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Abstract. The bin packing problem is one of the classical NP-hard optimization problems. In this paper,
we present a simple generic approach for obtaining new fast lower bounds, based on dual feasible functions.
Worst-case analysis as well as computational results show that one of our classes clearly outperforms the
previous best “economical” lower bound for the bin packing problem by Martello and Toth, which can be
understood as a special case. In particular, we prove an asymptotic worst-case performance of 3/4 for a bound
that can be computed in linear time for items sorted by size. In addition, our approach provides a general
framework for establishing new bounds.
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1. Introduction

The bin packing problem (BPP) can be described as follows: Given a set of n “items”
with sizes x1, . . . , xn , and a supply of identical “containers” of capacity C, decide how
many containers are necessary to pack all the items. This task is one of the classical
problems of combinatorial optimization and NP-hard in the strong sense–see Garey and
Johnson [11]. An excellent survey by Coffmann, Garey, and Johnson can be found as
Chapter 2 in the book [2].

Over the years, many clever methods have been devised to deal with the result-
ing difficulties. Most notably, Fernandez de la Vega and Lueker [10], and Karmarkar
and Karp [15] have developed polynomial-time approximation schemes that allow it
to approximate an optimal solution within 1 + ε in polynomial (even linear) time, for
any fixed ε. However, these landmark results are mostly of theoretical value, due to
the enormous size of the constants. In practice as well as in theoretical analysis, most
commonly heuristics like FIRST FIT DECREASING (FFD) are used, sometimes in com-
bination with local improvement heuristics. In order to get a fast estimate on the quality
of such heuristic solutions, it is desirable to have equally fast lower bounds. A classic
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example of such a bound is the easy volume bound L1. While this bound is very simple
to compute, its quality is limited, and its relative performance can be as small as 1/2
OPT. This has motivated Martello and Toth [18,19] to develop the fast bound L2 that
has a worst-case performance of 2/3 OPT.

In this paper, we present a simple and fast generic approach for obtaining lower
bounds, based on dual feasible functions. Assuming that the items are sorted by size,
our bounds can be computed in linear time with small constants, a property they share
with the lower bound L2. One of our classes of lower bounds can be interpreted as
a systematic generalization of L2. Its worst-case performance turns out to be (3/4 OPT
−1). As Chan, Simchi-Lavi, and Bramel showed in [3], 3/4 also happens to be the worst-
case performance of the column generation bound, which is much more expensive to
compute. (Note, however, that the asymptotic performance of the column generation
bound is still an unsolved problem, since [3] only provides a specific example with
performance 3/4.)

It should be emphasized that our main motivation for developing and studying these
new bounds has not been asymptotic worst-case performance. (Clearly, the approxi-
mation schemes mentioned above fare better in that category.) However, our bounds
are extremely fast to compute, so they can be used quite easily in practice. This is
illustrated by computational results, which indicate that our generalization yields a clear
improvement in performance over previous “fast” bounds. This provides some evidence
for their practical usefulness, e.g., in the context of a branch and bound framework.
Other interesting scenarios arise when we want to complement a fast heuristic method
like FFD by an equally fast lower bound, such that we may detect a small gap when
the heuristic solution is close to optimal. Finally, our systematic approach is suited to
simplify and improve other hand-tailored types of bounds.

The rest of this paper is organized as follows. In Sect. 2, we give an introduction to
some “fast” lower bounds, in particular the context of the volume bound L1, and the
bound L2 by Martello and Toth. In Sect. 3, we give an introduction to dual feasible
functions and show how they provide a framework for obtaining fast and simple lower
bounds for the BPP. In Sect. 4, we introduce a particular class of bounds that can be
interpreted as a generalization of L2, and we show that this improves the asymptotic
worst-case performance from 2/3 to 3/4. In Sect. 5, we give computational results
illustrating the usefulness of our bounds. Section 6 concludes with a discussion of
possible extensions, including higher-dimensional packing problems.

2. Elementary bounds

In this section we give a basic introduction to some well-known bounds for the bin pack-
ing problem, and we discuss their performance. One particular performance measure
that comes up in this context is the worst-case performance:

Definition 1 ((asymptotic) worst-case performance). Let L be a lower bound for
a minimization problem P. Let OPT(I ) denote the optimal value of P for an instance I.
Then

r(L) := sup

{
L(I )

OPT(I )
| I is an instance of P

}
(1)
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is called the worst-case performance and

r∞(L) := lim
s→IR+

0

sup

{
L(I )

OPT(I )
| I is an instance of P with OPT(I ) ≥ s

}
(2)

is called the asymptotic worst-case performance of L.

2.1. The class L1 and its relatives

In the following, we assume without loss of generality that the size C of the container
is normalized to 1. Then one of the easiest lower bounds for the BPP is the total
volume of all items, rounded up to the next integer. For a normalized BPP instance
I := (x1, . . . , xn), this bound can be formulated as

L1(I ) :=
⌈

n∑
i=1

xi

⌉
. (3)

A standard approach for obtaining bounds for combinatorial optimization problem
is to consider relaxations of an integer programming formulation. As described in [19],
pp. 224 ff., the bound L1 can also be obtained as the optimal solution of the LP-relaxation
for the following ILP that describes the BPP:

min
∑n

i=1 yi (4)

subject to
∑n

j=1 x j zi j ≤ yi, i = {1, . . . , n}, (5)∑n
i=1 zi j = 1, j = {1, . . . , n}, (6)

yi ∈ {0, 1}, i = {1, . . . , n}, (7)

zi j ∈ {0, 1}, i, j = {1, . . . , n}. (8)

