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Approximation of Geometric Dispersion Problems1

C. Baur2 and S. P. Fekete3

Abstract. We consider problems of distributing a number of points within a polygonal regionP, such that
the points are “far away” from each other. Problems of this type have been considered before for the case where
the possible locations form a discrete set. Dispersion problems are closely related to packing problems. While
Hochbaum and Maass [20] have given a polynomial-time approximation scheme for packing, we show that
geometric dispersion problems cannot be approximated arbitrarily well in polynomial time, unless P = NP. A
special case of this observation solves an open problem by Rosenkrantz et al. [31]. We give a2

3 approximation
algorithm for one version of the geometric dispersion problem. This algorithm is strongly polynomial in the
size of the input, i.e., its running time does not depend on the area ofP. We also discuss extensions and open
problems.

Key Words. Packing, Dispersion, Location problems, Geometric optimization, Bounds on approximation
factors.

1. Introduction: Packing and Dispersion Problems. Two-dimensional packing prob-
lems arise in many industrial applications. As two-dimensional cutting stock problems,
they occur whenever steel, glass, wood, or textile materials are cut. There are also many
other problems that can be modeled as packing problems, like the optimal layout of chips
in VLSI, machine scheduling, or optimizing the layout of advertisements in newspapers.

When considering the problem of finding the best way to pack a set of objects into a
given region, there are several objectives that can be pursued: we can try to maximize
the value of a subset of the objects that can be packed and considerknapsack problems;
we can try to minimize the number of containers that are used and deal withbin packing
problemsor try to minimize the area that is used—instrip packing problemsthis is done
for the scenario where the region is a strip with fixed width and variable length that is to
be kept small.

All of these problems are NP-hard in the strong sense, since they contain the one-
dimensional bin packing problem as a special case. However, there are additional sources
of difficulties of packing in two dimensions: the shape of the objects may be complicated
(see [22] for an example from the clothing industry), or the region of packing may be
complicated. In this paper we deal with problems related to packing objects of simple
shape (i.e., identical squares) into a polygonal region, which may have holes. It should be
noted that even when the structure of regionsandobjects are not complicated, only little is
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known—see the papers by Graham, Lubachevsky, and others [13], [17]–[19], [23]–[25]
for packing identical disks into a strip, a square, a circle, or an equilateral triangle. Also,
see [8] for the problem of packing a maximal number of (not necessarily axis-aligned)
squares into a given square. For another tricky variant, see [29] for an overview of the so-
calledpallet loading problem, where we have to pack identical axis-aligned rectangles
into a larger rectangle; it is still unclear whether this problem belongs to the class NP,
since there may not be an optimal solution that can be described in polynomial time.

The following decision problem was shown to be NP-complete by Fowler et al. [12];
here and throughout the paper anL-squareis a rectangle of sizeL × L, and the set of
vertices of a polygonal region includes the vertices of all the holes it may have.

PACK(k, L)
Input: A polygonal regionP with n vertices, a parameterk, a parameterL.
Question: Cank manyL-squares be packed intoP?

This decision problem is closely related to the following optimization problem:

maxkPACK(L)
Input: A polygonal regionP with n vertices.
Task: Packk manyL-squares intoP, such thatk is as big as possible.

It was shown by Hochbaum and Maass [20] that this problem allows a polynomial
time approximation scheme: for any fixedm, there is a polynomial-time algorithm that
determines a feasible solution within 1−1/m of the optimum. The idea of the algorithm
is to subdivide the packing region by a grid of squares of sizesL for an appropriate
parameters. As we will see below,s = 2m is sufficient, implying thats is a constant.
Thus, for each of the subregions within a grid square, we can obtain an optimal packing
in constant time by enumeration. Furthermore, we can determine the best ofs2 possible
solutions that are obtained bys2 different placements of thesL × sL grid: for each
placement, we shift the grid by a vector(i L , j L ) for i, j = 0, . . . , s− 1. This is the so-
calledshifting strategy. It is not hard to see that for an optimal placement, anyL-square
gets intersected in at most(2s−1) subdivisions into grid squares. As a consequence, the
total error when summing up thes2 heuristic solutions obtained from different shiftings
is at most(2s−1)OPT. This implies that the best of these solutions has cardinality at least
the average((s2−2s+1)/s2)OPT= ((s−1)/s)2OPT. As long ass ≥ m+√m(m− 1),
we get the desired performance guarantee.

