EuroCG 2011, Morschach, Switzerland, March 28-30, 2011

Connecting a Set of Circles with Minimum Sum of Radii
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Abstract

We consider the problem of assigning radii to given
points in the plane, such that the resulting set of cir-
cles is connected, and the sum of radii is minimized.
We show that the problem is polynomially solvable
if a connectivity tree is given, but NP-hard if there
are upper bounds on the radii; the case of unbounded
radii is an open problem. We also give approximation
guarantees for a variety of heuristics, describe upper
and lower bounds (which are matching in some of the
cases), and conclude with experimental results.

1 Introduction

We consider a natural geometric connectivity prob-
lem, arising from the context of assigning ranges to
a set of center points. More formally, given a set of
points P = {p1,...,pn} in the plane and their respec-
tive radii r;, in the connectivity graph G = {V, E}, V
corresponds to P, and edges e;; € E to intersecting
circles, i.e., 7, +1; > dist(p;, p;) for the Euclidean dis-
tance dist(p;, pj) between p; and p;. (A natural gen-
eralization arises from considering distances in a given
weighted graph, instead of geometric distances.) The
CONNECTED RANGE ASSIGNMENT PROBLEM (CRA)
requires assignment of radii r to P, such that the ob-
jective function Q = > % 7, a = 1 is minimized,
subject to the constraint that G is connected.

Problems of this type have been considered before
and have natural motivations from fields including
networks, robotics, and data analysis. Common to
most is an objective function that considers the sum
of the radii of circles to some exponent .

Alt et al. [1] consider the closely related problem
of selecting circle centers and radii such that a given
set of points in the plane are covered by the circles.
Like our work, they focus on minimizing an objective
function based on Y ;% and produce results specific
to various values of @. The minimum sum of radii
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circle coverage problem (with @ = 1) is also consid-
ered by Lev-Tov and Peleg [6] in the context of radio
networks. Related work has also been done in the
area of data clustering. Gibson et al. [5], consider
partitioning data into k clusters to minimize the sum
of the cluster radii, and authors consider the problem
for specific numbers of dimensions. Since we are given
the circle centers, the problem can be also considered
a range assignment problem [3]; see [4] for hardness
results of different (typically directed) communication
graphs.

In this paper we present a variety of algorithmic
aspects of the problem. In Section 2 we show that
for a given connectivity tree, an optimal solution can
be computed efficiently. Section 3 sketches a proof of
NP-hardness for the problem when there is an upper
bound on the radii. Section 4 provides a number of
approximation results for the case of unbounded radii,
complemented by experiments in Section 5.

2 CRA for a Given Connectivity Tree

For a given connectivity tree, our problem is polyno-
mially solvable, based on the following observation.

Lemma 1 Given a connectivity tree T" with at least
three nodes. There exists an optimal range assign-
ment for T with r; = 0 for all leaves p; of T

Proof. Assume an optimal range assignment for T’

has a leaf p; € P with radius r; > 0. The circle C;

around p; intersects circle C; around p;’s parent p;

with radius r;. Extending C; to r; := dist(pi,p;)

while setting r; := 0 does not increase Y ;. d
piEP

Direct consequences of Lemma 1 are the following.

Corollary 2 There is an optimal range assignment
satisfying Lemma 1 and further r; > 0 for all p; € P
of height 1 in T' (i.e., each p; is parent of leaves only).

Corollary 3 Consider an optimal range assignment
for T satisfying Lemma 1. Further let p; € P be of
height 1inT. Thenr; >  max  {dist(p;,p;)}

p; is child of p;
These observations allow us to solve the problem via
dynamic programming; details are omitted.

This is an extended abstract of a presentation given at EuroCG 2011. It has been made public for the benefit of the community and should be considered
a preprint rather than a formally reviewed paper. Thus, this work is expected to appear in a conference with formal proceedings and/or in a journal.
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Figure 1: Two variable gadgets connected to the same
clause gadget. “True” and “False” vertices marked in
bold white or black; auxiliary vertices are indicated by
small dots; the clause vertex is indicated by a triangle.
Connectivity edges are not shown.
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Figure 2: A class of CRA instances that need k + 1
circles in an optimal solution.

