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1 Some Ancient 
and Recent History
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 A Few Years Before Euclid3000 Years Ago

Ανδρα µοι εννεπε, Μουσα,
πολυτροπον, οσ µαλα 
πολλα πλανχθε...

The Traveling Salesman Problem 
Input:     A directed graph G=(V,E)  
Output: A shortest roundtrip  

              that visits all vertices in V 

𝒯
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Master Plan

(1)  Collect $300M 
(2)  Fly to the moon
(3)  Harvest Helium-3
(4)  Bring back to earth
(5)  Build quantum computer
(6)  Compute 22-city tour
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Traveling Salesman: 
Shortest perimeter 
for 200 points

23

<latexit sha1_base64="R76r0AqRnxPa5518/Yx6zF+R1t0="></latexit>

200! → 10370

<latexit sha1_base64="mN82+jomI7rkdEmWfIAxjC5zRpk="></latexit>

13509! → 1050.000

„Hard“ and „Hard“ May Differ
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Traveling Salesman: 
Shortest perimeter 
for 200 points

Minimum Triangulation: 
Cheapest Subdivision 
into triangles 
for 100.000.000 points!

Area minimization: 
Smallest area 
for 30 points??

23

<latexit sha1_base64="R76r0AqRnxPa5518/Yx6zF+R1t0="></latexit>

200! → 10370

<latexit sha1_base64="PqxkySMv3HK1wT9JrVykMmdaZ7o="></latexit>

30! → 1032

<latexit sha1_base64="feQF6qOqJyAvzplri/KhRrwu3NM="></latexit>

1042.000.000

„Hard“ and „Hard“ May Differ
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2 Minimum-Area Polygons
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Optimal Polygonizations

Given:     A planar point set P

Wanted:  A simple polygon with vertex set P

Minimize Perimeter Traveling Salesman ProblemObjective:
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Optimal Polygonizations

Given:     A planar point set P

Wanted:  A simple polygon with vertex set P

Minimize Area!Objective:



23.02.2026 | Sándor P. Fekete | Hard in Theory, Easy in Practice? Solving Hard Optimization Problems in Geometry and Elsewhere 
8

Optimal Polygonizations
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Some History
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The 2019 CG Challenge
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The 2019 CG Challenge
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Some Recent Progress
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Project and Instances
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Project and Instances
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Project and Instances
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3 Minimum-Weight Triangulation
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Minimum-Weight Triangulation
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Minimum-Weight Triangulation
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Minimum-Weight Triangulation
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MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]
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MWT is NP-hard [Mulzer and Rote, 2008]
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This Talk
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Two Notes

Numerical Exactness & Square Root Sums:
We aim for numerical exactness in our solution.
We cannot escape the square root sum problem everywhere.

Goal instance size:  points for “well-behaved” instances.
Kills any idea requiring  runtime or memory (in practice).

108

Ω(n2)
non-pathological“ instances.
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Outline

Diamonds LMT

DP

LP & IP

Experiments
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Edge Enumeration: Diamond Filter

𝐿

𝑀

𝑁

𝐿𝑂 𝑃

 has the diamond property iff one of the triangles is empty;
only edges with the diamond property can be in the MWT.
Largest known  (Drysdale et al. (2001)).

st

α = π/4.6
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Dead Sectors
Dead sector representation: Polar angle interval + activation 
distance
Three cases:

𝐿

𝑀

𝑁𝑂

𝑂

𝐿

𝑀

𝑁

𝑂 𝑂

⊋𝑀𝐿𝑁 → 𝑂 𝑂 < ⊋𝑀𝐿𝑁 < 2𝑂

𝐿 𝑁

𝑂

2𝑂 → ⊋𝑀𝐿𝑁

𝑀 𝑂

bounded by points only angle interval empty/no sector
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Candidate Edges Enumeration: Data Structures

s

point quadtree

[ω1
lb,ω

1
ub], ε

1
A

[ω2
lb,ω

2
ub], ε

2
A

[ω3
lb,ω

3
ub], ε

3
A

[ω4
lb,ω

4
ub], ε

4
A

[ω5
lb,ω

5
ub], ε

5
A

· · ·

[ωk
lb,ω

k
ub], ε

k
A

inactive sectors
FIFO

s
[ω0

lb,ω
0
ub]

[ω1
lb,ω

1
ub]

[ω2
lb,ω

2
ub]

active sectors
sorted list

+ angularly sorted set of discovered points
+ priority queue of nodes and points
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Event Types

•  node covered by sectors?
➡ ignore
•  else expand node

•  activate dead sector
•  insert angle interval
•  potentially merge
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Parallelization & Exactness

Parallelization: trivial, consider multiple sources individually
Exactness challenges:
•  Ensure exactly correct order of events
•  Except for squared distance comparisons, only interval 
arithmetic

•  Angles are challenging  pseudoangles→
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LMT Skeleton

Edges must be locally minimal:
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LMT Data Structure

s te = st

i j

Find next triangle left of :e
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Parallelization & Exactness
Exactness: Only exact predicates needed
Parallelization: Data partitioning, no locking
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Outline
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DP
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Experiments
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Dynamic Program
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Dynamic Program
“simple hole”
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Challenges
Well-known, classical DP, some caveats.
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Outline
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Linear Program (LP)
Well-behaved instances: Diamonds + LMT + DP normally sufficient
Non-simple holes: LP (and possibly IP)
Formulation: One variable  per empty triangle xΔ ≥ 0 Δ

hu
ll

x! + x! + x! = 1 x! + x! + x! → x! → x! → x! = 0

inn
er
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Linear Program (LP): Option B
B. Solve the LP inexactly, give good error bounds

min ∑
Δ

cΔxΔ s.t.