The main content of this paper is to examine several versions of the closely related
problem

maxLPACK(k)
Input: A polygonal regionP with n vertices.
Task: Packk manyL × L squares intoP, such thatL is as big as possible.

The problem maxLPACK(k) is a particular geometricdispersion problem. Problems of
this type arise whenever the goal is to determine a set of positions, such that the objects
are “far away” from each other. Examples for practical motivations are the location of
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oil storage tanks, ammunition dumps, nuclear power plants, hazardous waste sites—see
the paper by Rosenkrantz et al. [31], who give a good overview, including the papers [5],
[6], [9], [10], [16], [26], [27], [30], and [33]. In the paper [30], they consider placingk
facilities such that the minimum distance between facilities is maximized, and show that
a greedy heuristic guarantees a performance ratio of1

2 for the problem of maximizing
the minimum distance bet. Since their problem is a generalized version of the problem
maxLPACK(k) defined above, this result applies to all our problems.

All these papers consider discrete sets of possible locations, so the problem can be
considered as a generalized independent set problem in a graph. However, for these dis-
crete versions, the stated geometric difficulties do not come into play. In the following,
we consider geometric versions, where the set of possible locations is given by a polyg-
onal region. We show the close connection to the packing problem and the polynomial
approximation scheme by Hochbaum and Maass [20], but also a crucial difference: in
general, if P6= NP, it cannot be expected that the geometric dispersion problem can be
approximated arbitrarily well. This resolves an open problem stated in [30]. In particu-
lar, we show that the performance guarantee of1

2 by [30] is best possible for geometric
instances, if the set of feasible facility locations may be disconnected.

Even stronger restrictions apply when we consider geometric instances with the set
of feasible locations forming a nondegenerate connected polygonal region. Discussing
problems of this type is the main topic of this paper.

In general, a polygonal region may have holes; arectilinear polygonis a polygonal
region with all edges axis-parallel.

When placing objects into a polygonal region, we consider the following problem,
whered(v,w) is the geodesic distance betweenv andw:

max
S⊂P,|S|=k

min
v,w∈S

d(v,w).

This version corresponds to the dispersion problems in the discrete case and is called
pure dispersion.

In a geometric setting, we may not only have to deal with distances between locations;
the distance of the dispersed locations to the boundary of the region can also come into
play. This yields the problem

max
S⊂P,|S|=k

min
v,w∈S
{d(v,w),d(v, ∂P)},

where∂P denotes the boundary of the regionP. This version is calleddispersion with
boundaries.

Finally, we may consider a generalization of the problem maxLPACK(k), which looks
like a mixture of both previous variants:

max
S⊂P,|S|=k

min
v,w∈S
{2d(v,w),d(v, ∂P)}.

Since this corresponds to packingk manyd-balls of maximum size intoP, this variant
is calleddispersional packing. In all cases, the unit balls that need to be packed arise
from some norm, so the orientation is fixed.

It is also possible to consider other objective functions. Maximizing the average
distance instead of the minimum distance can be shown to lead to a one-dimensional
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problem for pure dispersion (all points have to lie on the boundary of the convex hull
of P).

We concentrate on the most interesting case of dispersion with boundaries, and only
summarize the results for pure dispersion and dispersional packing; it is not hard to see
that these variants are related via shrinking or expanding the regionP in an appropriate
manner.