(Here, yi = 1 indicates that bin i is used, and zi j = 1 indicates that item j is assigned
to bin i.) In this formulation, L1 can be interpreted as the solution over the continuous
relaxation (i.e., zi j ∈ [0, 1] instead of 8) of the BPP, where items are allowed to be
split and the pieces may be packed into several bins. It is also shown in [19] that the
bound L1 dominates the surrogate relaxation, which is given, for a positive vector (πi)

of multipliers, by

min
∑n

i=1 yi (9)

subject to
∑n

i=1 πi
∑n

j=1 x j zi j ≤ πi yi, i = {1, . . . , n}, (10)

(6), (7), (8),

and the Lagrange relaxation, which is given, for a positive vector (µi) of multipliers,
by

min
∑n

i=1 yi + ∑n
i=1 µi

(∑n
j=1 x j zi j − yi

)
(11)

subject to (6), (7), (8),
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According to their numerical experiments, L1 approximates the optimal value very
well, as long as there are sufficiently many items of small size, meaning that the
remaining capacity of bins with big items can be exploited. If this is not the case, then
the ratio between L1 and the optimal value can reach a worst-case performance of
r(L1) = 1

2 , as shown by the class of examples with 2k items of size 1
2 + 1

2k :

Observation 1 (Johnson [13]). r(L1) = 1
2 .

2.2. The class L2

In the situation which is critical for L1 (“not enough small items to fill up bins”), it
makes sense to concentrate on the “large” items. This yields the bound L2, which was
first introduced by Martello and Toth [18,19]: For a BPP instance I , let

L2(I ) := max
ε∈[0, 1

2 ]
(| {xi ∈ I | x > 1 − ε} | +L1({xi ∈ I | ε ≤ xi ≤ 1 − ε}) . (12)

The worst-case performance is improved significantly:

Theorem 1 (Martello and Toth). r(L2) = 2
3 .

This bound of 2
3 is tight: Consider the class of BPP instances with 6k items of size

1
3 + 1

6k .
There is little hope that a lower bound for the BPP that can be computed in polynomial

time can reach an absolute worst-case performance above 2
3 . Otherwise, the NP-hard

problem PARTITION (see [11], p. 47) of deciding whether two sets of items can be split
into two sets of equal total size could be solved in polynomial time.

L2 can be computed in time O(n log n). The computational effort is determined by
sorting the items by their size, the rest can be performed in linear time:

Lemma 1 (Martello and Toth). Consider a BPP instance I := (x1, . . . , xn). If the
sizes xi are pre-sorted by size, then L2(I ) can be computed in time O(n).

The idea for evaluating the maximization over ε ∈ [0, 1
2 ] efficiently is to keep track

of the best objective value for ε ∈ [0, δ] while δ increases from 0 to 1/2. Clearly, we
only have to examine values where δ or 1 − δ coincide with an item size xi . At any such
“event”, we only need to update items of this critical size, so no item will cause more
than one update. Since these updates can be performed in O(1) amortized time, we can
evaluate L2 in time O(n) for pre-sorted items.

3. Dual feasible functions

Now we turn to the mathematical discussion of dual feasible functions, which will then
be used for a general framework for describing lower bounds for the BPP. For the rest
of this and the following section, we assume without loss of generality that the items
have size xi ∈ [0, 1], and the container size C is normalized to 1. Then we introduce the
following:
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Definition 2 (Dual Feasible Functions). A function u : [0, 1] → [0, 1] is called dual
feasible, if for any finite set S of nonnegative real numbers, we have the relation∑

x∈S

x ≤ 1 �⇒
∑
x∈S

u(x) ≤ 1. (13)

Dual feasible functions have been used in the performance analysis of heuristics for the
BPP, first by Johnson [13], then by Lueker [16]; see Coffman and Lueker [4] for a more
detailed description. The Term (which was first introduced by Lueker [16]) refers to
the fact that for any dual feasible function u and for any bin packing instance with
item sizes x1, . . . , xn , the vector (u(x1), . . . , u(xn)) is a feasible solution for the dual
of the corresponding fractional bin packing problem (see [15]). By definition, convex
combination and compositions of dual feasible functions are dual feasible.

We show in this paper that dual feasible functions can be used for improving lower
bounds for the one-dimensional bin packing problem. This is based on the following
easy lemma.

Lemma 2. Let I := (x1, . . . , xn) be a BPP instance and let u be a dual feasible function.
Then any lower bound for the transformed BPP instance u(I ) := (u(x1), . . . , u(xn)) is
also a lower bound for I.

By using a set of dual feasible functionsU and considering the maximum value over
the transformed instances u(I ), u ∈ U , we can try to obtain even better lower bounds.

In [16], a particular class of dual feasible functions is described; it relies on a special
rounding technique. For a given k ∈ IN, consider the stair function u(k) that maps (for
i ∈ {1, . . . , k}) all values from the interval [ i

k+1 , i+1
k+1 ) onto the value i

k . 1 is mapped
to 1. We give a slightly improved version and a simple proof that these functions are
dual feasible.

Theorem 2. Let k ∈ IN. Then

u(k) : [0, 1] → [0, 1]
x �→

{
x, for x(k + 1) ∈ ZZ
�(k + 1)x� 1

k , else

is a dual feasible function.

Proof. Let S be a finite set of nonnegative real numbers with
∑

xi∈S
xi ≤ 1. We have to

show that
∑

xi∈S
u(k)(xi) ≤ 1. Let T := {xi ∈ S | xi(k + 1) ∈ ZZ}. Clearly, we only need to

consider the case S �= T . Then

(k + 1)
∑
xi∈T

u(k)(xi) + k
∑

xi∈S\T

u(k)(xi) = (k + 1)
∑
xi∈T

xi +
∑

xi∈S\T

�(k + 1)xi�

< (k + 1)
∑
xi∈S

xi .
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By definition of u(k), the terms (k + 1)
∑

x∈T u(k)(x) and k
∑

x∈S\T u(k)(x) are in-

teger, so by virtue of
∑

xi∈S
xi ≤ 1, we have the inequality (k + 1)

∑
x∈T u(k)(x) +

k
∑

x∈S\T u(k)(x) ≤ k, implying
∑
x∈S

u(k)(x) ≤ 1.

