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Dynamic Programming: Grundstruktur

» Nicht von vorn losen
» Zwischenergebnisse merken

- Man kann die' Vorgeschichte beim on der

trennen und deshalb den Ubergang durch Enumerieren losen.
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Das Rundreiseproblem




Das Rundreiseproblem

Gegeben: Ein Graph G = (V, E)
mit Kantenldngen W,

Gesucht:  Eine kiirzeste Rundreise




ine optimale Rundreise in der Neuen Welt
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Losung: Applegate, Bixby, Chvatal, Cook (1998) 10 Jahre (1) CPU-Zeit

Beale-Orchard-Hayes Prize 2000




Eine optimale Rundreise in der Neuen Welt

DYNAMIC
PROGRAMMING

AL@RWMS: rJ. oc. I sT. A TH, ‘

A DYNAMIC PROGRAMMING APPROACH TO
SEQUENCING PROBLEMS*

MICHAEL HELDf ano RICHARD M. KARPt
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Eine optimale Rundreise in der Neuen Welt

DYNAMIC
PROGRAMMING OELUNG ON EBAY:
ALGORITHMS: O(1)

STILL WORKING
ON YOUR ROUTE?

What's the complexity class of the best linear programming cutting-plane
techniques? | couldn't find it anywhere. Man, the Garfield guy doesn't have
these problems...



Eine optimale Rundreise in der Neuen Welt

PROGRAMMING OELUNG ON EBAY:

0(1)

STILL WORKING
ON YOUR ROUTE?
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3.1 Motivation
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Zur Erinnerung: Subset Sum
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Branch-and-Bound

Branch and
Bound

« Beschneide Enumerationsbaum
» Verfolge Mindest- und Maximalwerte
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VoLuME 28 July, 1960 NUMBER 3

AN AUTOMATIC METHOD OF SOLVING DISCRETE
PROGRAMMING PROBLEMS

By A. H. LaxD anND A. G. Doic

In the classical linear programming problem the behaviour of continuous,
nonnegative variables subject to a system of linear inequalities is investigated.
One possible generalization of this problem is to relax the continuity condi-
tion on the variables. This paper presents a simple numerical algorithm for
the solution of programming problems in which some or all of the variables
can take only discrete values. The algorithm requires no special techniques
beyond those used in ordinary linear programming, and lends itself to
automatic computing. Its use is illustrated on two numerical examples.

1. INTRODUCTION

THERE 1s A growing literature [1, 3, 5, 6] about optimization problems
which could be formulated as linear programming problems with additional
constraints that some or all of the variables may take only integral values.
This form of linear programming arises whenever there are indivisibilities.
It is not meaningful, for instance, to schedule 3—-7/10 flights between two
cities, or to undertake only 1/4 of the necessary setting up operation for
running a job through a machine shop. Yet it is basic to linear programming
that the variables are free to take on any positive value,! and this sort
of answer is very likely to turn up.

In some cases, notably those which can be expressed as transport prob-
lems, the linear programming solution will itself yield discrete values of
the variables. In other cases the percentage change in the maximand? from
common sense rounding of the variables is sufficiently small to be neglected.
But there remain many problems where the discrete variable constraints
are significant and costly.

Until recently there was no general automatic routine for solving such
problems, as opposed to procedures for proving the optimality of conjec-
tured solutions, and the work reported here is intended to {ill the gap.
About the time of its completion an alternative method was proposed by
Gomory [5] and subsequently extended by Beale [1]. Gomory’s method

1 Or more generally, any value within a bounded interval.
2 We shall speak throughout of maximisation, but of course an exactly analogous
argument applies to minimisation.
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l. INTRODUCTION

THERE IS A growing literature (1, 3, 5, 6] about optimization problems
which could be formulated as linear programming problems with additional
constraints that some or all of the variables may take only integral values.
This form of linear programming arises whenever there are indivisibilities.
[t is not meaningful, for instance, to schedule 3-7/10 flights between two
cities, or to undertake only 1/4 of the necessary setting up operation for
running a job through a machine shop. Yet it 1s basic to linear programming
that the variables are free to take on any positive value,! and this sort
of answer is very likely to turn up.
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Historie

