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Historic Motivation

The 1850s map that changed how we fight outbreaks
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Manhattan Distances
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Voronoi Regions

In the following: Distances and visualization in Euclidean metric, other metrics possible.

Definition 4.1
Vioronoi region V(p) of p € P:

V(p) ={x €eR?|VqgeP:dzp) <d(z,q)}

Problem 4.2

Given:  Finite set of points P in R?
Wanted: For any p € P find its Voronoi region
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Halfspaces and Bisectors

Definition 4.3
For p # q € P the halfspace of pis H(p,q) = {z € R* | d(z,p) < d(x,q)}

For p # q € P the bisector B(p,q)with » € H(p,q),q € H(q,p)

is B(p,q) = B(q,p) = H(p,q) N H(q,p)
- i.e., the set of all points with equal distance from p and g.

Corollary 4.4
Voronoi region V(p) ofapoint peP:

Vip)= (] Hpq) _
a€P\{p} &
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Halfspaces and Bisectors

Definition 4.3
For p # q € P the halfspace of pis H(p,q) = {z € R* | d(z,p) < d(x,q)}

For p # q € P the bisector B(p,q)with » € H(p,q),q € H(q,p)

is B(p,q) = B(q,p) = H(p,q) N H(q,p)
- i.e., the set of all points with equal distance from p and g.

Corollary 4.4
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Components of Voronoi Diagrams |

Lemma 4.5

V(po),...,V(pn—1) partition the plane into:

1. Convex set of points that are closest to precisely one site.
2. Sets of points (segments, rays or lines) that are closest to precisely two sites.

3. A finite number of points that are closest to at least three sites.
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Components of Voronoi Diagrams I

Proof:

Each = € R? has at least one closest site = R? is completely partitioned.

Let = € R* closest to at least three sites (41,492,953 € P )

= d(CE, Q1) — d(xa QQ) — d(ll?, Q?)) — {]Iélgd(x’ Q)

= x center of circumcircle O with 91,92,93 € O

= x is uniquely defined for each triple, of which there is a finite number.

Let = € R? be closest to precisely two sites (q1,¢2 € P)

= = belongs to bisector B(q1,¢2)

Let « € R? be closest to precisely one site (¢; € P )
= x € V(q1) (in the interior)

And: Voronol regions are separated by bisectors.
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Components of Voronoi Diagrams I

Proof:
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Voronoi Diagrams

Definition 4.6
The Voronoi diagram Vor(P) is a partition of RZinto Voronoi regions with:

Voronoi vertices: Points closest to at least three sites

Voronoi edges (or bisectors): Points closest to precisely two sites
Voronoli regions: Points closest to precisely one site

: / Voronoi vertex

/ Voronoi edge

Voronol region

- Site -
not part of the
Voronoi diagram
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Size of Voronoi Diagrams

Theorem 4.7

Vor(P) has precisely n VVoronoi regions, at most 2n — 5 Voronoi vertices and
at most 3n — 6 Voronoi edges.

Proof:
e Each p € P induces a region.

e Embedding as a planar graph
— Consider extra vertex vso

o
Euler's formula: v—e+ f =2 "
Number f of faces: Number n of Voronoi regions D

Number e of edges: Number n. of Voronoi edges
Number v of vertices: Number n,of Voronoi vertices + 1

Vertex degrees > 3

Edge increases sum of degrees by 2 (+) (%)
e >3y +1) & (ny +1) —ne+n=2 <NMv="nc—n+1
*
(=>>1.: 2ne > 3(24+ne —n) = 3n—6 > n,

Y 2(ny +1+n—-2)23(n, +1)=2n-52mn, =
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Voronoi Diagrams as Embedded Graphs

Observation:
Vor(P) can be considered an embedded planar graph.