��
The rounding mechanism is visualized in Fig. 1, showing the difference of the stair

functions u(k), k ∈ {1, . . . , 4}, and the identity id over the interval [0, 1]. For the BPP,
we mostly try to increase the sizes by a dual feasible function, since this allows us to
obtain a larger, i.e., better bound. The hope is to find a u(k) for which as many items as
possible are in the “win zones” – the subintervals of [0, 1] for which the difference is
positive.

(k)y = u   (x)

0
0 1

1

0
0 1

1/3

2/3

3/42/41/4
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0
0

1/4
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1
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y y

x

x

x
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k=1 k=2

k=3
k=4

Fig. 1. Win and loss zones for u(k)

The following class of dual feasible functions is the implicit basis for the bin packing
bound L2 by Martello and Toth [18,19]. This bound is obtained by neglecting all items
smaller than a given value ε. We account for these savings by increasing all items of
size larger than 1 − ε. Figure 2 shows the corresponding win and loss zones.

Theorem 3. Let ε ∈ [0, 1
2 ]. Then

U(ε) : [0, 1] → [0, 1]

x �→



1, for x > 1 − ε

x, for ε ≤ x ≤ 1 − ε

0, for x < ε

is a dual feasible function.
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Proof. See Fig. 2 for the win and loss zones. Let S be a finite set of nonnegative real
numbers, with

∑
x∈S

x ≤ 1. We consider two cases. If S contains an element larger than

1 − ε, then all other elements have to be smaller than ε. Hence we have
∑
x∈S

U(ε)(x) = 1.

If all elements of S have at most size 1 − ε, we have
∑
x∈S

U(ε)(x) ≤ ∑
x∈S

x ≤ 1.

��

(ε)
y = U    (x)

0
0 1

1

ε 1−ε

y

x

Fig. 2. Win and loss zones for U(ε)

We give a third example for a class of dual feasible functions to illustrate that
their appearance may vary considerably. (This third class of dual feasible functions
can be used in the context of higher-dimensional packing. It dominates and generalizes
bounds that were hand-tailored for the two-dimensional and three-dimensional BPP by
Martello and Vigo [20], and Martello, Pisinger, and Vigo [17]. Since those bounds are
somewhat complicated to describe, the interested reader is referred to our paper [8] for
details.)

This third class focuses on a critical threshold parameter ε. Items of size below ε

are ignored and for the interval (ε, 1
2 ], a constant value δ = 1/�ε−1� is used. On ( 1

2 , 1],
the value U(ε)(xi) of an item xi accounts for the number of items of size δ that can be
combined with xi Fig. 3 shows that for small values of ε, the area of loss zones for φ(ε)

exceeds the area of win zones by a clear margin. This contrasts to the behavior of the
functions u(k) and U(ε), where the win and loss areas have the same size.

Theorem 4. Let ε ∈ [0, 1
2 ). Then

φ(ε) : [0, 1] → [0, 1]

x �→




1 − �(1−x)ε−1�
�ε−1� for x > 1

2
1
2 for x = 1

2
1

�ε−1� for ε ≤ x < 1
2

0 for x < ε

is a dual feasible function.
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Fig. 3. Win and loss zones for φ(ε)

Proof. Let S be a finite set of nonnegative numbers with
∑
x∈S

x ≤ 1. Let S′ := {x ∈
S | ε ≤ x < 1

2 }. We distinguish three cases, depending on the size of the largest item:

(i) If all elements of S have size less than 1
2 , then by definition of S′,

1 ≥
∑
x∈S

x ≥
∑
x∈S′

x ≥ |S′|ε (14)

holds. Since |S′| is integral, it follows that |S′| ≤ �ε−1�, hence∑
x∈S

φ(ε)(x) =
∑
x∈S′

φ(ε)(x) = |S′| 1

�ε−1� ≤ 1. (15)

(ii) The same line of argument can be applied if there are one or two items of size equal
to 1

2 .
(iii) Finally, if S contains exactly one element y > 1

2 , then we have

1 ≥
∑
x∈S

x ≥ y +
∑
x∈S′

x ≥ y + |S′|ε. (16)

Therefore |S′| ≤ �(1 − y)ε−1� and hence∑
x∈S

φ(ε)(x) = φ(ε)(y) +
∑
x∈S′

φ(ε)(x) = 1 − �(1 − y)ε−1�
�ε−1� + |S′| 1

�ε−1� ≤ 1. (17)

��
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4. New classes of lower bounds

In this section, we show how dual feasible functions can be combined by virtue of
Lemma 2 in order to get good bounds for the BPP. We start by pointing out that the
bound L2 can easily be formulated with dual feasible functions:

Observation 2. L2(I ) = maxε∈[0, 1
2 ]

(
U(ε)(I )

)
.

Besides being shorter, this formulation has two other important advantages: It com-
bines the lower bound L1 with the dual feasible function U(ε), so we know by virtue of
Lemma 2 and Theorem 3 without any further work that this is indeed a lower bound.
Moreover, this suggests an easy way of improving L2: If we simply use additional dual
feasible functions, the validity of the resulting generalized bounds is immediate.

