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In the following: Distances and visualization in Euclidean metric, other metrics possible.

Given:      Finite set of points       in R2
<latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit>

P
<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Wanted:  For any            find its Voronoi regionp 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Definition 4.1
Voronoi region V (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

of p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

:
V (p) := {x 2 R2 | 8q 2 P : d(x, p)  d(x, q)}

<latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit><latexit sha1_base64="MRaY7N95sVA3h80tgnIGFzSj6j4="></latexit>
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Problem 4.2

Voronoi Regions



Definition 4.3
For p 6= q 2 P

<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the halfspace of p is 

is B(p, q) = B(q, p) = H(p, q) \H(q, p)
<latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit>

Corollary 4.4
Voronoi region           of a pointV (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

:

V (p) =
\

q2P\{p}

H(p, q)

<latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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- i.e., the set of all points with equal distance from p and q.

For p 6= q 2 P
<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the bisector            B(p, q)
<latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit>

with p 2 H(p, q), q 2 H(q, p)
<latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit>

H(p, q) = {x 2 R2 | d(x, p)  d(x, q)}

Halfspaces and Bisectors



Definition 4.3
For p 6= q 2 P

<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the halfspace of p is 

is B(p, q) = B(q, p) = H(p, q) \H(q, p)
<latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit><latexit sha1_base64="7OnkT7OJeT+vfogT77gMbT4Ixdo="></latexit>

Corollary 4.4
Voronoi region           of a pointV (p)

<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

:

V (p) =
\

q2P\{p}

H(p, q)

<latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit><latexit sha1_base64="DrVOKeATfxVWNj3n6XJz9T59a3g="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>
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- i.e., the set of all points with equal distance from p and q.

For p 6= q 2 P
<latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit><latexit sha1_base64="LetPJph/5tmtN63TIYktg/WMCeA="></latexit>

the bisector            B(p, q)
<latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit><latexit sha1_base64="VBIL6QrKh6wdx5ZoRcrw604AYKE="></latexit>

with p 2 H(p, q), q 2 H(q, p)
<latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit><latexit sha1_base64="PrzPBxRvPID6igdB3wjuA4KLexA="></latexit>

H(p, q) = {x 2 R2 | d(x, p)  d(x, q)}

Halfspaces and Bisectors



1. Convex set of points that are closest to precisely one site.


2. Sets of points (segments, rays or lines) that are closest to precisely two sites.


3. A finite number of points that are closest to at least three sites.

Lemma 4.5
partition the plane into:V (p0), . . . , V (pn�1)

<latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit><latexit sha1_base64="KzjrxP4wHUkLQ0UTqnXyFoOiSYA="></latexit>
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Components of Voronoi Diagrams I



And: Voronoi regions are separated by bisectors.

Proof:

Each              has at least one closest sitex 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

is completely partitioned.) R2
<latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit><latexit sha1_base64="BlVdC6IfMVJTM19Iw0Xb2jXX4N0="></latexit>

) d(x, q1) = d(x, q2) = d(x, q3) = min
q2P

d(x, q)
<latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit><latexit sha1_base64="sAfXOGUOZrAzH4ViOEfgWms92is="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> center of circumcircle       with q1, q2, q3 2 �

<latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit><latexit sha1_base64="I6Avx852p+pJpCXCjCyI/UnJi/w="></latexit>

�
<latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit><latexit sha1_base64="0B+W3LBX1JPsRggptIWbsDyGiqo="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> is uniquely defined for each triple, of which there is a finite number. 

Let             be closest to precisely two sites (                 )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

) x
<latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit><latexit sha1_base64="qkBxSUKMo5ZYEmDjTdn/OBV9iD0="></latexit> belongs to bisector B(q1, q2)

<latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit><latexit sha1_base64="9J+l+UfMGjHQAlRM6zHCjLuT12U="></latexit>

Let             be closest to precisely one site (              )x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

Let x 2 R2
<latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit><latexit sha1_base64="NG+mk6lj+ICoC6+poyBV5ZU4p6Q="></latexit>

closest to at least three sites  (                      )q1, q2, q3 2 P
<latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit><latexit sha1_base64="fzgGpNWWmiTd9KXB7b5GHmIjUaE="></latexit>

q1, q2 2 P
<latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit><latexit sha1_base64="14+KnPaIrlkPjFf0IuNY0UA9e1U="></latexit>

q1 2 P
<latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit><latexit sha1_base64="lYwtu3cdRWVpdLM+Cc7JqS7Tyeo="></latexit>