Representing embedded graph:

® Algorithm for constructing Vor(P)

— Efficient representation of Vor(P) required
® QObjects:

- Vertices with coordinates
- Edges (Pointers to end points)

- Faces (CCW sequence of boundary edges)
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Doubly-Connected Edge List [Muller und Preparata, 1978]

2. Derivatior ¢ a doubly connecter. 2dge list for a planar graph

Theoretica’ Computer Science 7 (1978) 217-236.

© North-Folland Publishing Company Let V={v,,...,0,}) and E={r ... e} be the sets of vertices and edges
respectively, of a planar graph er.:bedded in the plane without crossing edges. We
assume that (V, E) is represented as follows. To vertex v;€ V therc corresponds

ceil H[ /] of an array H[1:a], which contains a pointer to the first term of the cyclic
FINDING THE INTERSECTION OF 1

POLYHEDRA* list of the edges incident on v; arranged in the order in which they appear as one
nroceede eonnterclackwice armind ». The latfer licie arg realized by means of two
D. E. MULLER' and F. | SRTEX][i], NEXT[{]) is the
1 1 which constructs the convex
Communicated by M. Nivar B :
Reczived November 1977 - \ .t surface of a convex poly-
Revised March 1978 « : I o this collection of lists the
2 o, [ 1 2 1 2 || 2 | 03 1|
Alstract. Given two convex palyhe Vo e et B
test whether therr intersection is em J ; ; . commonly used represen-
find a pointl in the intersection a - 1 i S . .
algorithm runs in time O (n log ) f v %[ a | i 1| |. + e dual graph, i.e., the graph
polyhedra. The part of *“e algorith 1 e At e -G : ai
it o ol 1 7| [ ‘ . B R readily available.
fron. the convex hull of suitable pes 7 i | ) —
poiat. 03 > 3 2 | 1
————— - R R -i
V4 | I e

Fig. 1. Hlustration of the DCEL.
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Doubly-Connected Edge List [Muller und Preparata, 1978]

e Separate storage of vertices, edges and faces

e Subdividing edges into half-edges:  ¢; = (v,w) = €1 = (v,

e c = (v,w) separates two regions f1, fo =

i1 = (v,w) is on boundary of fi ]
&

w follows v on boundary of f1(CCW)

® Half-edge lies on boundary of unique face

= Half-edges have unique predecessor and successor
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Doubly-Connected Edge List - |l

Representation:

— . . —
e Half-edge ¢ stores: pred{\e ) incidentFace("e’)

- Pointer incidentFace(€) to the face f

bounded by edge ¢
- Pointer next(¢)to successor edge
- Pointer pred(¢)to predecessor edge
- Pointer origin(¢)to start vertex
- Pointer twin(€)to partner half-edge

e In essence: Storing boundary edges of a face f: Doubly linked list

® Storing vertices. Each vertex v stores:

- Coordinates
- Pointer to incident half-edge € with origin(¢) = v
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Doubly-Connected Edge List - 1l

Storing faces:

e Exterior and interior boundaries (holes)

® Face /[ stores pointer outerComponent(f) to some edge on outer boundary

Exterior face: outerComponent(f) = null

e Face f stores list innerComponents( f)
For each interior boundary one entry: pointer to some edge of component
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Example

Storing faces:

Face outerComponent innerComponents
fo null E’}"l
f1 | 511,1 | {E',v é‘k,l}
fz 511,1 null
f3 €11 null
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Summary

Doubly-Connected Edge List (DCEL):

® Storing vertices, edges, faces in table

e Pointers to connect data; in particular: implicit storage of boundaries as
doubly linked lists
® (Constant memory per vertex and edge

® Total memory for faces: linear

e TJotal memory: linear

e Operations on DCEL — Exercise
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Regularity

Assumption: General position (no four points on same circle)

Lemma 4.8
Voronoi vertices v have degree 3.

Proof:

A Voronoi vertex v lies at the intersection of bisectors, so it is at identical
distance to involved sites.

Therefore, it must be at the center of a circumcircle
of all involved sites.