4.1. The new class L(p)∗

Our approach focuses at the easiest apparent weakness of L2: As described above, having
all items slightly larger than 1/3 is a class of worst-case instances for L2. Clearly, these
instances are not really difficult, and it would be desirable to find an improvement
that fares better on these easy instances. Rather than using a matching (which is still
computationally expensive), we achieve an improvement in the following way:

Define for any k ∈ IN

L(k)
2 (I ) := max

ε∈[0, 1
2 ]

L1(u
(k) ◦ U(ε)(I )) (18)

and for q ≥ 2 consider the following bounds:

L(p)∗ (I ) := max
{

L2(I ), max
k=2,...,p

L(k)
2 (I )

}
. (19)

By Lemma 2, these are valid lower bounds. Again the time needed for computing these
bounds is dominated by sorting: For any particular value k, we can compute L(k)

2 (I ) in
a single sweep over increasing ε, so we can compute this bound in time O(n) for sorted
items, just like the bound L2.

Lemma 3. Let I := (x1, . . . , xn) be an instance of the BPP. If the items xi are given
sorted by size, then L(p)∗ (I ) can be computed in time O(n) for any fixed p ≥ 2.

4.2. An optimality result for L(p)∗

Next we examine the performance of these new bounds on the worst-case instances
for L2. As a matter of fact, we have:

Theorem 5. Let I := (x1, . . . , xn) be a BPP instance with all items larger than 1
3 . Then

L(2)∗ (I ) equals the optimal value OPT(I ).
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Proof. Without loss of generality, let x1 ≥ x2 ≥ · · · ≥ xn . Consider an optimal solution,
i. e., an assignment of all items to m := OPT(I ) bins. Obviously, any bin contains one
or two items. In each bin, we call the larger item the lower item, while (in the bins with
two items) the smaller item is called the upper item. In the following three steps, we
transform the optimal solution into normal form.

1. Sort the bins in decreasing order of the lower item.
2. Move the upper items into the bins with highest indices. The capacity constraint

remains valid, since increasing bin index corresponds to decreasing size of the lower
item.

3. Using appropriate swaps, make sure that in bins with two items, increasing index
corresponds to increasing size of the upper item. Again, the order of the bins
guarantees that no capacity constraint is violated.

Eventually, we get the normal form shown in Fig. 4: Item xi is placed in bin i. The
remaining items m+1, m+2, . . . , n are placed in bins m, m−1, . . . , m−(n−(m+1)).
The first bin with two items has index q := 2m + 1 − n.

Fig. 4. Normal form of an optimal solution for a BPP instance with sizes xi > 1/3

For i ∈ {1, . . . , n}, the assumption xi > 1
3 implies

u(2)(xi) = �3xi�
2

≥ 1

2
. (20)

For n ≥ 2m − 1, we get

L(2)
2 (I ) ≥ L1(u

(2)(I )) =
⌈

n∑
i=1

u(2)(xi)

⌉
≥

⌈
(2m − 1)

2

⌉
= m. (21)

Hence, the lower bound L(2)
2 (I ) yields the optimal value, leaving the case

n < 2m − 1. (22)

Then q = 2m + 1 − n > 2m + 1 − (2m − 1) = 2, implying that at least bins 1 and 2
contain only one item.
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If xm > 1
2 , then xi > 1

2 holds for all i ≤ m, as the items are sorted by decreasing
size, thus U(1/2)(xi) = 1. Hence,

L2(I ) ≥ L1(U
(1/2)(I )) ≥

⌈
m∑

i=1

U(1/2)(xi)

⌉
= m. (23)

In this case, L2(I ) equals the optimal value. Therefore, assume

xm ≤ 1

2
(24)

for the rest of the proof.
If xm−1 + xm > 1, let ε := xm ≤ 1/2. For i ≤ m − 1, we have xi ≥ xm−1 >

1 − xm = 1 − ε, hence

u(2) ◦ U(ε)(xi) = u(2)(1) = 1. (25)

Furthermore, 1/3 < xm ≤ 1/2 implies

u(2) ◦ U(ε)(xm) = u(2)(xm) = 1

2
. (26)

All in all, we have

L(2)
2 (I ) ≥

⌈
m∑

i=1

u(2) ◦ U(ε)(xi)

⌉
=

⌈
(m − 1) + 1

2

⌉
= m, (27)

i. e., the bound meets the optimum.
This leaves the case

xm−1 + xm ≤ 1. (28)

Using the assumptions (22) and (28), we show that there is an i∗ ∈ {2m − n, . . . , n}
with

xi∗ + x2m−i∗−1 > 1. (29)

Figure 5 shows the meaning of this statement: At least one of the upper items cannot be
combined with the lower item two bins to the left.

This is shown in the following way: If for all i∗ ∈ {2m − n, . . . , n}, we had

xi + x2m−i−1 ≤ 1, (30)

then all upper items could be moved two bins to the left, since the first two items do
not contain more than one item by (22). This would allow it to pack item xm−1 with xm,
saving a bin.

Therefore, consider ε := x2m−i∗−1. By (29), we have for all i ∈ {1, . . . , i∗} that

xi ≥ xi∗ > 1 − ε, (31)
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Fig. 5. Determining i∗

hence

u(2) ◦ U(ε)(xi) = u(2)(1) = 1. (32)

For i ∈ {i∗ + 1, . . . , 2m − 1 − i∗} we have

xi ≥ x2m−i∗−1 = ε, (33)

and therefore

u(2) ◦ U(ε)(xi) ≥ u(2)(xi) ≥ 1

2
. (34)

Summarizing, we get

L(2)
2 (I ) ≥




i∗∑
i=1

u(2) ◦ U(ε)(xi) +
2m−i∗−1∑
i=i∗+1

u(2) ◦ U(ε)(xi)


 (35)

≥



i∗∑
i=1

1 +
2m−i∗−1∑
i=i∗+1

1

2


 (36)

=
⌈

i∗ + (2m − 2i∗ − 1)

2

⌉
= m. (37)

This completes the proof.
��

4.3. Worst-case performance of L(p)∗

As we have stated above, there is little hope to improve the absolute worst-case per-
formance than the 2/3 achieved by L2, since this would require solving the problem
PARTITION. However, we can show that the asymptotic worst-case performance of L2

is improved by r∞(L(2)∗ ):

Theorem 6.

r∞(L(2)∗ ) = 3

4
. (38)
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Proof. Let I := (x1, . . . , xn) be a BPP instance. We start by showing

max{L2(I ), L(2)
2 (I )} ≥ 3

4
OPT(I ) − 1. (39)

By Theorem 5, all items with xi > 1
3 fit into m ≤ L(2)

2 (I ) bins. Let these bins be indexed
by 1, . . . , m. (See Fig. 6.)