1960
T've always loved numbers': Meet the
VOLUMEBC ON OJ}:;I]%]?O TRIC f\B ground-breaking grandmother of
. Australian mathematics

PROGRAMMING PROBLEMS /30 / By Lauren Day

By A. H. LAxD AND A. G. Doic Posted 8 Oct 2018, updated 10 Oct 2018

In the classical linear programming problem the behaviour of continuous,
nonnegative variables subject to a system of linear inequalities is investigated.
One possible generalization of this problem is to relax the continuity condi-
tion on the variables. This paper presents a simple numerical algorithm for
the solution of programming problems in which some or all of the variables
can take only discrete values. The algorithm requires no special techniques
beyond those used in ordinary linear programming, and lends itself to
automatic computing. Its use is illustrated on two numerical examples.

1. INTRODUCTION

THERE 1s A growing literature [1, 3, 5, 6] about optimization problems
which could be formulated as linear programming problems with additional
constraints that some or all of the variables may take only integral values.
This form of linear programming arises whenever there are indivisibilities.
It is not meaningful, for instance, to schedule 3—-7/10 flights between two
cities, or to undertake only 1/4 of the necessary setting up operation for
running a job through a machine shop. Yet it is basic to linear programming
that the variables are free to take on any positive value,! and this sort
of answer is very likely to turn up.

In some cases, notably those which can be expressed as transport prob-
lems, the linear programming solution will itself yield discrete values of
the variables. In other cases the percentage change in the maximand? from
common sense rounding of the variables is sufficiently small to be neglected.
But there remain many problems where the discrete variable constraints
are significant and costly.

Until recently there was no general automatic routine for solving such
problems, as opposed to procedures for proving the optimality of conjec-
tured solutions, and the work reported here is intended to {ill the gap.
About the time of its completion an alternative method was proposed by
Gomory [5] and subsequently extended by Beale [1]. Gomory’s method

EEE——

1 Or more generally, any value within a bounded interval.

-
2 We shall speak throughout of maximisation, but of course an exactly analogous AI Ison G ra nt Harcou rt AO

argument applies to minimisation.
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3.2 Methodik
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ldeen

Grundideen:
1. Enumeriere die moglichen Teilmengen 1n einem Enumerationsbaum

2. Behalte den Zielfunktionswert 1m Auge:
e Untere Schranke: Erreichter Zielfunktionswert im ganzen Baum

e Obere Schranke: Erreichbarer Zieltunktionswert im jeweiligen Baum
3. Beide Schranken sollten moéglichst einfach und schnell zu berechnen sein

4. Wenn der erreichbare Wert 1in einem Teilbaum kleiner bleiben muss als der im ganzen
Baum bereits erreichte, konnen wir den aktuellen Teilbaum abschneiden
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1. Enumerationsbaum

e Probiere nacheinander fiiri = 1,...,7, ob x; = O oder x; = 1
0 e Wir gehen die Moglichkeiten baumartig durch:

Nein Ja e Laufe DFS-miB ig durch den Baum, d.h. arbeite die Entscheidungen im Stack ab.

———

X1 X1
NW Nein Ja
i X2 X2 X2 X2
Nein 2 92 Nein ~<Ja Nein—~Ja Nein—~Ja

X3 X3 X3 X3 X3 X3 X3 X3

Nein . Ja NeinJa Neimda Neinda Neinda Nein~Ja Neinda Neimda
X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4

—————————

,«lLQ
v

%+ Technische
7 . oz s Sandor Fekete | Branch-and-Bound | AuD2 2026
> Universitat

%45 Braunschweig

13



4. Einsatz von Schranken - Grundidee

e Untere Schranke: Bisher erreichter Zielfunktionswert im ganzen Baum

Nein

Was sind geeignete Schranken?
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2. Geeignete Schranken - Knapsack

e Untere Schranke: Bisheriger Bestwert fur Greedy (ganzzahlig)

Nein ® Obere Schranke: Lokaler erreichbarer Bestwert fiir Greedy (fraktional)

_ 6 M+ Wisiizllo I3
Nein z B4 (s Wishi2offs 40
pi B4 W5 Woffo W2 Jf0

Zn: pix; =44
i=1

6 W4 W3z lo i3 Jr15e
4 I8 W20 48 fh4ofr40:
4 s oo W2 ffofto:

Xj5 = 0,6
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3. Berechnung von Schranken