) x 2 V (q1)
<latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit><latexit sha1_base64="Jy9N2nuZwL+uA2fFk+3q+0zXl5s="></latexit>

(in the interior)

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>
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Components of Voronoi Diagrams II



Definition 4.6
The Voronoi diagram              is a partition of       into Voronoi regions with:V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

R2
<latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit>

Voronoi vertices:                        Points closest to at least three sites
Voronoi edges (or bisectors):    Points closest to precisely two sites
Voronoi regions:                         Points closest to precisely one site

Voronoi vertex

Voronoi edge

Voronoi region

Site - 

not part of the

Voronoi diagram

16

Voronoi Diagrams



Number    of faces:    Number      of Voronoi regions

Vertex degrees � 3
<latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit><latexit sha1_base64="1qEHirGOClvZyePMPVKMZ9cvpzs="></latexit>

Theorem 4.7
V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

             has precisely    Voronoi regions, at most            Voronoi vertices and 

at most             Voronoi edges.

n
<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit> 2n� 5

<latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit><latexit sha1_base64="BRezilmE05zcRJRsuDdi0VY0y90="></latexit>

3n� 6
<latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit><latexit sha1_base64="o3iwSsH2GB4a1DMJ9NZgj4ppYFA="></latexit>

Proof:
Each            induces a region.p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Embedding as a planar graph      

     Consider extra vertex v1

<latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit><latexit sha1_base64="WukfJ76hvKuFbKqc3q3wYIU/FjM="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

v1

Euler’s formula: v � e+ f = 2
<latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit><latexit sha1_base64="zuxX4aifYN1n9299f1NIdZTQNFc="></latexit>

Edge increases sum of degrees by 2
<latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit><latexit sha1_base64="TDX2TmcDxjRCTWjT61d1q4d9DA8="></latexit>

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

n
<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit>

Number    of edges:   Number      of Voronoi edgese
<latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit><latexit sha1_base64="JLFR0763YWy7cvVjeKr63d+odF4="></latexit>

ne
<latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit><latexit sha1_base64="NOlzJ34IxERX+4bBiGHq4IvUweU="></latexit>

Number    of vertices: Number     of Voronoi vertices + 1v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit> nv

<latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit><latexit sha1_base64="/lfJ1z3guP8hsqIuWVxOLr8d9Uw="></latexit>

2ne � 3(nv + 1)
<latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit><latexit sha1_base64="wJAEy7oyMwuYH72tRNJpU3jsl18="></latexit>

(nv + 1)� ne + n = 2
<latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit><latexit sha1_base64="GXzJdxSwTYltJCXdY3RJaEWQIG8="></latexit>

2ne � 3(2 + ne � n) ) 3n� 6 � ne
<latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit><latexit sha1_base64="QfOqgW3UrFaRyRxT1BYegJgJXHU="></latexit>

2(nv + 1 + n� 2) � 3(nv + 1) ) 2n� 5 � nv
<latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit><latexit sha1_base64="UNUOUtjqP8vZ+Hb/QO/9wMshmmc="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

& , nv = ne � n+ 1
<latexit sha1_base64="QkbaJu+LyMv1VCDINJceIEBDDKY="></latexit>

)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit>

1.:

2.:

(?)
<latexit sha1_base64="VWJdmcGZSxU3NCtvN9wT2rnMC8s="></latexit>(†)

<latexit sha1_base64="yZFX9NRIrN4gbcS6yaY77hFyYU4="></latexit>

)
<latexit sha1_base64="RZOkNjkGpYF6CEWdstlAWl7gpfc="></latexit>

(?)
<latexit sha1_base64="VWJdmcGZSxU3NCtvN9wT2rnMC8s="></latexit>

(†)
<latexit sha1_base64="yZFX9NRIrN4gbcS6yaY77hFyYU4="></latexit>
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Observation:
V or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

can be considered an embedded planar graph.