Fig. 6. Analyzing L(2)∗

Using the First Fit Decreasing heuristic, we add the remaining items, i. e., sort these
items by decreasing order and put each item into the first bin with sufficient capacity; if
necessary, use a new bin. Let s denote the number of bins in this solution.

Suppose we need m bins for the big items and not more than m
3 new bins for the

rest, then Theorem 5 yields the first part of the statement:

OPT(I ) ≤ s ≤ 4

3
m ≤ 4

3
max

{
L(2)

2 (I ), L2(I )
}
. (40)

Therefore, assume

3s

4
> m (41)

for the rest of the proof.
Let α denote the largest free capacity of one of the bins 1 through m, i. e., the total

size of all items in these bins is at least (1 − α).
No item that was placed in one of the bins m + 1 through s can fit into the bin with

free capacity α. This means that all these bins can only contain items xi > α. On the
other hand, the size of these items does not exceed 1

3 . This implies that the bins m + 1
through s − 1 must contain at least three items of size xi > α, while bin s holds at least
one item xi > α.

Thus, we get

L2(I ) ≥ L1(I ) =
⌈

n∑
i=1

xi

⌉
≥ �(1 − α)m + 3α(q − 1 − m) + α� (42)

= �(1 − 4α)m + 3α(q − 1) + α� .

Now consider two cases.



24 Sándor P. Fekete, Jörg Schepers

Case 1. Assume α > 1
4 . Since (1 − 4α) < 0, we can replace the term m in (42) by

3q
4 > m:

L2(I ) >

⌈
(1 − 4α)

3

4
q + 3α(q − 1) + α

⌉
(43)

=
⌈

3

4
q − 2α

⌉
(44)

≥ 3

4
q − 1 ≥ 3

4
OPT(I ) − 1. (45)

Case 2. For α ≤ 1
4 , consider the free capacities β j of the bins j ∈ {m + 1, . . . , q − 1}.

Since no item in bin q can have size xi > 1
3 , we conclude that β j ≤ 1

3 . If β j ≤ 1
4 for all

j ∈ {m + 1, . . . , q − 1}, then L2(I ) ≥ L1(I ) ≥ 3
4 (q − 1) ≥ 3

4 OPT(I ) − 1.

Otherwise, let β j∗ be the first of these free capacities that is larger than 1
4 . Then all

items in bins { j∗, . . . , q − 1} must have size xi > β j∗ > 1
4 . Since each of these bins

contains at least three items, we get β j < 1
4 for j ∈ { j∗ + 1, . . . , q − 1}. Bin q contains

at least one item of size xi > β j∗ > 1
4 . Then L2(I ) ≥ L1(I ) > 3

4 (q − 2) + 2
3 + 1

4 >
3
4 OPT(I ) − 1.

This completes the proof that r∞(L(2)∗ ) ≥ 3
4 . For showing that equality holds,

consider the family of bin packing instances with 3k items of size 1/4 + δ with δ > 0.
This needs at least k bins. For sufficiently small δ, we have L(2)

2 = 0 and L2(I ) =
L1(I ) ≤ 3

4 k + 1.
��

Using a larger subset of this family of dual feasible functions does not improve the
worst-case performance:

Theorem 7.

r∞(L(p)∗ ) = 3

4
. (46)

Proof. By Theorem 6, it is clear that r∞(L(p)∗ ) ≥ 3
4 . To see that 3/4 is still best possible,

consider the following class of instances I :
For arbitrary k and sufficiently small ε, suppose we have 3k “small” items of size

1
3 − ε, and 6k “large” items of size 1

3 + ε. Then the optimal number of bins is 4k: Each
bin containing a large item can fit at most one more item; moreover, at most three small
items can fit into the same bin.

On the other hand, we get L1(I ) = L2(I ) = �3k + 15ε�. Therefore, consider
rounding items sizes to multiples of 1/ j by using the function u( j). As long as j + 1
is not a multiple of 3, all sizes are rounded like items of size 1/3, so we get overall
length 3k.

This leaves the case j = 3i + 2. Then small items are slightly shorter than the
threshold i+1

3i+3 = 1
3 , so they are rounded to i

3i+2 . On the other hand, large items are

rounded to i+1
3i+2 . Overall, this yields a total length of 3k.

��
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The argument for the optimal value in the above example suggests the class U(ε0,... ,εi)

of dual feasible functions that generalizes the class U(ε) described in Theorem 3. That
class can be interpreted in the following way: Determine an ε = ε0 > 0, such that no
item larger than 1 − ε0 can be combined with any other item. Similarly, we can choose
εi > 0, such that no item beyond 1 − εi can be combined with more than i other items.

Computing this bound gets more expensive, so we do not pursue it any further at
this point. (See the discussion at the end of Sect. 5.2 for practical implications.)

