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In the following: Distances and visualization in Euclidean metric, other metrics possible.

Given:      Finite set of points       in R2
<latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit>

P
<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Wanted:  For any            find its Voronoi regionp 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Definition 4.1
Voronoi region V (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

of p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

:
V (p) := {x 2 R2 | 8q 2 P : d(x, p)  d(x, q)}

<latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit>
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Problem 4.2

Voronoi Regions



Definition 4.3
For p 6= q 2 P

<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the halfspace of p is 

is B(p, q) = B(q, p) = H(p, q) \H(q, p)
<latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit>

Corollary 4.4
Voronoi region           of a pointV (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

:

V (p) =
\

q2P\{p}

H(p, q)

<latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

10

- i.e., the set of all points with equal distance from p and q.

For p 6= q 2 P
<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the bisector            B(p, q)
<latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit>

with p 2 H(p, q), q 2 H(q, p)
<latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit>

H(p, q) = {x 2 R2 | d(x, p)  d(x, q)}

Halfspaces and Bisectors



Definition 4.3
For p 6= q 2 P

<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the halfspace of p is 

is B(p, q) = B(q, p) = H(p, q) \H(q, p)
<latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit>

Corollary 4.4
Voronoi region           of a pointV (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

:

V (p) =
\

q2P\{p}

H(p, q)

<latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

10

- i.e., the set of all points with equal distance from p and q.

For p 6= q 2 P
<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the bisector            B(p, q)
<latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit>

with p 2 H(p, q), q 2 H(q, p)
<latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit>

H(p, q) = {x 2 R2 | d(x, p)  d(x, q)}

Halfspaces and Bisectors



1. Convex set of points that are closest to precisely one site.


2. Sets of points (segments, rays or lines) that are closest to precisely two sites.


3. A finite number of points that are closest to at least three sites.

Lemma 4.5
partition the plane into:V (p0), . . . , V (pn�1)

<latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit>
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Components of Voronoi Diagrams I



And: Voronoi regions are separated by bisectors.

Proof:

Each              has at least one closest sitex 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

is completely partitioned.) R2
<latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit>

) d(x, q1) = d(x, q2) = d(x, q3) = min
q2P

d(x, q)
<latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> center of circumcircle       with q1, q2, q3 2 �

<latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit>

�
<latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> is uniquely defined for each triple, of which there is a finite number. 

Let             be closest to precisely two sites (                 )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> belongs to bisector B(q1, q2)

<latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit>

Let             be closest to precisely one site (              )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

Let x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

closest to at least three sites  (                      )q1, q2, q3 2 P
<latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit>

q1, q2 2 P
<latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit>

q1 2 P
<latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit>

) x 2 V (q1)
<latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit>

(in the interior)

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>
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Components of Voronoi Diagrams II



And: Voronoi regions are separated by bisectors.

Proof:

Each              has at least one closest sitex 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

is completely partitioned.) R2
<latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit>

) d(x, q1) = d(x, q2) = d(x, q3) = min
q2P

d(x, q)
<latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> center of circumcircle       with q1, q2, q3 2 �

<latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit>

�
<latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> is uniquely defined for each triple, of which there is a finite number. 

Let             be closest to precisely two sites (                 )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> belongs to bisector B(q1, q2)

<latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit>

Let             be closest to precisely one site (              )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

Let x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

closest to at least three sites  (                      )q1, q2, q3 2 P
<latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit>

q1, q2 2 P
<latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit>

q1 2 P
<latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit>

) x 2 V (q1)
<latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit>

(in the interior)

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>
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Components of Voronoi Diagrams II



Definition 4.6
The Voronoi diagram              is a partition of       into Voronoi regions with:V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

R2
<latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit>

Voronoi vertices:                        Points closest to at least three sites
Voronoi edges (or bisectors):    Points closest to precisely two sites
Voronoi regions:                         Points closest to precisely one site

Voronoi vertex

Voronoi edge

Voronoi region

Site - 

not part of the

Voronoi diagram
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Voronoi Diagrams



Number    of faces:    Number      of Voronoi regions

Vertex degrees � 3
<latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit>

Theorem 4.7
V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

             has precisely    Voronoi regions, at most            Voronoi vertices and 

at most             Voronoi edges.