By assumption, the circle cannot contain more than three
sites.

Because v is a vertex, there must be more than two
sites.
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Empty Circle Property

Definition 4.9
Let pi,,Di,, iy De three points that induce a Voronoi vertex v. Let C(v)

be the circle with center vand Pi,»Piy, Pis € C(v),

Lemma 4.10
C'(v) does not contain another site in p € P in its interior.

Proof:

e Assumption: C(v)contains p € P in its interior.

® Then p is closer to v than the three sites.

e Therefore, v cannot lie on the boundaries of
V(pil)a V(piQ)av(p’iQ) ;
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Empty Circle Property 2

Lemma 4.11

Let Pii»Piz> Pisbe three sites with empty circumcircle C.
Then they induce a Voronol vertex.

Proof:

e Assumption: C contains no P € P in its interior.

® Then the center v is closest to all three sites, thus
on their pairwise bisectors.

® Therefore, vis a Voronoi vertex.
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Nearest Neighbors

Lemma 4.12
A nearest neighbor ¢ € P of p € P induces a Voronoi edge of V' (p).

Proof: P Al IS
| 2 L 4
Because ¢ is a nearest neighbor of p, there is ’," R
no other site strictly inside the circle C of R *
. . C’ ‘s
radius r=d(p,q) around p. ° .

The circle C’ of radius »/2 around the
midpoint m between p and g m lies
completely inside C, and its only point
on the boundary of Cis g.

Therefore, m is only closest to p and q.
Because all other sites have at least
distance /2+ 0 from m, at least some \¢
g-portion of the bisector

of p and ¢ must belong to a Voronoi edge.

L 4
!
|
N
[ |
|
|
|
|
|
]
| |
L
\d
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Convex Hull -1

Lemma 4.13
p € P lies on boundary of conv(P) < V(p) unbounded.

Proof:
=
Because p lies on the boundary of the convex hull,
there must be a line / through p, such that all sites
lie in the same half-plane.

Then the ray e from p orthogonal to / consists
of points that all have p as their unique closest site.
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Convex Hull -1l

Lemma 4.13

p € P lies on bounda Qf conv(P) < V(p) unbounded.

Proof:
—

Suppose-pies strictly inside the convex He I.
Then p must lie inside & triangle of three othengites.

Then the union of half-planes consisting

of points that are closer to a, b, or c than to p
leaves only a bounded triangle

as set of points that can be contained in V(p).
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Convex Hull -1

Lemma 4.13
p € P lies on boundary of conv(P) < V(p) unbounded.

Corollary 4.14:

Computing the Voronoi diagram for n points has a lower
bound of Q2(nlogn).
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Fundamental Idea: Plane Sweep

Approach:
® (Consider a moving ,frontier” between resolved and unresolved part.

Crucial issue: ©
e p € P below / can influence Vor(p) >
above /. 4
/ ©
(0)

Observation:

® The separation between resolved and unresolved
part for a point p and line ¢ is a curve consisting of
points that have equal distance from p and /.
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The Separating Curve

Consider:
{z e R? | d(z,p) = d(z, )}

Theorem 4.15:
The curve is a parabola (with focus p and directrix ().

Proof:
Consider p=(0,s) and X=(x,0).
Then C=(x,y) with
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The Beach Line

adges

Frontier

Sweep line
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The Beach Line
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The Beach Line
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The Beach Line
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The Beach Line

adges

Frontier

= ,Beach line

Sweep line
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How to Make It Work

Issues:

® How do sites and parabolas interact?

® How do we describe the whole beach line?

® How do we turn the continuous process into a discrete one?

® How can we capture discrete transitions in the continuous process?

® How do we organize the overall algorithm?

e How do we guarantee correctness?