5. Computational performance of lower bounds

Analyzing the worst-case performance of a lower bound is only one aspect of its
usefulness in practice. This is best illustrated by considering the most popular way
for achieving feasible solutions to the BPP: In the heuristic FIRST FIT DECREASING

(FFD), items are sorted by decreasing size, and then packed greedily into the bins. It was
shown by Johnson et al. [13,14] that the value FFD(I ) of this heuristic never exceeds
11
9 OPT+4. This implies that 9

11 (FFD(I ) − 4) is a valid lower bound. However, this
lower bound is hardly useful when there is hope that a particular solution obtained by
FFD is close to being optimal.

This has been observed before on predecessors of our bounds. Generally speaking,
L2 yields results that are much better than the worst-case performance (see [18,19] for
a comparison with our results).

In the following, we compare the computational performance of L(p)∗ on randomly
generated benchmark problems1. These experiments were carried out in manner similar
to the ones by Martello and Toth for the bound L2, but we used a greater variance of
parameters and a larger number of instances. As it turns out, we get a clear improvement
over L2.

5.1. Description of experiments

For our computational investigation, we consider random instances in a similar way
as described in [19], pp. 240. For a given number n of items, the sizes were gener-
ated randomly with even distribution on the sets S1 = {1, . . . , 100}, S2 = {1, . . . , 90},
S3 = {1, . . . , 80}, S4 = {20, . . . , 80}, S5 = {20, . . . , 70}, for container size c = 100.
This choice differs in part from the choice of Martello and Toth, who use the sets
S1, S2′ = {20, . . . , 100} and S3′ = {50, . . . , 100}, in combination with container
sizes c = 100, 120, 150. Our choice was motivated by the following reasons: First,
it is clear that the set S3′ is not really interesting, as it is basically covered by Theo-
rem 5. Second, for S2′ , all items of size at least c − 19 cannot be combined with
any other items. Choosing ε > 19/c for U(ε) guarantees that all items greater or
equal to c − 19 are indeed given weight 1. Thus, the interesting part is to consider

1 It should be noted that the instances in the ORLIB are not useful as a good benchmark, since they are
not challenging enough: For the 160 instances in that library, even the simple volume bound L1 yields the
optimal value for 159 instances, and for the remaining instance, L1 yields 102 bins instead of the optimal 103
bins. See Gent [12] for a discussion.
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the set {20, . . . , c − 20}; in terms of symmetry, these instances are somewhat simi-
lar to the set {1, . . . , 100}, but trickier due to the absence of very small items to
fill remaining gaps. For comparison, we show the results for the set {20, . . . , 80}.
In addition, we give results for the set {20, . . . , 70}, which turns out to be more
difficult.

For each problem class, and n ∈ {32, 100, 316, 1000}, we generated 1000 instances.
In Tables 1, 3, 5, 6, we compare L1 and L2 with the bounds L(2)∗ , L(3)∗ , L(4)∗ , L(5)∗ , L(10)∗ ,
L(20)∗ , L(100)∗ . Shown is the average relative error in percent (Table 1), the number of
instances (out of 1000) where lower bound and upper bound coincide (Table 3), the
maximum absolute gap between lower bound and upper bound (Table 5), and the total
absolute gap for 1000 instances (Table 6). In addition, Tables 2 and 4 give a comparison
for the bounds L1 and L2 with L1(u(2)), L(2)

2 , and L(2)∗ = max(L2, L(2)
2 ).

The upper bound was computed with the routine MTP from [19] with a limit of
100000 search nodes. Note that for the trickier instances, MTP cannot be expected to
find the exact optimum, and the remaining gap may be largely due to upper bound error.
Furthermore, computing time for those instances was almost entirely due to running
MTP for the upper bound, while the time for the lower bounds remains relatively
small.

Table 1. Relative gap for lower bounds for the BPP

Bound L1 L2 L(2)∗ L(3)∗ L(4)∗ L(5)∗ L(10)∗ L(20)∗ L(100)∗
Set n

{1, . . . , 100} 32 5.700 0.537 0.482 0.425 0.358 0.347 0.283 0.263 0.245
100 3.816 0.430 0.322 0.282 0.263 0.247 0.217 0.204 0.200
316 2.325 0.280 0.186 0.160 0.148 0.142 0.118 0.109 0.108

1000 1.391 0.184 0.114 0.101 0.094 0.091 0.078 0.074 0.072
{1, . . . , 90} 32 5.471 0.487 0.404 0.355 0.328 0.309 0.242 0.228 0.207

100 3.449 0.489 0.334 0.279 0.254 0.254 0.222 0.212 0.205
316 1.663 0.240 0.145 0.121 0.111 0.109 0.100 0.094 0.093

1000 0.667 0.097 0.041 0.034 0.032 0.031 0.028 0.027 0.027
{1, . . . , 80} 32 3.572 0.433 0.339 0.289 0.262 0.262 0.235 0.235 0.221

100 1.399 0.182 0.117 0.106 0.101 0.101 0.101 0.101 0.101
316 0.240 0.041 0.022 0.022 0.022 0.022 0.022 0.022 0.022

1000 0.009 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.002
{20, . . . , 80} 32 7.249 0.959 0.792 0.698 0.573 0.5480 0.461 0.4195 0.401

100 4.713 0.603 0.405 0.322 0.259 0.255 0.220 0.210 0.208
316 2.983 0.418 0.238 0.200 0.168 0.164 0.137 0.127 0.122

1000 1.767 0.255 0.147 0.121 0.104 0.103 0.089 0.084 0.083
{20, . . . , 70} 32 3.387 1.526 1.446 1.341 0.864 0.800 0.735 0.696 0.636

100 1.509 1.063 1.049 1.036 0.590 0.575 0.564 0.538 0.525
316 1.609 1.593 1.593 1.592 1.255 1.252 1.252 1.252 1.246