Theorem 4 For a given connectivity tree, CRA can
be solved in polynomial time.

3 Range Assignment for Bounded Radii

Without a connectivity tree, and assuming an upper
bound of p on the radii, the problem becomes NP-
hard; in this short abstract, we focus on the graph
version of the problem.

Theorem 5 With radii bounded by some constant p,
the problem CRA is NP-hard in weighted graphs.

See Figure 1 for the basic construction. The proof
uses a reduction from 3SAT. Variable are represented
by closed “loops” at distance p that have two feasible
connected solutions: auxiliary points ensure that ei-
ther the odd or the even points in a loop get radius p.
Additional “connectivity” edges ensure that all vari-
able gadgets are connected. Each clause is represented
by a star-shaped set of four points that is covered by
one circle of radius p from the center point. This cir-
cle is connected to the rest of the circles, if and only
if one of the variable loop circles intersects it, which
is the case if and only if there is a satisfying variable.

4 Solutions with a Bounded Number of Circles
In this section we show that using only a small number

of circles already yields good approximations; we start
by a class of lower bounds.

Theorem 6 Even for a set of collinear points, a best
k-circle solution may be off by a factor of (1 + 2,9%)

100
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Figure 3: A lower bound of % for 1-circle solutions.

Proof. Consider the example in Fig. 2. The provided
solution is optimal, as > r; = M. Further, for
any integer k > 2 we have d, = 22;:02 2t 4 2k—1 < 9.
2k 4 2k=1 — g4, So the radius r,+1 cannot be changed
in an optimal solution. Inductively, we conclude that
exactly k + 1 circles are needed. Because we only
consider integer distances, a best k-circle solution has
cost Ry > R+1,1e, & > 14 5l O

In the following we give some good approximation
guarantees for CRA using one or two circles.

Lemma 7 Let P a longest path in an optimal con-
nectivity graph, and let e,, be an edge in P containing
the midpoint of P. Then Y r; > max{3|P|, |em|}.

Theorem 8 A best 1-circle solution for CRA is a %-
approximation.

Proof. Consider a longest path P = (po,...,pr) of
length |P| in an optimal connectivity graph. Let
R = > r; be the cost of the optimal solution, and
€m = PiPit1 as in Lemma 7. Let d; := dist(p;, px)
and Cii+1 = diSt(po,pi+1). Then min{Ji,Ji+1} <
ditdiy1 _ diSt(PD;Pz‘)-l‘Q\e;n\+d15t(17i+17k) _ @ + % <

2
R+ g = %R. So one circle with radius %R around the
point in P that is nearest to the middle of path P cov-
ers P, as otherwise there would be a longer path. O

Fig. 3 shows that this bound is tight. Using two
circles yields an even better approximation factor.

Theorem 9 A best 2-circle solution for CRA is a %—
approximation.

Proof. Let P = (po,...,pr) be a longest path in an
optimal connectivity graph. Then > r; > |P|. We
distinguish two cases; see Fig. 4.

Case 1. There is a point z on P at a distance
of at least %|P| from both endpoints. Then there is
a 1-circle solution that is a %—approximation7 and no
2-circle solution of such quality is needed.

Case 2. There is no such point z. Let e, =
pipi+1 be defined as in Lemma 7. Further, let
d; = dist(po,p;) and d;y1 := dist(piy+1,px). Then
lem| = [P| = di — dit1 and d;, diq < [P

Case 2a. If |e,,| < |P| then d; + diy1 = |P| —
‘€m| > %|P| > |6m‘ Set r; = dz and Ti+1 = di+1,
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Figure 4: A best 2-circle solution is a 3-approximate
solution: Case 2a (Top); Case 2b (Bottom).
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Figure 5: A non-overlapping optimal solution.

then the path is covered. Since d;,d;11 < %|P| we
have r; +riy1 = d; + djpq1 < %\P| < %ZH and the
claim holds.