n
<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit> 2n� 5

<latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit>

3n� 6
<latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit>

Proof:
Each            induces a region.p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Embedding as a planar graph      

     Consider extra vertex v1

<latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

v1

Euler’s formula: v � e+ f = 2
<latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit>

Edge increases sum of degrees by 2
<latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit>

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

n
<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit>

Number    of edges:   Number      of Voronoi edgese
<latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit>

ne
<latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit>

Number    of vertices: Number     of Voronoi vertices + 1v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit> nv

<latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit>

2ne � 3(nv + 1)
<latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit>

(nv + 1)� ne + n = 2
<latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit>

2ne � 3(2 + ne � n) ) 3n� 6 � ne
<latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit>

2(nv + 1 + n� 2) � 3(nv + 1) ) 2n� 5 � nv
<latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

& , nv = ne � n+ 1
<latexit sha1_base64="QkbaJu+LyMv1VCDINJceIEBDDKY="></latexit>

)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit>

1.:

2.:

(?)
<latexit sha1_base64="VWJdmcGZSxU3NCtvN9wT2rnMC8s="></latexit>(†)

<latexit sha1_base64="yZFX9NRIrN4gbcS6yaY77hFyYU4="></latexit>

)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit>

(?)
<latexit sha1_base64="VWJdmcGZSxU3NCtvN9wT2rnMC8s="></latexit>

(†)
<latexit sha1_base64="yZFX9NRIrN4gbcS6yaY77hFyYU4="></latexit>
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Observation:
V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

can be considered an embedded planar graph.

Representing embedded graph:

Algorithm for constructing V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Efficient representation of              requiredV or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

Objects:

- Vertices with coordinates

- Edges (Pointers to end points)

- Faces (CCW sequence of boundary edges)
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Voronoi Diagrams as Embedded Graphs



Doubly-Connected Edge List [Muller und Preparata, 1978]
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Half-edges have unique predecessor and successor

Doubly-Connected Edge List [Muller und Preparata, 1978]

Separate storage of vertices, edges and faces

Subdividing edges into half-edges: ei = (v, w) ! �!e i,1 = (v, w),�!e i,2 = (w, v)
<latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit>

e = (v, w)
<latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit>

separates two regions f1, f2
<latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�!e i,1 = (v, w)
<latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit>

is on boundary of f1
<latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit>

,
<latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

w
<latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit> follows    on boundary of    (CCW)v

<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

f1
<latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit>

[ ]
Half-edge lies on boundary of unique face

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

v

w

�!e i,1

�!e i,2

f1
<latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit>

f2
<latexit sha1_base64="J2bEAwZxYwdKwDRmH//Z/W79EoQ="></latexit>
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v

w

pred(�!e )

next(�!e )
twin(�!e )

�!e

incidentFace(�!e )



Representation:

Half-edge     stores:�!e
<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

- Pointer                             to the face     

- bounded by edge     

- Pointer                to successor edge

- Pointer                to predecessor edge

- Pointer                  to start vertex

- Pointer                to partner half-edge

incidentFace(�!e )
<latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit>

�!e
<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

next(�!e )
<latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit>

pred(�!e )
<latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit>

origin(�!e )
<latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit>

twin(�!e )
<latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit>

In essence: Storing boundary edges of a face    : Doubly linked listf
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

Storing vertices. Each vertex     stores:v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

- Coordinates

- Pointer to incident half-edge      with�!e

<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

origin(�!e ) = v
<latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit>

v

w

pred(�!e )

next(�!e )
twin(�!e )

�!e

incidentFace(�!e )

Doubly-Connected Edge List - II
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Storing faces:

Exterior and interior boundaries (holes)

Doubly-Connected Edge List - III

Face     stores pointer                                  to some edge on outer boundaryf
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

outerComponent(f)
<latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit>

Exterior face: outerComponent(f) = null
<latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit>

Face     stores list

For each interior boundary one entry: pointer to some edge of component

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

innerComponents(f)
<latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit>
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f0

�!e i,1

f1

�!e j,1

f2
�!e n,1

�!e k,1 f3

�!e m,1

�!e h,1



Example 

f0

�!e i,1

f1

�!e j,1

f2
�!e n,1

�!e k,1 f3

�!e m,1

�!e h,1

Storing faces:
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Summary

Doubly-Connected Edge List (DCEL):

Storing vertices, edges, faces in table

Pointers to connect data; in particular: implicit storage of boundaries as 
doubly linked lists
Constant memory per vertex and edge

Total memory for faces: linear

Total memory: linear

Operations on DCEL          Exercise!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>
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Because    is a vertex, there must be more than two

sites.