∀e ∈ H : ∑
Δ∈L(e)

xΔ = 1

∀e ∉ H : ∑
Δ∈L(e)

xΔ − ∑
Δ∈R(e)

xΔ = 0

primal

xΔ ≥ 0
xΔ ≤ 1

dual

max ∑
e∈H

ze  s.t.

∀Δ : ∑
e:Δ∈L(e)

ze − ∑
e:Δ∈R(e)

ze ≤ cΔ

+ ∑
Δ

yΔ

+ yΔ

ze free
yΔ ≤ 0

Easy fix for dual 
infeasibility!
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When all else fails: IP

Non-integral LP relaxation: use IP instead (inexact).
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Outline

Diamonds LMT

DP

LP & IP

Experiments



23.02.2026 | Sándor P. Fekete | Hard in Theory, Easy in Practice? Solving Hard Optimization Problems in Geometry and Elsewhere 
38

Outline

DP

LP & IP

Experiments
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Larger Random Instances
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Number of Diamond Edges
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Number of Surviving Edges
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Errors and Error Bounds
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IP

regular 13-gon + center



23.02.2026 | Sándor P. Fekete | Hard in Theory, Easy in Practice? Solving Hard Optimization Problems in Geometry and Elsewhere 
44

Dilation of the MWT
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4 Minimum-Dilation Triangulations



Exact Algorithms for Minimum Dilation Triangulation

qp

t

s 10 20 30 40 50 60 70
size

10≠3

10≠2

10≠1

100

101

102

103

ru
nt

im
e

(s
)

lower is better

IncMDT
BinMDT
IP [8]
BnB [43]
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Dilation

p

q

dilG(p, q) = dil(G) = max
p∥q∈V

{dilG(p, q)}
distG(p, q)

≠pq≠2
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Minimum Dilation Triangulation (MDT)

complexity: no PTIME-algorithm known, no NP-hardness proof
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4.1: Edge candidates
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Ellipse Property

qp

→xp→2 + →xq→2 = ω · →pq→2
x

qp

→xp→2 + →xq→2 = ω · →pq→2
x

qp

existing solution (e.g., Delaunay): dilation ρ
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Ellipse Property

qp

→xp→2 + →xq→2 = ω · →pq→2
x

qp

→xp→2 + →xq→2 = ω · →pq→2
x

qp

x

qp

s

t

existing solution (e.g., Delaunay): dilation ρ
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Candidate Edge Enumeration

Idea: enumerate superset of neighbors from each source point s
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4.2: SAT model & optimization scheme



23.02.2026 | Sándor P. Fekete | Hard in Theory, Easy in Practice? Solving Hard Optimization Problems in Geometry and Elsewhere 
53

SAT Model

Edge variable 
Clause:  is present or 
crossed

xe
e

xe ∨ xf

No crossing edges:
xe ∨ xf
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Separation Problem

Given: Bound  and triangulation , ρ > 1 T
dil(T) ≥ ρ
(say  with )s, t dilT(s, t) ≥ ρ

Find clause :C
• Violated by T
• Satisfied by any triangulation  with U

dil(U) < ρ
: unused edges cutting all short -pathsC s − t

s
t
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Incremental Approach

Initial Solution Sat Model Separate

SAT

UNSAT

Opt

add constraint C

C = xe1 → xe2 → xe3
xe → xf
xe → · · ·
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Binary Search Approach

Initial Solution

Split Bounds

ω → [ε, u]

Separate
C = xe1 ↑ xe2 ↑ xe3

large gap

small gap
Incremental

Sat Model

xe ↑ xf
xe ↑ · · ·

UNSAT

SAT
dil(T ) ↓ ω?

no

yes

sample:
dil(T ) ↓ ω?

yes

no
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4.3: Experiments
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Experiments
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Experiments

0 20 40 60 80 100
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10≠1
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lower is better

Previous bounds:
[1.4308, 1.4482]
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6 Quantum Computing
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Quantum Computing
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Quantum Computing
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Projects
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Quantum Simplex
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Estimating Quantum Simplex
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Estimating Quantum Simplex
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Estimating Quantum Simplex
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Bad News: Estimating Quantum Simplex
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Good News: Knapsack Problems

August 05, 2025
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Good News: Knapsack Problems
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Good News: Knapsack Problems
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Thank you!