* Untere Schranke: Bisheriger Bestwert fiir Greedy (ganzzahlig)

® Obere Schranke: Lokaler erreichbarer Bestwert fur Greedy (fraktional)
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Heuristik:

Relaxierung: Schnell und optimal zu I6sen durch groBBere Losungsmenge
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3. Berechnung von Schranken Il

|'S: positiv fixiert (x; = 1

S : negativ fixiert (x; = 0)
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3.3 Durchfuhrung
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Beispiel: Knapsack

Beispiel 2.4 (Knapsackproblem).
Se1 Z = 9 und seien folgende sieben Objekte gegeben:

l 1 2 3 4 S

Z; 2 3 6 7 5

Di 6 5 8 9 6

19



Untere Schranke: Greedy (ganzzahlig)
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Untere Schranke: Greedy (ganzzahlig)

z |12 |3 |6 |7 |5 |9 |4
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Untere Schranke: Greedy (ganzzahlig)

z |12 |3 |6 |7 |5 |9 |4
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Untere Schranke: Greedy (ganzzahlig)

= z |12 |3 |6 |7 |5 |9 |4
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Untere Schranke: Greedy (ganzzahlig)

= v (2 03 [6 |7 |5 [9 |4
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Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)




Untere Schranke: Greedy (ganzzahlig)

4 S 6
7 S 9
9 6 7

1=7 : ZiES i = 93 ZiES Di

LLB=14
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Obere Schranke: Greedy (fraktional)
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Obere Schranke: Greedy (fraktional)
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Obere Schranke: Greedy (fraktional)




Obere Schranke: Greedy (fraktional)

Damlt Z,es XiZi = 9 ZzES XiDi = 11 +3 % 8
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Gesamtbeispiel

X1 X1
X2 X2 X2 X2
_/\ _/\ _/\ = l 4 5 6 7
3 X3 3 X3 3 X3 3 X3 7 5 9 4
N T N I N <
4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 X4 Di 9 6 7 3
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Algorithmus

Algorithmus 3.1 (Branch-And-Bound als Unterroutine).

Eingabe: z1,...,2,,7Z, p1,...Pn (global: Kosten/Nutzenwerte, Kostenschranke)
P (bester bekannter Losungswert)
{ (ndchster Index, iiber den verzweigt werden soll)
xi=bfirj=1,..,0—1mitb; € {0, 1} (bislang fixierte Bindrvariable)
{—1 n {—-1 n
Ausgabe: max{Z bijpj+ 2 xjpj| 2 bjzj+ X xjzj < Z, x; € {0, 1}}
j=1 j=t j=1 j=t

Also: Losung des Knapsackproblems mit den ersten € — 1 Variablen fixiert
1: procedure BRANCH-AND-BOUND(?)

2: if (621 bjzj > Z) then return > unzuldssig
j=
3: Compute L := LB(b1,...,bs_1)
4: if L> Pthen P :=L > Losungswert verbessert
5: if (€ > n) then return > Blatt im Baum erreicht
6: U:=UBWby,...,be—1) > (Obere Schranke berechnen)
7: if (U > P) then
8: by := 0; BRANCH-AND-BoOUND(€ + 1);
9: by := 1; BRANCH-AND-BOUND(€ + 1);
10: return
Technische Sandor Fekete| Branch.and-Bound | AuD2 2026 T —————

Universitit
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Satz

Satz 3.2 Algorithmus 3.1 (als rekursiv arbeitende Unterroutine) berechnet eine optimale

Losung fiir das Knapsackproblem in einer Worst-Case-Laufzeit O(2" f(n)), wobei f(n) die Zeit
fiir die Berechnung der oberen Schranke ist.

Beweis. Es werden systematisch alle Teillosungen durchprobiert. (Dabel werden Teilmengen nur
dann ausgelassen, wenn sie erwiesenermallen unzulidssig sind (Zeile 2) oder keine Verbesserung
bringen (Zeile 4)

Die Zahl der Rekursionsaufrute (Schritt 8 und 9 ) 1st insgesamt 2", die sonstigen Berechnungen
bendtigen jewells f(n).