By assumption, the circle cannot contain more than three

sites.

A Voronoi vertex    lies at the intersection of bisectors, so it is at identical 

distance to  involved sites.

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

Proof:

Assumption: General position (no four points on same circle)

Regularity

Lemma 4.8
Voronoi vertices     have degree 3.v

<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>
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Therefore, it must be at the center of a circumcircle

of all involved sites.



Assumption:           contains             in its interior. 

Definition 4.9
Let                    be three points that induce a Voronoi vertex    . Let  

be the circle with center    and                               . 

pi1 , pi2 , pi3
<latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit>

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

pi1 , pi2 , pi3 2 C(v)
<latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit>

C(v)
<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

Lemma 4.10
C(v)

<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

does not contain another site in              in its interior.

Proof:

C(v)
<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Then p is closer to v than the three sites.   

Therefore,  v cannot lie on the boundaries of 
V (pi1), V (pi2), V (pi2)

<latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

Empty Circle Property
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v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>



Assumption:   C   contains  no            in its interior. 

Lemma 4.11
Let                    be three sites with empty circumcircle  C.

Then they induce a Voronoi vertex.

pi1 , pi2 , pi3
<latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit>

Proof:
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Then the center v is closest to all three sites, thus

on their pairwise bisectors.   

Therefore,  v is a Voronoi vertex.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

Empty Circle Property 2
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Nearest Neighbors

Lemma 4.12
A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

27

r
p qm

r/2

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
"

C

C’

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>



Lemma 4.13
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

lies on boundary of                            unbounded.conv(P) ,
<latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

Proof:
):

<latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit><latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit><latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit><latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit>

Because p lies on the boundary of the convex hull,

there must be a line l through p, such that all sites

lie in the same half-plane. 


Then the ray e from p orthogonal to l consists

of points that all have p as their unique closest site.

Convex  Hull - I
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p

l

e



p

Lemma 4.13
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

lies on boundary of                            unbounded.conv(P) ,
<latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit>

Proof:
):

<latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit> <latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit> <latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit> <latexit sha1_base64="Ug7Hv7k90b8SKn5Dee0tr6G5YMA="></latexit>

Suppose p lies strictly inside the convex hull.

Then p must lie inside a triangle of three other sites.


Then the union of half-planes consisting

of points that are closer to a, b, or c than to p  
leaves only a bounded triangle 

as set of points that can be contained in V(p).

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

Convex  Hull - II
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Lemma 4.13
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

lies on boundary of                            unbounded.conv(P) ,
<latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit><latexit sha1_base64="ZLp/3QyYppYUIoCMNYg4Vte6Rj8="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

Corollary 4.14:
Computing the Voronoi diagram for n points has a lower

bound of                  . 

Convex  Hull - I
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Observation:

`
`

The separation between resolved and unresolved 

 part for a point p and line     is a curve consisting of 

 points that have equal distance from p and   .  

Fundamental Idea: Plane Sweep

Approach:
Consider a moving „frontier“ between resolved and unresolved part.

Crucial issue:

`

p

x

            below    can influence               

 above    .

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

33

Vor(p)



{x 2 R2 | d(x, p) = d(x, `)}
<latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit><latexit sha1_base64="xUNQJgHR6rvV6WJXu/B9Hi2MrZ4="></latexit>

The Separating Curve

Consider:

Theorem 4.15:
The curve is a parabola (with focus  p and directrix   ).`

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

`

p

x

34

Proof:
Consider p=(0,s) and X=(x,0). 