Representing embedded graph:

Algorithm for constructing V or(P)
<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit> Efficient representation of              requiredV or(P)

<latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit><latexit sha1_base64="crTkwBmNsXMa0TqUQY1AY49r2U4="></latexit>

Objects:

- Vertices with coordinates

- Edges (Pointers to end points)

- Faces (CCW sequence of boundary edges)

19
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Doubly-Connected Edge List [Muller und Preparata, 1978]
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Half-edges have unique predecessor and successor

Doubly-Connected Edge List [Muller und Preparata, 1978]

Separate storage of vertices, edges and faces

Subdividing edges into half-edges: ei = (v, w) ! �!e i,1 = (v, w),�!e i,2 = (w, v)
<latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit><latexit sha1_base64="/C6W/UAHl93PIjHPcxyHIKoLjyg="></latexit>

e = (v, w)
<latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit><latexit sha1_base64="Tc5SKnp8ah8E109oKpQbRgeUKFg="></latexit>

separates two regions f1, f2
<latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit><latexit sha1_base64="Y43X5A3Zo7c9I+CXs54TuI17u+Y="></latexit>

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

�!e i,1 = (v, w)
<latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit><latexit sha1_base64="EYfhdl8WsrD9nChcK2w0hyWtyI8="></latexit>

is on boundary of f1
<latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit>

,
<latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit><latexit sha1_base64="mhgj40B7nkKswA00nAHNJ9hO5xs="></latexit>

w
<latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit><latexit sha1_base64="7KJbMX2JqCfa3q6iWwaATUQqLFo="></latexit> follows    on boundary of    (CCW)v

<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

f1
<latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit><latexit sha1_base64="6NG7TI7sEK5ZjkbJhPAXD9srM8s="></latexit>

[ ]
Half-edge lies on boundary of unique face

)
<latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit><latexit sha1_base64="0BrQHw/8izGNgTD95jFlWAPI+p8="></latexit>

v

w

�!e i,1

�!e i,2

f1
<latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit><latexit sha1_base64="UeQK/yDo04X5X1DGWHosXoo3+gs="></latexit>

f2
<latexit sha1_base64="J2bEAwZxYwdKwDRmH//Z/W79EoQ="></latexit>
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v

w

pred(�!e )

next(�!e )
twin(�!e )

�!e

incidentFace(�!e )



Representation:

Half-edge     stores:�!e
<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

- Pointer                             to the face     

- bounded by edge     

- Pointer                to successor edge

- Pointer                to predecessor edge

- Pointer                  to start vertex

- Pointer                to partner half-edge

incidentFace(�!e )
<latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit><latexit sha1_base64="w4m3rWzCOBKhT4N5SVV+8LS0ZAA="></latexit>

�!e
<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

next(�!e )
<latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit><latexit sha1_base64="Lh/+ML6NHdI4JmfWisPlQX6aZrw="></latexit>

pred(�!e )
<latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit><latexit sha1_base64="WkDwJDLUbzdFraQJJjwqavhOHX4="></latexit>

origin(�!e )
<latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit><latexit sha1_base64="GoMwU7PDPcTsNeQ7gfzKdRKD3b4="></latexit>

twin(�!e )
<latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit><latexit sha1_base64="A2Iazsoa2h1fuvmUvghhi1K16ZY="></latexit>

In essence: Storing boundary edges of a face    : Doubly linked listf
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

Storing vertices. Each vertex     stores:v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

- Coordinates

- Pointer to incident half-edge      with�!e

<latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit><latexit sha1_base64="Z5J1S96qUFbH+XFf+0P+/YrxJ8I="></latexit>

origin(�!e ) = v
<latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit><latexit sha1_base64="7kNqOf8VS8jtzaDjPd6pB+kt22c="></latexit>

v

w

pred(�!e )

next(�!e )
twin(�!e )

�!e

incidentFace(�!e )

Doubly-Connected Edge List - II
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Storing faces:

Exterior and interior boundaries (holes)

Doubly-Connected Edge List - III

Face     stores pointer                                  to some edge on outer boundaryf
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

outerComponent(f)
<latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit><latexit sha1_base64="nh55pSbea2+cxmNkOkZAYwFj89M="></latexit>

Exterior face: outerComponent(f) = null
<latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit><latexit sha1_base64="Pjr8vaFGgfRMunaLa0w6+K9Lk1U="></latexit>

Face     stores list

For each interior boundary one entry: pointer to some edge of component

f
<latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit><latexit sha1_base64="1Fladw2pQ9p1tVH5kE7R0Ka03sA="></latexit>

innerComponents(f)
<latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit><latexit sha1_base64="1sAV/q6gS2nNOF+Aqui+C9PtVi8="></latexit>
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f0

�!e i,1

f1

�!e j,1

f2
�!e n,1

�!e k,1 f3

�!e m,1

�!e h,1



Example 

f0

�!e i,1

f1

�!e j,1

f2
�!e n,1

�!e k,1 f3

�!e m,1

�!e h,1

Storing faces:

24

Face



Summary

Doubly-Connected Edge List (DCEL):

Storing vertices, edges, faces in table

Pointers to connect data; in particular: implicit storage of boundaries as 
doubly linked lists
Constant memory per vertex and edge

Total memory for faces: linear

Total memory: linear

Operations on DCEL          Exercise!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>
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1. Introduction and Motivation 

2. Definitions 

3. Representing planar partitions 

4. Properties 

5. Fortune’s algorithm 

6. The Voronoi game 

7. Summary and conclusions
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Because    is a vertex, there must be more than two

sites.