Case 2b. Otherwise, if |e,| > %[P| then d; +
div1 < %\P| < |lem|. Assume d; > d;11. Choose
r; :=d; and 7;41 := |emm| — d;. Then P is covered and
ri +7rip1 = d; + (lem| — d;) = |em|, which is the lower
bound and thus the range assignment is optimal. [J

If all points of P lie on a straight line, the approxi-
mation ratio for two circles can further be improved.

Lemma 10 Let P be a subset of a straight line.
Then there is a non-overlapping optimal solution, i.e.,
one in which all circles have disjoint interior.

Proof. An arbitrary optimal solution is modified as
follows. For every two overlapping circles C; and C; 1
with centers p; and p;11, we decrease r;41, such that
ri + Tip1 = dist(p;, pi+1), and increase the radius of
Cit2 by the same amount. This can be iterated, until
there is at most one overlap at the outermost circle C;
(with Cj_1). Then there must be a point p;1; on the
boundary of C;: otherwise we could shrink C; contra-
dicting optimality. Decreasing C;’s radius r; by the
overlap [ and adding a new circle with radius [ around
Dj+1 creates an optimal solution without overlap. [

Theorem 11 Let P a subset of a straight line
g. Then a best 2-circle solution for CRA is a %—
approximation.

Proof. According to Lemma 10 we are, w.l.o.g., given
an optimal solution with non-overlapping circles. Let

// \‘// ZR ZR
Po., pi “ Pi Pn

Figure 6: A %—approximate solution with d; < %R.
The cross marks the position of the optimal counter-
part p; to p; and the grey area sketches A;.

po and p,, be the outermost intersection points of the
optimal solution circles and g. W.l.o.g., we may fur-

ther assume po,p, € P,R=>.r; = % (oth-
erwise, we can add the outermost intersection point
of the outermost circle and g to P, which may only
improve the approximation ratio). Let p; denote the
rightmost point in P left to the middle of pyp, and
let p;+1 its neighbor on the other half. Further, let
d; = dist(po, pi), dit1 := dist(piy1,pn) (See Fig. 5).
Assume, d; > d;y1. We now give %—approximate So-
lutions using one or two circles that cover pop,,.

Case 1. If 3R < d; then 2R > 2R — d; =
dist(p;, pn). Thus, a one-circle solution around p; is
sufficient.

Case 2. If %R > d; > d;4+1 we need two circles to
cover pop, with %R.

Case 2a. The point p; could be a center point of
an optimal two-circle solution if there was a point p}
with dist(Cy, pf) = dist(pf,pn) = R —d;. So in case
there is a p; € P that lies in a %R—neighborhood of
such an optimal p} we get dist(Cy, p}), dist(p}, pn) <
R —d; + 1R (see Fig. 6). Thus, r(p;) := d;,7(p}) ==
R—d; + iR provides a %—approximate solution.

Case 2b. Analogously to Case 2a, there is a point
piy1 € P within a %R—range of an optimal counterpart
to pi11. Then we can take r(pij1) := dig1, (P4 1) =
R—dj1+ iR as a %—approximate solution.

Case 2c. Assume that there is neither such a p]
nor such a pj ;. Because d;,d;;1 are in (iR, %R),
we have 1R < R —d; < 2R for j = 4,i+ 1, which
implies that there are two disjoint areas A;, A;11, each
with diameter equal to %R and excluding all points
of P. Because p;, the rightmost point on the left half
of Dopn, has a greater distance to A; than to pg, any
circle around a point on the left could only cover parts
of both A; and A;y; if it has a greater radius than
its distance to pg. This contradicts the assumption
that po is a leftmost point of a circle in an optimal
solution. The same applies to the right-hand side.
Thus, A; U A;1 must contain at least one point of
P, and therefore one of the previous cases leads to a
%—approximation. O