® How do we get good runtime?
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The Beach Line

Intuition:
e let z € R? beabove fand p € P below ¢
= d(x,p) > d(z, )

e Let ¢ € P be nearest site for «.
If d(x,q) <d(x,?),then ¢ not below ¢.

o {zcR?|d(x,q) <d(x,0)}

Is bounded by parabola.
Consequence: f(x)

e dparabola 3: x above [
= nearest neighbor ¢ not below /.

Beach line:

® D1,..-,Pk above { — parabolas fi,. .-, Ok

e Beach line: f:R — R*with f(z) :=
pointon i U---U B with min. ¥ -coord.

e By construction monotonic
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The Beach Line
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € £.
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € £.

Proof:
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € £.

Proof:
e Assume: g€ P:d(z,q) < d(z,p)
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € £.

Proof:
e Assume: g€ P:d(z,q) < d(z,p)

o d(z,p) =d(x,0)
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

Technische
% Universitit

¥ Braunschweig

39



Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)

— d(z,q) < d(x,p) =d(x,f) — = above 7
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)

— d(z,q) < d(x,p) =d(x,f) — = above 7
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)

— d(z,q) < d(x,p) =d(x,f) — = above 7

e But = €3 onbeachline. ¥
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Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /¢
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)

— d(z,q) < d(x,p) =d(x,f) — = above 7

e But = €3 onbeachline. 4
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The Beach Line

Lemma 4.15
p € P defines arc 3 on beach line

= P is nearest site Vz € 5.

Proof:
e Assume: dq € P :d(x,q) < d(x,p)

o d(z,p) =d(x,0)

® Case 1: ¢ notabove /7 .
= d(z,q) > d(z,l) = d(z,p) 4

e Case 2: ¢ above /
= darc 7 (defined by ¢)
— d(z,q) < d(x,p) =d(x,f) — = above 7
e But = €3 onbeachline. 4 O]

Corollary 4.16
Intersection points of adjacent arcs lie on Voronoi edges.
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Continuous Ildea vs. Discrete Algorithm

Approach:
® Plane sweep
e Compute Vor(p) in guaranteed regions — draw Voronoi edges.

® Discretization
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Point Events

Point events:
® Sweep line ¢ reaches p € P

S N

Issue
e Complexity of beach line?

Lemma 4.17
New parabolic arcs can only occur at point events.
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Complexity of the Beach Line - |

Lemma 4.17
New parabolic arcs can only occur at point events.
Proof:
® |n general, parabolas correspond to sites, so:
— Can an existing arc 3, (defined by p; € P) pierce through the beach line?
e Option1: B, pierces f; (defined by p; € P). ) B;
= Ve e R: Bi(z) < Bi(z)(*)
e (.y:=Yy-coordinate of ¢ at ,piercing event®.

= At moment £.y: One joint point

® DY # Pj-Y, otherwise 5
contradiction to ()
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Complexity of the Beach Line - Il

Lemma 4.17
New parabolic arcs on the beach line can only occur by point events.

Proof (cont.):

e FEquation for §;: bi

Ly —y)? = (pj.x —2)° + (pjx —y)°
Sly?—2-ly-y+y°

:pj.xQ—Q-x-pj.x—l—xz—l—pj.yQ—2-y-pj.y—|—y2
< y-2(pjy—Ly) ’
= g% — 2-$°pj.:v—|—pj.m2 —I—pj.y2 — 0.y?

? —2-x-pjx+pj.a’+py’ — Ly

Sy =
2(pjy—Ly)

e Analogously for j;
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Complexity of the Beach Line - llI

Lemma 4.17

New parabolic arcs on the beach line can only occur by point events.
Proof:

e Analogously for j; Bi
e Equate:
N r? —2-x-pj.x+pj.a®+py’ — Ly
2(pj-y — L.y)
B 2 —2-x-p;.x+p.x®+py? — Ly?
2 (piy —L.y) ‘

e p;.y#pi.yand piy,piy > Ly
:>3(:1,026R:1-a:2—|—01-:c+02:0 with ¢co # 0

= Two intersection points #
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Thank you for today!
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