It is possible to consider various distance functions ford(v,w); the most natural ones
areL2 distances andL1 or L∞ distances. In the following, we concentrate on rectilinear,
i.e.,L∞ distances; all ideas carry over for other metrics by combining our ideas with the
techniques by Hochbaum and Maass [20] and Fowler et al. [12]. We do not include all
the details, but sketch the approach at the end of Section 2.

The main results of this paper are organized as follows: in Section 2 we show that
geometric dispersion with boundaries cannot be approximated arbitrarily well within
polynomial time, unless P = NP. InSection 3 we give a strongly polynomial algorithm
that approximates geometric dispersion within a factor of2

3 of the optimum. Other
variants and extensions are sketched.

2. An Upper Bound on Approximation Factors. In this section we give an NP-
completeness proof for geometric dispersion. We give a reduction of the problem PLANAR

3SAT, which was shown to be NP-complete by Lichtenstein [14], [21]. We proceed
along the lines of Fowler et al. [12], who gave a reduction of 3SAT to PACK(k, L);
however, we need some extra properties in a reduction to establish an upper bound
on approximation factors. We describe the details of our construction for geometric
dispersion with boundaries; it is straightforward to see how the result can be extended
to the other cases. In all figures the boundaries correspond to the original boundaries
of P, the interior is shaded light and dark. The lighter shading corresponds to the part
of the region that is lost when shrinkingP to accommodate for half of the considered
distanceL∗ = d(v, ∂P). The remaining dark region is the part that is feasible for packing
L∞-balls of sizeL∗/2, i.e., axis-aligned(L∗/2)-squares.

THEOREM1. Unless P = NP, there is no polynomial algorithm that finds a solution
within more than13

14 of the optimum for rectilinear geometric dispersion with boundaries.

PROOF. We give a reduction of PLANAR 3SAT. A 3SAT instanceI is said to be an
instance of PLANAR 3SAT if the following bipartite graphGI is planar: every variablexi

and every clausecj in I is represented by a vertex inGI ; two vertices are connected if
and only if one of them represents a variable that appears in the clause that is represented
by the other vertex. See Figure 1 for an example.

As a first step, we construct a planar rectilinear layout for the graphGI by using the
methods of Duchet et al. [7] and Rosenstiehl and Tarjan [32]. Such a layout draws vertices
as horizontal line segments and edges as vertical line segments; any horizontal segment
for a vertexv is incident to the vertical segments for precisely the edges adjacent tov.
It is a property of these algorithms that they produce layouts with all coordinates being
integers that are linear in the numbern+m of vertices ofGI , wheren is the number of
variables andm is the number of clauses; sinceGI is planar, we havem= O(n).
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x 3

x 2

c 1
1x

x 4

3c

2c

Fig. 1.The graphGI representing the PLANAR 3SAT instance(x1∨ x2∨ x3)∧ (x̄1∨ x̄3∨ x4)∧ (x̄2∨ x3∨ x̄4).
Edges are distinguished according to the logical parity of the corresponding literals.

After scaling this layout by a factor ofO(n2), we replace each vertex representing
an element in the set{xi |i = 1, . . . ,n} of variables by a “variable component,” which
is a suitable polygonal piece of sizeO(n). Any such component for a variablevi that
appears inδ(vi ) clauses hasδ(vi ) pairs of “exits” for attaching possible edges. Any pair
corresponds to an edge and has an “even” and an “odd” exit. If the edge corresponds to
an unnegated occurrence of the variable in a clause, then the even exit is used, otherwise,
the odd exit is used. (In Figure 1 the edges corresponding to unnegated literals are drawn
with solid lines, while negated literals are drawn with dashed lines.)

Horizontal segments representing elements in the set{vj | j = 1, . . . ,m} of clauses
are replaced by “clause components” of sizeO(1). Finally, any of the 3m edge segments
connecting a variable and a clause is represented by a polygonal piece of sizeO(n3),
such that, overall, we get one connected polygonal region.

In the following subsections we describe the details of the construction.