Then  C=(x,y) with

d21 = x2 + (y � s)2 = x2 + y2 � 2ys+ s2

d22 = y2

y =
1

2s
x2 +

s

2

So



Berechnung mittels Plane-Sweep - I

Konvention:
Überstreichen von oben nach unten

Entscheidendes Konzept:
Parabel  mit Brennpunkt    und Leitgraden   :p

<latexit sha1_base64="b46jVceqbjo7sGUZsuqwdwpKVw0="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="atDgqwWToifVnrz4tjlnKa2BVMM="></latexit><latexit sha1_base64="96b4L32Q43dFRwUlpXhYamwOZdM="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

{x 2 R2 | d(x, p) = d(x, l)}
<latexit sha1_base64="HsnSto6mO68vgO0TcnHPg9gEuOI="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="iyL8Plrzrz70t/BpuT/jrutmDHo="></latexit><latexit sha1_base64="aRS7+lhQCJbkS+d0tvJ/5/XuJ7E="></latexit> `

p

x

Invariante:
x

<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> -Struktur: Alle noch relevanten Informationen

Problem:
            unterhalb    kann              

 oberhalb von    beeinflussen

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

V or(P)
<latexit sha1_base64="GAHOBCFr2rz85RX5v7RxPzxUfbA="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="5Da16TRLNUf3FcIAlaKN083lc/E="></latexit><latexit sha1_base64="Nn4YBPOI6zk4GMPGaaH0Ie3ETL0="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Gesichert: oberhalb  .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>
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Issues:

How do sites and parabolas interact?

How do we describe the whole beach line?

How do we turn the continuous process into a discrete one?

How can we capture discrete transitions in the continuous process?

How do we organize the overall algorithm?

How do we guarantee correctness?

How do we get good runtime?

How to Make It Work



`
<latexit sha1_base64="4iNrLpqdLzxzxOgRyGXN1k8kiz0="></latexit>

Intuition:
Let              be above    and             belowx 2 R2

<latexit sha1_base64="OFEf9fRB6fUWDXLdkOSf6IuWPSQ="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="NIo9WVnrlyAiA+WX/rZO7Dk3FKo="></latexit><latexit sha1_base64="jh1un/wjrRPynYSeJnTBPAJ5r7Q="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

p 2 P
<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) d(x, p) � d(x, `)
<latexit sha1_base64="CLIn0R3tXaE96Sg19B2XAt0jrCY="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="LBKEjJW+RnX8eIBogB5yCUlYsq4="></latexit><latexit sha1_base64="cr1WubNjWe55P+ZbgeMiBvlGMu8="></latexit>

x

`

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

not below    .`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

q
<latexit sha1_base64="2E8u02ds/U5uXmrGFooRPxZHkNY="></latexit>

If                          , thend(x, q)  d(x, `)
<latexit sha1_base64="stvCwZM+wsBJFpmhcsyOwrjxYVo="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="y006o3b0kBOReeQ3Hne2rnOLc1E="></latexit><latexit sha1_base64="wHzuDJ8VHZvkm+oU8+knPV7a6kY="></latexit>

is bounded by parabola.
Consequence:

9
<latexit sha1_base64="w/JdxLqLicbxuquGYgmm/SEOw2c="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="xdsDanaKdq3/vnhSjdv6ce3MTYI="></latexit><latexit sha1_base64="vcrD2OJrBJi3AJRd614LiLID9h4="></latexit>

parabola    :     above    

   nearest neighbor    not below    .

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> �

<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Beach line:
p1, . . . , pk

<latexit sha1_base64="cCbOPPfy1JRebFlbbV/g/bbw61M="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="6Z1XqvWurTv2UFIZT8hNZAwSHVI="></latexit><latexit sha1_base64="0zfmjb5Mcf5L4rEbq3cwgLFDtRo="></latexit> above          parabolas`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

!
<latexit sha1_base64="El3TENlStmlm+KRtx0yvd6sd/MQ="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="N5k1v03PNX0ASQxE1e8/SIthSys="></latexit><latexit sha1_base64="A0TaXmhc3ecPQtwqXCtiH1zkU3I="></latexit>

