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We consider an algorithmic problem that arises
in the study of the manufacturability of sheet metal
parts:Given a flat piece,F , of sheet metal (or card-
board, or other bendable “stiff ” sheet material), can
a desired final polyhedral part,P , be made from it?
The 2-dimensional version is the wire-bending (“pa-
perclip”) problem:Given a straight piece,F , of wire,
can a desired simple polygonal chain,P , be made
from it? This problem also arises in the fabrication
of hydraulic tubes, e.g., in airplane manufacturing.1

In either version of the problem, we require that any
intermediate configuration during the manufacture of
the part be feasible (non-self-intersecting).

Our problem is one of automated process plan-
ning: Determine a sequence (if one exists) for per-
forming the bend operations in sheet metal manufac-
turing, assuming that the only constraint to perform-
ing a bend along a given bend line is whether or not
the structure intersects itself at any time during the
bend operation. To our knowledge, no prior algorith-
mic study of these problems has been done.
Motivation and Related Work. Our problem is
motivated by process planning in manufacturing of
structures from wire, tubing, sheet metal, and card-
board; see, e.g., [6] for a survey of existing CAD/CAM
techniques (e.g., BendCad, PART-S), which rely on
worst-case exponential-time state space searches (e.g.,
with A�). It is also motivated by the mathemati-
cal and algorithmic study of origami (e.g., [1, 4]).
Finally, we are motivated by the study of linkage
problems, which have received considerable atten-
tion lately; in fact, in the time since the first draft
of this paper, the “carpenter’s ruler conjecture” of
Lenhart-Whitesidesand Mitchell has been proved ([2,
5]): Any polygonallinkagewith fixed length links
and hinged joints, can be straightened while main-
taining simplicity (without the linkage crossing it-�A fuller version of this paper draft is available at http://
www.ams.sunysb.edu/˜jsbm/paperclips.ps.gz. Research suppor-
ted by HRL Labs, NSF, NASA, Northrop-Grumman, ONR, San-
dia, Sun Microsystems.yApplied Math, SUNY, Stony Brook, NY 11794, email:festie, jsbmg@ams.sunysb.edu.zFachbereich Mathematik, Tech. Univ. Berlin, 10623, Ger-
many, email:fekete@math.tu-berlin.de.xComputer Science, SUNY, Stony Brook, NY 11794, email:
skiena@cs.sunysb.edu.

1We thank Karel Zikan for introducing to us the hydraulic
tube bending problem at Boeing’s factory.

self). Our hardness result on linkages is particularly
relevant, since we show that even slight changes in
the model or the allowed input (e.g. a vertex-vertex
degeneracy) results in linkages that cannot be opened,
and it is NP-hard to decide if they can be.
Summary of Results.

(1) We show that the problem of sequencing bend
operations is (weakly) NP-complete, even in the spe-
cial case where the the desired structure is a rectilin-
ear polygonal chain. (This immediately implies that
the sheet metal bending problem is also hard, even
in the case of parallel bend lines and an orthohedral
structureP .) Here we assume that each bend is a
“complete” bend operation. In fact, we prove that
even if we restrict ourselves to permutations that are
the concatenation of at most 4 ascending or descend-
ing subsequences, the problem is hard:
Theorem 1. TheWIRE BEND SEQUENCINGprob-
lem is (weakly) NP-complete, even ifP is rectilinear
and we restrict ourselves to making only four mono-
tone passes of (complete) foldings.

As a corollary, we get that the SHEET METAL
BEND SEQUENCING problem is NP-complete.

(2) We prove that it is (weakly) NP-hard to de-
termine if a polygonal linkage can be straightened, if
there is a vertex degeneracy (two vertices coincide).
Here we assume that a bend operation consists of ro-
tating at a single joint, by any angle. (The bends need
not be “complete.”)
Theorem 2. It is NP-hard to decide whether a poly-
gonal chainP with one vertex-to-vertex degeneracy
can be manufactured by arbitrary (not necessarily
complete) single-joint bends.

(3) We give efficient algorithms (O(n2polylog))
for determining if a particular bend sequence is feasi-
ble, and for deciding (O(n3 logn)) whether there is a
feasible sequence for wire bending from one of two
special sequence classes arising in practice (manu-
facturing “from” or “towards” both ends). We also
give an especially efficient (O(n log2 n)) algorithm
for determining if the bends in a wire-bending prob-
lem can be done sequentially in order from one end
along the wire (as is required in many automated
wire-bending machines). Here, we formally state
only this result:
Theorem 3. In timeO(n log2 n) one can verify if
the identity permutation (� = (1; 2; : : : ; n)) is a fold-
able permutation forP .
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Proof Sketches
Proof (Theorem 1): Our reduction is from PARTI-
TION: Given a setS of n integers,ai, which sum toA = Pi ai, determine if there exists a partition of
the set into two subsets each of which sums toA=2.
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Figure 1: NP-completeness of bend sequencing for
complete bends: Frame and key.

The key idea of our construction uses two com-
ponents, as shown in Figure 1, whereL > A=3: One
is a rigid “frame” that can only be unfolded if one
end of the chain can be removed from within this
frame. The other component is a “key” that has to be
collapsed to a small length (L) in order to be remov-
able. (The key gets folded like an accordion, with
leftward/rightward segments of lengthai encoding
the partition.) Collapsing the key is possible iff there
is a partition of the integers into two sets of equal
sum. The total number of segments is4n + 23. 2
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Figure 2: Illustration of Proof of Theorem 2.

Proof (Theorem 2): The basic idea is similar to the
one in Theorem 1. Here, the frame has one end,b0,
of the polygonal chain wedged into the cornerbk,
which has angle' < �=2. Because of the degen-
eracy, none of the jointsb1; : : : ; bk�1 can be moved

(individually) without causing a self-intersection be-
tweenb0 and the chain in the neighborhood ofbk.
Again, the “key” encodes an instance of PARTITION,
as in the previous proof. The critical dimensions of
the frame are chosen such that the key can just be
removed from the frame by opening the angle' atbk, iff the key can be collapsed to a critical lengthL.
The latter is possible iff there is a feasible partition.2
Proof (Theorem 3): When executing the bends in
order (1; 2; : : : ; n), one of the two sides of the chain
so far is always a single line segment. Thus, ver-
ifying if the bendbi can be done amounts to test-
ing if the segmentbibn+1 can be rotated aboutbi
by the desired amount, without colliding with any
other parts of the structureP 0 obtained from the folds
(1; 2; : : : ; i� 1) so far (a “wedge emptiness query”).
In order to avoid the resulting dynamic circular-arc
ray shooting queries, we replace this test with a sim-
pler method that walks along portions ofP 0, testing
for intersection with the circular arc. In particular,
we keep track of a “painted” portion ofP 0, which
corresponds to that subset ofP 0 that has been walked
over. When we perform a bend atbi, we walk along
theunpaintedportion ofP 0, between pointai (where
ray bibn+1 hitsP 0, if at all) and pointa0i (where raybibn+1 hitsP 0, if at all, after the bend atbi has been
performed). By continuity, the painted portion re-
mains connected. The fact that we need not walk
over a painted portion again follows from the fact
that with each bend in the sequence, the length of
the segmentbibn+1 that we are rotating goesdown
(by the length of the last link). The final time bound
is then dominated by the time to performn straight
ray shooting queries in a dynamic data structure for
the changing polygonal chain. These queries and up-
dates are done in timeO(log2 n) each, using existing
techniques [3]. 2
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