1000 1.361 1.361 1.361 1.361 1.174 1.174 1.174 1.174 1.171

5.2. Evaluation of experiments

What types of instances are easiest, which are most challenging? Quite clearly, having
small items without any large items makes for the easiest type of instances, and even
the simple bound L1 does well. But even here, it is evident that our bounds squeeze out
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Table 2. Comparison of L1, L2, L1(u(2)), L(2)
2 = max

ε∈[0/ 1
2 ] L1(u(2) ◦ U(ε)), L(2)∗ = max(L2, L(2)

2 ):

Relative gap

Bound L1 L2 L1(u(2)) L(2)
2 L(2)∗

Set n
{1, . . . , 100} 32 5.700 0.537 7.885 2.199 0.482

100 3.816 0.430 4.541 1.118 0.322
316 2.325 0.280 2.558 0.556 0.186

1000 1.391 0.184 1.480 0.302 0.114
{1, . . . , 90} 32 5.471 0.487 9.094 2.522 0.404

100 3.449 0.489 5.404 1.310 0.334
316 1.663 0.240 3.091 0.799 0.145

1000 0.667 0.097 1.918 0.543 0.041
{1, . . . , 80} 32 3.572 0.433 11.425 3.965 0.339

100 1.399 0.182 7.909 3.339 0.117
316 0.240 0.041 6.295 3.537 0.022

1000 0.009 0.003 5.967 4.357 0.003
{20, . . . , 80} 32 7.249 0.959 8.820 2.260 0.792

100 4.713 0.603 5.196 1.159 0.405
316 2.983 0.418 3.063 0.567 0.238

1000 1.767 0.255 1.805 0.324 0.147
{20, . . . , 70} 32 3.3874 1.526 14.702 6.496 1.446

100 1.509 1.063 12.329 7.116 1.049
316 1.609 1.593 12.216 9.048 1.593

1000 1.361 1.361 11.962 10.208 1.361

Table 3. Zero gap (out of 1000 instances) for lower bounds for the BPP

Bound L1 L2 L(2)∗ L(3)∗ L(4)∗ L(5)∗ L(10)∗ L(20)∗ L(100)∗
Set n

{1, . . . , 100} 32 286 908 918 928 940 942 953 956 959
100 122 775 833 854 864 872 888 895 897
316 29 574 706 747 764 774 811 826 828

1000 2 382 579 613 632 638 667 678 681
{1, . . . , 90} 32 347 924 937 945 949 952 963 965 968

100 231 770 843 869 881 881 896 901 904
316 275 679 796 826 939 841 855 864 865

1000 410 703 854 872 878 878 888 888 888
{1, . . . , 80} 32 596 938 952 959 963 963 967 967 969

100 672 922 950 955 957 957 957 957 957
316 862 951 971 971 971 971 971 971 971

1000 982 989 989 989 989 989 989 989 989
{20, . . . , 80} 32 187 836 866 882 902 906 921 928 931

100 76 693 794 837 868 870 888 893 894
316 21 474 676 720 755 760 795 808 814

1000 1 354 607 646 666 666 687 698 699
{20, . . . , 70} 32 541 764 777 793 867 877 887 893 902

100 440 528 535 541 731 738 743 755 761
316 9 13 13 13 104 105 105 105 105

1000 0 0 0 0 6 6 6 6 6

a considerable part of the remaining gap. For the opposite case of only relatively “bulky”
items we get an excellent improvement by our new bounds, which can be seen from our
experiments as well as from Theorem 5. (This does not leave much room for even better
fast lower bounds, and the dual feasible function �(ε) described in Theorem 4 fails to
provide such an improvement for instances with uniform distribution.)
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Table 4. Comparison of L1, L2, L1(u(2)), L(2)
2 = max

ε∈[0/ 1
2 ] L1(u(2) ◦U(ε)), L(2)∗ = max(L2, L(2)

2 ): Zero

gap instances (out of 1000)

Bound L1 L2 L1(u(2)) L(2)
2 L(2)∗

Set n
{1, . . . , 100} 32 286 908 151 700 918

100 122 775 80 630 833
316 29 574 67 604 706

1000 2 382 42 565 579
{1, . . . , 90} 32 347 924 159 691 937

100 231 770 76 635 843
316 275 679 38 552 796

1000 410 703 39 477 854
{1, . . . , 80} 32 596 938 129 615 952

100 672 922 50 422 950
316 862 951 5 152 971

1000 982 989 0 9 989
{20, . . . , 80} 32 187 836 160 696 866

100 76 693 87 649 794
316 21 474 69 629 676

1000 1 354 49 603 607
{20, . . . , 70} 32 541 764 45 372 777

100 440 528 1 108 535
316 9 13 0 4 13

1000 0 0 0 0 0

Table 5. Maximum absolute gap between lower bounds and upper bound

Bound L1 L2 L(2)∗ L(3)∗ L(4)∗ L(5)∗ L(10)∗ L(20)∗ L(100)∗
Set n

{1, . . . , 100} 32 5 1 1 1 1 1 1 1 1
100 11 1 1 1 1 1 1 1 1
316 14 3 2 2 2 2 1 1 1

1000 27 5 4 4 3 3 2 2 2
{1, . . . , 90} 32 5 1 1 1 1 1 1 1 1

100 10 2 1 1 1 1 1 1 1
316 17 4 2 2 1 1 1 1 1

1000 24 5 3 3 3 3 3 2 2
{1, . . . , 80} 32 5 1 1 1 1 1 1 1 1

100 7 2 1 1 1 1 1 1 1
316 9 2 1 1 1 1 1 1 1

1000 9 1 1 1 1 1 1 1 1
{20, . . . , 80} 32 5 1 1 1 1 1 1 1 1

100 13 2 1 1 1 1 1 1 1
316 19 4 3 3 2 2 2 2 2

1000 34 8 5 5 4 4 4 4 4
{20, . . . , 70} 32 8 1 1 1 1 1 1 1 1

100 7 2 2 2 2 2 2 2 2
316 11 6 6 6 5 5 5 5 5

1000 12 12 12 12 12 12 12 12 12

There is one scenario where or bounds provide only little gain over L1 and L2:
This is the situation where we have neither small nor really large items, so there is no
way to avoid larger empty space in bins, but also no way to account for it by focusing
on individual large items. This is not surprising, as the forced empty space is due to
combinations of items. (Here too, �(ε) cannot yield an improvement, since its gain
is limited to larger items.) There is one consolation in having to deal with a larger