�1, . . . ,�k
<latexit sha1_base64="WTNrdhAHYOETsQVgOF+1D6NXN+k="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="EHEdfUh9R6Q0D4OsKitxx731Zp4="></latexit><latexit sha1_base64="W+UtnAxKcoAQy2zZMKOBqC0/Fzk="></latexit>

Beach line:                    with

point on                         with min.   -coord.

f : R ! R2
<latexit sha1_base64="YWMl0WvqWBPrFt5RCLKNnkzksKw="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="Eiq0wbUmUwg95alJJmxIUre315c="></latexit><latexit sha1_base64="vYna7BDgmPEN1+QNkauRoBl2EUQ="></latexit>

f(x) :=
<latexit sha1_base64="bWV1WfOFSYtZyoTKtA/A6Xbc/Tc="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="/StlnyvA3iBIHjIm+t58z/ciEP4="></latexit><latexit sha1_base64="k3nYqI/3eSAcBDq3lOapy+f25EM="></latexit>

�1 [ · · · [ �k
<latexit sha1_base64="wTZo7ilejmPQYZcjMdvI1O4rqRE="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="lclsFi+8UrKuyRL2i3b4TSAa9nU="></latexit><latexit sha1_base64="+wj4Ey948xBD9FPt2utWqywCLcg="></latexit>

y
<latexit sha1_base64="T6T8tEgqnfKVVHv40qnhIlfAkhc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="ZvmB7Sb0Alg3RuHuGdNBu3pq7lc="></latexit><latexit sha1_base64="Rw8rSzFyv4MvxOrOOs5xfV7W1vU="></latexit>

By construction monotonic

{x 2 R2 | d(x, q)  d(x, `)}
<latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit><latexit sha1_base64="kchPwVjnt5IaeljjPl3/4h4n460="></latexit>

�1
<latexit sha1_base64="GvsR2xdvv3W6xTQn5zrm1YDLM40="></latexit>

�2
<latexit sha1_base64="XQ+c7BAMXYZZ18cwSXfTBUI0cSk="></latexit>

�4
<latexit sha1_base64="Gt8LCdYF1TeaZv+uD9HPV/KfJeQ="></latexit>

�3
<latexit sha1_base64="Yx+yIGuK7KLaJqQuZmmluKykHwo="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

Let           be nearest site for    .q 2 P
<latexit sha1_base64="i1NeK54mdbzjSScYMtA5ajGaLYE="></latexit>

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

38

x
<latexit sha1_base64="7nvUuktl2Ea4S2zFdbiY+OCUx/8="></latexit>

f(x)
<latexit sha1_base64="4gSgsLNRJ/pbAhrpTSPef+OWc7U="></latexit>

The  Beach Line



Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Lemma 4.15
p 2 P

<latexit sha1_base64="j+qgEED97KX2aM1xAVErEyeku/c="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="Rl6WSQeYnvFOzCPn5DMyoY2OJHM="></latexit><latexit sha1_base64="kPggzept4+TBuMmDKes1Wzqu4kY="></latexit>

defines arc     on beach line�
<latexit sha1_base64="/6yS91ZoGh65GurdMGZLEb32RPU="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="Li3TucfHwiJIsJa1SxXHrWNiKdY="></latexit><latexit sha1_base64="OLU+N4/bFmxNOphXtpeNWztloHg="></latexit>

)
<latexit sha1_base64="+iG35Lyl9ysoIJ5dwNkcPhvyPBM="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="Z6S8AQamRW2j00SOecGk/m8ENBQ="></latexit><latexit sha1_base64="5v7dcqxl8+2taTdBR5WMT8NtJWo="></latexit>

p
<latexit sha1_base64="JIHN7KJXVTfhIJKurHsQPAsUy0k="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="iiRZM6dIoDVIM0IUn4P83xKIomM="></latexit><latexit sha1_base64="81MMfO0+QjgzqTCV9wRcgRP7C5A="></latexit>

is nearest site            .8x 2 �
<latexit sha1_base64="5Xi8O6GkpzvX5aoJRr7AKUzXF8g="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="SwEwxLJGegg92y0TXvqFb94K4CQ="></latexit><latexit sha1_base64="OfRwY0ybj7ZRZu0dCLX7VeawqnQ="></latexit>

� p

x

Proof:
Assume:                                        .