Fig. 7 shows that the bound is tight. We believe
that this is also the worst case when points are not on
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Figure 7: A lower bound of % for 2-circle solutions.
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Figure 8: Ratios of the average over all enumerated
trees and of the best 1-circle tree to the optimal ) r;.
Results were averaged over 100 trials for each number.

a line. Indeed, the solutions constructed in the proof
of Theorem 11 cover a longest path P in an optimal
solution for a general P. If this longest path consists
of at most three edges, p;(=: pj ;) and p;11(=: p;) can
be chosen as circle centers, covering all of P. How-
ever, if P consists of at least four edges, a solution for
the diameter may produce two internal non-adjacent
center points that do not necessarily cover all of P.

5 Experimental Results

It is curious that even in the worst case, a one-circle
solution is close to being optimal. This is supported
by experimental evidence. For different numbers of
uniformly distributed points, we enumerated all pos-
sible spanning trees using the method described in [2],
and recorded the optimal value with the algorithm
mentioned in Section 2. This we compared with the
best one-circle solution; as shown in Fig. 8, the latter
seems to be an excellent heuristic choice.

6 Conclusion

A number of open problems remain. One of the most
puzzling is the issue of complexity in the absence of
upper bounds on the radii. The strong performance
of the one-circle solution (and even better of solutions
with higher, but limited numbers of circles), and the
difficulty of constructing solutions for which the one-
circle solution is not optimal strongly hint at the pos-
sibility of the problem being polynomially solvable.
One possible way may be to use methods from linear
programming: modeling the objective function and
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the variables by linear methods is straightforward;
describing the connectivity of a spanning tree by lin-
ear cut constraints is also well know. However, even
though separating over the exponentially many cut
constraints is polynomially solvable (and hence opti-
mizing over the resulting polytope), the overall poly-
tope is not necessarily integral. On the other hand, we
have been unable to prove NP-hardness without up-
per bounds on the radii, even in the more controlled
context of graph-induced distances.

Other open problems are concerned with the worst-
case performance of heuristics using a bounded num-
ber of circles. We showed that two circles suffice for
a %—approximation in general, and a g—approximation
on a line; we conjecture that the general performance
guarantee can be improved to g, matching the exist-
ing lower bound. Obviously, the same can be studied
for k circles, for any fixed k; at this point, the best
lower bounds we have are % for k=3 and 1+ 2,6%
for general k. We also conjecture that the worst-
case ratio f(k) of a best k-circle solution approxi-

mates the optimal value arbitrarily well for large k,
ie., klim f(k)=1.
—00

Acknowledgments

This work was started during the 2009 Bellairs Workshop
on Computational Geometry. We thank all other partici-
pants for contributing to the great atmosphere.

References

[1] H. Alt, E. M. Arkin, H. Bronnimann, J. Erick-
son, S. P. Fekete, C. Knauer, J. Lenchner, J. S. B.
Mitchell, and K. Whittlesey. Minimum-cost cover-
age of point sets by disks. In Proc. 22nd Annu.
ACM Sympos. Comput. Geom. (SoCG), pages 449
458, 2006.

[2] D. Avis and K. Fukuda. Reverse search for enumer-
ation. Disc. Appl. Math., 65(1-3):21-46, 1996.

[3] A. E. Clementi, P. Penna, and R. Silvestri. On the
power assignment problem in radio networks. Mobile
Networks and Applications, 9(2):125-140, 2004.

[4] B. Fuchs. On the hardness of range assignment prob-
lems. Networks, 52(4):183-195, 2008.

[5] M. Gibson, G. Kanade, E. Krohn, I. A. Pirwani, and
K. Varadarajan. On clustering to minimize the sum
of radii. In Proc. 19th ACM-SIAM Symp. Disc. Alg.
(SODA), pages 819-825, 2008.

[6] N. Lev-Tov and D. Peleg. Polynomial time approxi-
mation schemes for base station coverage with mini-
mum total radii. Computer Networks, 47(4):489-501,
2005.