New classes of fast lower bounds for bin packing problems 29

Table 6. Total absolute gap in bins for 1000 instances

Bound L1 L2 L(2)∗ L(3)∗ L(4)∗ L(5)∗ L(10)∗ L(20)∗ L(100)∗
Set n

{1, . . . , 100} 32 1080 92 82 72 60 58 47 44 41
100 2109 225 167 146 136 128 112 105 103
316 3899 454 299 257 237 227 189 174 172

1000 7222 938 580 513 475 461 394 374 363
{1, . . . , 90} 32 956 76 63 55 51 48 37 35 32

100 1737 232 157 131 119 119 104 99 96
316 2533 353 211 176 161 159 145 136 135

1000 3129 448 190 158 145 144 129 126 126
{1, . . . , 80} 32 572 62 48 41 37 37 33 33 31

100 639 79 50 45 43 43 43 43 43
316 329 54 29 29 29 29 29 29 29

1000 36 11 11 11 11 11 11 11 11
{20, . . . , 80} 32 1376 164 134 118 98 94 79 72 69

100 2598 311 206 163 132 130 112 107 106
316 4993 673 378 318 267 260 218 201 194

1000 9128 1289 738 605 520 513 443 421 413
{20, . . . , 70} 32 565 236 223 207 133 123 113 107 98

100 722 495 488 482 273 266 261 249 243
316 2338 2313 2313 2311 1818 1814 1814 1813 1805

1000 6213 6213 6213 6213 5355 5355 5355 5355 5345

minimum number of items per bin: Even the bound L1 must do considerably better than
its worst-case performance.

To give a clearer idea of the limitations of the various linear-time bounds in this
scenario, we show the results for instances with 100 items and the sets {20, . . . , 80}
{20, . . . , 70}, {20, . . . , 60}, {20, . . . , 50}, {20, . . . , 40}, {20, . . . , 35}, {20, . . . , 30},
in Table 7.

The most difficult instances seem to occur when using the interval {20, . . . , 35}.
This coincides with the observation by [22]. Clearly, there is little hope for accounting
for the empty space forced by the absence of “good” combinations of several items
without going through those combination. In principle, it is possible to get better results
for these instances by evaluating subsets of items, instead of individual ones; this can
be considered as the column generation bound for a subset of feasible sets. It should
be possible to get lower bounds for these cases by using appropriate types of dual
feasible functions, as mentioned at the end of Sect. 4. Since the main objective of
this paper is to get get lower bound in near-linear time, this extension is left to future
work.

6. Conclusions

We have presented a new method for generating fast lower bounds for the bin packing
problem, and demonstrated that this approach provides useful results. The underlying
method of dual feasible functions can also be used in the case of several dimensions
by combining our ideas with the approach for modeling multi-dimensional orthogonal
packings that we developed for finding exact solutions for the d-dimensional knapsack
problem [6]. Details are described in the papers [7–9].
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Table 7. Performance for instances without large or small items

n = 100 Bound L1 L2 L(2)∗ L(3)∗ L(4)∗ L(5)∗ L(10)∗ L(20)∗ L(100)∗
Set

{20, . . . , 80} rel. error 4.713 0.603 0.405 0.322 0.259 0.255 0.220 0.210 0.208
zero gap 76 693 794 837 868 870 888 893 894
max gap 13 2 1 1 1 1 1 1 1
total gap 2598 311 206 163 132 130 112 107 106

{20, . . . , 70} rel. error 1.509 1.063 1.049 1.036 0.590 0.575 0.564 0.538 0.525
zero gap 440 528 535 541 731 738 743 755 761
max gap 7 2 2 2 2 2 2 2 2
total gap 722 495 488 482 273 266 261 249 243

{20, . . . , 60} rel. error 1.340 1.340 1.340 1.324 1.324 1.324 1.324 1.324 1.324
zero gap 483 483 483 484 484 484 484 484 484
max gap 3 3 3 3 3 3 3 3 3
total gap 556 556 556 549 549 549 549 549 549

{20, . . . , 50} rel. error 4.321 4.321 4.321 4.321 4.318 4.318 4.318 4.318 4.214
zero gap 56 56 56 56 57 57 57 57 60
max gap 3 3 3 3 3 3 3 3 3
total gap 1615 1615 1615 1615 1614 1614 1614 1614 1575

{20, . . . , 40} rel. error 2.236 2.236 2.236 2.236 2.236 2.236 2.236 2.236 2.236
zero gap 363 363 363 363 363 363 363 363 363
max gap 2 2 2 2 2 2 2 2 2
total gap 702 702 702 702 702 702 702 702 702

{20, . . . , 35} rel. error 6.020 6.020 6.020 6.020 6.020 6.020 6.020 6.020 6.016
zero gap 4 4 4 4 4 4 4 4 4
max gap 3 3 3 3 3 3 3 3 3
total gap 1796 1796 1796 1796 1796 1796 1796 1796 1795

{20, . . . , 30} rel. error 2.597 2.597 2.597 2.597 2.597 2.597 2.597 2.597 2.594
zero gap 603 603 603 603 603 603 603 603 603
max gap 3 3 3 3 3 3 3 3 3
total gap 727 727 727 727 727 727 727 727 726
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