d(x, p) = d(x, `)
<latexit sha1_base64="BXaPmR8T5TRdWdiv6tWfEHoT5MU="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="7O483L+Zc1+y7nCAd2Dk8ptJdAM="></latexit><latexit sha1_base64="Ujh5jmcJysAJ1OS4nHUpaYCyoLw="></latexit> `

<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 1:     not aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

Case 2:     aboveq
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

`
<latexit sha1_base64="d6RkeW/f6JOP6dU6JNudmgcpFSY="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="5C1ONaLG8HvLI0Py1WUdGzhHlVM="></latexit><latexit sha1_base64="9bqD6YwJyDxTJtuiqkB4UmWXXRc="></latexit>

) 9
<latexit sha1_base64="Ss1SAbX8KIW9ZbYgb5w4tJh8F0E="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="eOB8WI7td/APLPTi0nx4TMcYXUA="></latexit><latexit sha1_base64="UABmduUs6rdE58YkHdGwFXGUCNk="></latexit>

arc    (defined by    )�
<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

q
<latexit sha1_base64="2Gdbyobfis29+z9q67DmXqPiCAc="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="JLonnuFWwEbe29iowCakEJdLbDQ="></latexit><latexit sha1_base64="nYMyM+ZlI3vxiQHQOm/4mT/aLgA="></latexit>

! d(x, q) < d(x, p) = d(x, `) !
<latexit sha1_base64="fBf1V4tUtAVPDQswhzQLrh/RbXk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="g3ESc6l+jqyCwJeKvNXyCo1D8Qk="></latexit><latexit sha1_base64="WSJub1AFnSmn5URQfXn3GV3xjUc="></latexit>

x
<latexit sha1_base64="xbTkCOAPXRMisYuxlJCssRk0qq0="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="3LdMfxCMlrlybpSsuEVzyi5S7TQ="></latexit><latexit sha1_base64="FxTl+++rSuEYMKCjNo7smWOf22s="></latexit> above �<latexit sha1_base64="SPzsGmbk1i3SujAroYOUkNQzzEU="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="IM5X65pPjkwUfrf574P861hbuPg="></latexit><latexit sha1_base64="Vl396txuGuTPK9Lccq7g0RiefR0="></latexit>

x 2 �
<latexit sha1_base64="rckNTJPGB/phsScMzWjcjIdd8Zg="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="0nDcfTL+lIavX+2Tg66XilzaFXM="></latexit><latexit sha1_base64="Bk4Uy/a0al5RB5JB3sD138rkj0o="></latexit>

But              on beach line.

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

9q 2 P : d(x, q) < d(x, p)
<latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit><latexit sha1_base64="9DhU4TjCN1r8j9ZUlI+e5ksWWhs="></latexit>

) d(x, q) � d(x, `) = d(x, p)
<latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit><latexit sha1_base64="4hAi9PKwTm5bal8DbR6hGwEleiQ="></latexit>
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Approach:
Plane sweep
Compute  Vor(p)   in guaranteed regions      draw Voronoi edges.!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

Continuous Idea vs. Discrete Algorithm

Discretization
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Point events:
Sweep line      reaches`

<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Issue
Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.

Point Events
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Proof:
In general, parabolas correspond to sites, so:
!

<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Can an existing arc      (defined by             ) pierce through the beach line?

Option 1:

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

pj 2 P
<latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit><latexit sha1_base64="EiYg1gCQ7V6G1kQ1S3+Zp97RdGE="></latexit>

�j
<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

�i
<latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit><latexit sha1_base64="2FU/Br37Ta4PazxP4NG+KCfX7Ag="></latexit>

pierces       (defined by            ).pi 2 P
<latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit><latexit sha1_base64="HzP5dc5wYyOSdFRWnig6YdrY6DE="></latexit>

     :=   -coordinate of     at „piercing event“.`.y
<latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit><latexit sha1_base64="vqHm6xwJmIPZEhe0FbV21QaO8KY="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

`
<latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit><latexit sha1_base64="ZYCPwUhR0bhTB8+clSPKKV9HTrk="></latexit>

At moment      :  One joint point

Complexity of the Beach Line - I

)
<latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit><latexit sha1_base64="v6PNVn0AwTu4b1LtGNsj4SzQx3I="></latexit> `.y

<latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit><latexit sha1_base64="0+LjlGuSyPspuCo3UHiCmODRub0="></latexit>

pi.y 6= pj .y
<latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit><latexit sha1_base64="SU4xsbyJvwyW2Pfzall0GW9BaLg="></latexit>

, otherwise 

) 8x 2 R : �i(x)  �j(x)(?)
<latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit><latexit sha1_base64="Z/ZyQ/FR9eflLgkJpO8C5SxqoR4="></latexit>

(?)
<latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit><latexit sha1_base64="JNBRGkJM/rXff9EIkapWUdJ57Mo="></latexit>

�i �j

pjpi

`

contradiction to

�i
<latexit sha1_base64="q4/tsz4UszDadKhO/kRmRBqm7F0="></latexit>

�j
<latexit sha1_base64="1whUA+2V1uzsPEBR7iNuXkQznV4="></latexit>
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Lemma 4.17
New parabolic arcs can only occur at point events.



Lemma 4.17

Proof (cont.):
Equation for     :�j

<latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit><latexit sha1_base64="DWlw51SBr63p2UZpOLAim4u5420="></latexit>

(`.y � y)2 = (pj .x� x)2 + (pj .x� y)2
<latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit><latexit sha1_base64="XSCYiiX2z5DrOB+vdNSgoJwwC+I="></latexit>

�i

`

�j

(x, y)

pi

pj

, `.y2 � 2 · `.y · y + y2
<latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit><latexit sha1_base64="VUSfOS2+7LeNZ9ZDvqyFzWvXa1s="></latexit>

= pj .x
2 � 2 · x · pj .x+ x2 + pj .y

2 � 2 · y · pj .y + y2
<latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit><latexit sha1_base64="lAUNFoJ6E+UsVat+naAo8eC/dlI="></latexit>

, y · 2 (pj .y � `.y)
<latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit><latexit sha1_base64="uNxq0szlM0qKzXGZQVfUGLYAkZA="></latexit>

= x2 � 2 · x · pj .x+ pj .x
2 + pj .y

2 � `.y2
<latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit><latexit sha1_base64="Fs2teqZJUjes83Ks1uBALpRhliI="></latexit>

, y =
x2 � 2 · x · pj .x+ pj .x2 + pj .y2 � `.y2

2 (pj .y � `.y)
<latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit><latexit sha1_base64="/PLBq2PkRK6VA2WQXe6sNWRgK7U="></latexit>

Analogously  for �i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>
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Complexity of the Beach Line - II

New parabolic arcs on the beach line can only occur by point events.



)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit> Two intersection points

Lemma 4.17

Proof:
�i

`

�j

(x, y)

pi

pj

Analogously for �i
<latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit><latexit sha1_base64="i6i6SmFMdlr6Wm6HffvKEys3qXo="></latexit>

Equate:

=
x2 � 2 · x · pi.x+ pi.x2 + pi.y2 � `.y2

2 (pi.y � `.y)
<latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit><latexit sha1_base64="FEuX4bIGbxrJ75uK5gxXgH4pKyc="></latexit>

) x2 � 2 · x · pj .x+ pj .x2 + pj .y2 � `.y2

2 (pj .y � `.y)
<latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit><latexit sha1_base64="WdTMtWNzhyOD9eQUHsrUPk2VhrA="></latexit>

pj .y 6= pi.y
<latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit><latexit sha1_base64="maG8nH+CrrsjwdBh3u6Q1VofeCw="></latexit>

) 9c1, c2 2 R : 1·x2 + c1 · x+ c2 = 0
<latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit><latexit sha1_base64="L5OTokrQY8CldUeWpWFA+nGeukY="></latexit>

with c2 6= 0
<latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit><latexit sha1_base64="lnrkDGKsav4WGi/GF35Vyyt4u2E="></latexit>

and pi.y, pj .y > `.y
<latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit><latexit sha1_base64="YKqTi8PPdi8Z9/7Pi4mkJLipNrc="></latexit>
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Complexity of the Beach Line - III

New parabolic arcs on the beach line can only occur by point events.
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Thank you for today!