_quI.Q
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3.4 Ausblicke
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Historie

ECONOMETRICA

VoLuME 28 July, 1960 NUMBER 3 IR — : : : : — - n . — — - — - - —

AN AUTOMATIC METHOD OF SOLVING DISCRETE
PROGRAMMING PROBLEMS

By A. H. Laxp anDp A. G. Doic l . I N TROD UCTION

In the classical linear programming problem the behaviour of continuous,
nonnegative variables subject to a system of linear inequalities is investigated.

One possible generalization of this problem is to relax the continuity condi- TH E RE I S A gr OWin g literature [ ‘ ’ 3 ’ 5 ’ 6] abOUt Optimization prOblemS

tion on the variables. This paper presents a simple numerical algorithm for
the solution of programming problems in which some or all of the variables

e e ey e which could be formulated as linear programming problems with additional

automatic computing. Its use is illustrated on two numerical examples.

constraints that some or all of the variables may take only integral values.

THERE 1s A growing literature [1, 3, 5, 6] about optimization problems . . . . . . . . e .
hich could be f lated as li i bl ith additional

ottt oo s th oot ke oty ntegl vl This form of linear programming arises whenever there are indivisibilities.

This form of linear programming arises whenever there are indivisibilities. . . . .

e e s 1, for instance, to schedule 3—7/10 flights between t

cit;Zsr,]oor T: at?rl:;lertakeof)xrll; zll;l:eof (zhsec rfecesiaw settinggupS o;e:z?:n K)(:' It ls nOt meanlngfu » Or lns ance N O SC e e - - g S e ween wo

running a job through a machine shop. Yet it is basic to linear programming . . )

that the variables are free to take on any positive value,! and this sort - d k l 1 4 f th tt t f

o anowr s very Hely i up cities, or to undertake only 1/4 of the necessary setting up operation for
In some cases, notably those which can be expressed as transport prob- . . . .

lems, the li i luti ill itself yield discret lues of — - 9 h Y - b l

th varibls I the s he pecentae chane n the masimands rom running a job through a machine shop. Yet 1t 1s basic to linear programming

common sense rounding of the variables is sufficiently small to be neglected.

But th i bl here the discret iabl traint g e, o g

st andcosly. that the variables are free to take on any positive value,! and this sort
Until recently there was no general automatic routine for solving such

problems, as opposed to procedures for proving the optimality of conjec- . .

tured solutions, and the work reported here is intended to fill the gap. Of anSW'er lS Ve ry hke]y to turn up.

About the time of its completion an alternative method was proposed by - -

Gomory [5] and subsequently extended by Beale [1]. Gomory’s method

1 Or more generally, any value within a bounded interval.
2 We shall speak throughout of maximisation, but of course an exactly analogous
argument applies to minimisation.
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Knapsack-Probleme

0-1-Knapsack Fraktionales Knapsack
T n
max E LiPq max E T;D;
1=1 1=1
T n
1=1 i=1
Schwieriger Einfacher

g%‘??%é Teqhniss:lle Sandor Fekete | Branch-and-Bound | AuD2 2026
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Ganzzahlige und lineare Optimierungsprobleme

Ganzzahliges Lineares
Optimierungsproblem Optimierungsproblem
max E T;Di Max E LiPq
a1 +... Hai,x, < bl ai11T1 T oo TAITp ~ bl
a1 +... “ag,x, < by a1z +... tapr, < b
ami1 +... Fapnx, < b, A1y +... tamax, < by
T; © {O, 1} T; € [Ov 1]
Beweisbar schwer zu losen Beweisbar effizient losbar

1
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Ganzzahlige Optimierungsprobleme: Matching
Gegeben: Ein Graph G=(V,E)

. . Y - -
!, “ | - 0N L J
SO TR0 R RN S -
g
| | 6

Gesucht: Ein grof3tmogliches Matching M in G:
eine moglichst grol3e Menge disjunkter Kanten
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Ganzzahlige Optimierungsprobleme: Matching

Gegeben: Ein Graph G=(V,E)

d.d. \
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Gesucht: Ein grof3tmogliches Matching M in G:
eine moglichst grol3e Menge disjunkter Kanten
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Ganzzahlige Optimierungsprobleme: Vertex Cover