By assumption, the circle cannot contain more than three

sites.

A Voronoi vertex    lies at the intersection of bisectors, so it is at identical 

distance to  involved sites.

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

Proof:

Assumption: General position (no four points on same circle)

Regularity

Lemma 4.8
Voronoi vertices     have degree 3.v

<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>
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Therefore, it must be at the center of a circumcircle

of all involved sites.



Assumption:           contains             in its interior. 

Definition 4.9
Let                    be three points that induce a Voronoi vertex    . Let  

be the circle with center    and                               . 

pi1 , pi2 , pi3
<latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit>

v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

pi1 , pi2 , pi3 2 C(v)
<latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit><latexit sha1_base64="1AhljkL4a2MwEYtzQUY/BirzcMQ="></latexit>

C(v)
<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

Lemma 4.10
C(v)

<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

does not contain another site in              in its interior.

Proof:

C(v)
<latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit><latexit sha1_base64="duKlnvkTl5LyHPA4hJBG9Ws3ceQ="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Then p is closer to v than the three sites.   

Therefore,  v cannot lie on the boundaries of 
V (pi1), V (pi2), V (pi2)

<latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit><latexit sha1_base64="JmabOXyniIefXgmfoSZrbBNIM9Q="></latexit>

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

Empty Circle Property
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v
<latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit><latexit sha1_base64="BIGAmLcWDIdNAffWXFg/P0epmG8="></latexit>

p 2 P
<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>



Assumption:   C   contains  no            in its interior. 

Lemma 4.11
Let                    be three sites with empty circumcircle  C.

Then they induce a Voronoi vertex.

pi1 , pi2 , pi3
<latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit><latexit sha1_base64="+lOHsJE+xJHE6LGvPQxwTxFW8z8="></latexit>

Proof:
p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

Then the center v is closest to all three sites, thus

on their pairwise bisectors.   

Therefore,  v is a Voronoi vertex.

⇤
<latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit><latexit sha1_base64="uxQjblWZ8yn0ro5QaDUwu0ezxoY="></latexit>

Empty Circle Property 2

29



Nearest Neighbors

Lemma 4.12
A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
"



Nearest Neighbors
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A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
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A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>
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30

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
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Nearest Neighbors

Lemma 4.12
A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

p

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
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Nearest Neighbors

Lemma 4.12
A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

p q

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.

�
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Nearest Neighbors
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A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

r
p q

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.
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<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>

Proof:

30

r
p q

Because q is a nearest neighbor of p, there is

no other site strictly inside the circle C of 

radius r=d(p,q) around p. 

The circle C’  of radius r/2 around the 

midpoint m between p and q m lies 

completely inside C, and its only point

on the boundary of C is q.  
Therefore, m is only closest to p and q. 
Because all other sites have at least 

distance r/2+     from m, at least some 

   -portion of the bisector

of p and q must belong to a Voronoi edge.
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A nearest neighbor           of              induces a Voronoi edge of         .p 2 P

<latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit><latexit sha1_base64="84jDXqW69LL/5wLvm46IfucCt18="></latexit>

V (p)
<latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit><latexit sha1_base64="IAPvzcS6SslX7mZbD0buu5RyrYE="></latexit>

q 2 P
<latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit><latexit sha1_base64="dYlHlfrK1cMTZ9mDj2V0n5/q3UI="></latexit>
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Because p lies on the boundary of the convex hull,

there must be a line l through p, such that all sites

lie in the same half-plane. 


Then the ray e from p orthogonal to l consists

of points that all have p as their unique closest site.

Convex  Hull - I
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Suppose p lies strictly inside the convex hull.

Then p must lie inside a triangle of three other sites.


Then the union of half-planes consisting

of points that are closer to a, b, or c than to p  
leaves only a bounded triangle 

as set of points that can be contained in V(p).
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Thank you for today!


