank you for today!