Gesucht: Ein kleinstmogliches Vertex Cover S 1n G:
eine moglichst kleine Menge von Knoten,
die alle Kanten uberdecken
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Ganzzahlige Optimierungsprobleme: Vertex Cover

Gesucht: Ein kleinstmogliches Vertex Cover S 1n G:
eine moglichst kleine Menge von Knoten,
die alle Kanten uberdecken

NILy

Universitat

3¢ | a% Technische
:% %Q Sandor Fekete | Branch-and-Bound | AuD2 2026
Braunschweig

o v »
5|73
vo v v é~
Nsce

37



Lineare Optimierungsprobleme: Vertex Cover

Gegeben:Ein Graph G=(V,E)

Gesucht: Ein kleinstmogliches Vertex Cover S in G: Relaxierung
eine moglichst kleine Menge von Knoten,
die alle Kanten tiberdecken
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Lineare Optimierungsprobleme: Vertex Cover

Gegeben:Ein Graph G=(V,E)

1
Yo = 5
E Yo = 4
veV
Gesucht: Ein kleinstmogliches Vertex Cover S 1n G: Relaxierung

eine moglichst kleine Menge von Knoten,
die alle Kanten uberdecken
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Lineare Optimierungsprobleme: Vertex Cover

ECONOMETRICA Ganzzahlig?!

VoLuME 28 July, 1960 NUMBER 3 o

AN AUTOMATIC METHOD OF SOLVING DISCRETE
PROGRAMMING PROBLEMS

By A. H. Laxp anND A. G. Doic l . I N TROD UCTION

In the classical linear programming problem the behaviour of continuous,

nonnegative variables subject to a system of linear inequalities is investigated. T - . ~ . . . . -
bl gnracaion of iy i iy cond HERE IS A teratu t optimization m
Qne possible geperalfz:’itlc?x.l of this prob etn n" o relax the .contmunt.y condi . ‘ b rO\m n l era re ’ ’ ’ a Ou l lza lo ro e S
tion on the variables. This paper presents a simple numerical algorithm for

the solution of programming problems in which some or all of the variables

e e e e g ook i which could be formulated as linear programming problems with additional

automatic computing. Its use is illustrated on two numerical examples.

constraints that some or all of the variables may take only integral values.

THERE 1s A growing literature [1, 3, 5, 6] about optimization problems . . . . . . . . e .
hict 1d be f lated as linear programming problems with additional Tl - f f l l th d b 1 t

Z:):;:t]r:i(x)ll::s thzt (:;nrrllt irealla:)f 1tliil rvalr'lgblts may take only integral valltz::;. 1 18 0 rm 0 lllear pr 0 g rammln g arl SeS \V ] e llever ere are ln IVI Sl l l leS .

This form of linear programming arises whenever there are indivisibilities. . . .

It is not meaningful, for instance, to schedule 3—~7/10 flights between two - l f t t " l dul 3 7 l O ﬂl 1 t b t

cities, or to aunderltlakeoorlllll; 211/4 eof the ntecessary setting up operation for I t lS n Ot m Canlngfu » Or l nS ance » 0 SC l e e — g l S e ween t W'O

running a job through a machine shop. Yet it is basic to linear programming .

O anmwer i very il o T e i cities, or to undertake only 1/4 of the necessary setting up operation for

In some cases, notably those which can be expressed as transport prob-

lems, the linear programming solution will itself yield discrete values of ~ — o - < L l‘ e

the variabls. T afhercane s pceaatagecunge 1 o Temend o running a job through a machine shop. Yet 1t 1s basic to linear programming

common sense rounding of the variables is sufficiently small to be neglected.

But there remain many problems where the discrete variable constraints 9 n f k °p ® ’11 1 h ¢

ar sgnifcant and cosl. e that the variables are free to take on any positive value,! and this sort
Until recently there was no general automatic routine for solving such

problems, as opposed to procedures for proving the optimality of conjec- . '

tured solutions, and the work reported here is intended to fill the gap. Of answ'er lS Ve ry hkely to turrl u p.

About the time of its completion an alternative method was proposed by - -

Gomory [5] and subsequently extended by Beale [1]. Gomory’s method

1 Or more generally, any value within a bounded interval.
2 We shall speak throughout of maximisation, but of course an exactly analogous
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