2.1. Variable Components. See Figure 2 for the construction of the variable component
for a variablexi . (Shown is an example with one pair of exits; variants with more exits are
constructed in a similar way by using a periodic replication of the layout.) All polygon
edges are axis-parallel, with all vertices having integer coordinates. Adjacent connector
components are attached at the positions markedpt and pf .

The idea is that a variable component allows basically two ways of dispersing a
specific numberni of locations. One of them corresponds to a setting of “true,” the other
to a setting of “false.” Depending on the truth setting, the adjacent connector components
will have their squares pushed out or not.

We establish these facts by the following lemmas:

LEMMA 2. For any feasible packing of k squares, there exists a packing of k squares
at integer coordinates.

PROOF. As discussed above, any placement of centers with rectilinear distance 2 from
each other and the boundary can be considered as a packing of 2-squares within a
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Fig. 2. A variable component for dispersion with boundaries, and the critical points (top), a placement corre-
sponding to “false” (center), and a placement corresponding to “true” (bottom).

shrunk region. Without loss of generality, we can assume that all packings are “lower
left justified,” i.e., all squares are pushed as far left and down as possible. Since all edges
of the polygon are axis-parallel with integer coordinates, and the size of the 2-squares
is integral, it follows by an easy induction that all squares must be centered at integer
coordinates.

LEMMA 3. For each variable component, there are precisely two different lower left
justified packings of a maximum number of2-squares.
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PROOF. See Figure 2 (top) and consider the set of 2ni “critical points,” which are
feasible positions with integer coordinates for a center in a lower left justified packing.
These possible locations are subdivided into a set ofni “black” points andni “white”
points. If a white (black) point is the center of a square, then no other square can be
centered at one of the adjacent black (white) points. This implies that at mostni squares
can be packed into a variable component. Furthermore, if there is a packing ofni squares,
it must consist of only squares centered at black or centered at white points. On the other
hand, no two squares located at points of the same color can interfere, showing that we
have precisely two feasible sets ofni 2-squares: one consists of all the white points, the
other of all the black points.

The positions indicated bypt and pf correspond to “exits,” i.e., positions where
adjacent connector components are attached. In one of the two packings,pt is occupied,
corresponding to setting variablexi to “true.” In the other packing,pf is occupied,
corresponding to setting variablexi to “false.”

2.2. Connector Components. For each edge connecting the variable to a clause, we
place a connector component that links the variable component to the adjacent clause
component. Depending on whether the variable appears negated or unnegated in the
clause, the connector component is attached to a “true” or “false” exit of the variable
component. See Figure 2 for the attachment of connector components to clause com-
ponents, and Figure 3 for the basic design of the connector components. The connector
components follow the edges in the drawing of the graphGI ; since this graph is planar,
and the connector components do not interfere at variable components or at clause com-
ponents, they stay separate. Since the length of the edges in the drawing ofGI resulting
from the method by Rosenstiehl and Tarjan is at mostO(n), the number of vertices for
each connector component is polynomially bounded inn. For reasons that will become
obvious in Section 2.4, the connector components do not just represent the (possibly
long) straight lines of the edges in the graph, but rather follow them in a zigzagging
manner, as shown in Figure 3.

Just like for variable components, we can consider lower left justified packings. It is
straightforward to see that each connector component has a maximal numberne that can
be packed into it:

LEMMA 4. For each connector component, there are precisely two different lower left
justified packings of a maximum number ne of 2-squares.

Fig. 3.Part of a connector component (right) for representing an edge between variable nodes and clause nodes
(left).
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Fig. 4.A clause component for dispersion with boundaries and its receptor region (a); a satisfying placement
(b); and an unsatisfying placement (c).

PROOF. Analogous to Lemma 3, we have a set ofne white points and a set ofne black
points that describe the set of feasible positions in a lower left justified packing. Again,
any placement of a 2-square at a white (black) point blocks the adjacent black (white)
points, and no two white (black) positions interfere. This implies the claim.

Moreover, this implies the following:

LEMMA 5. Any packing of ne into a connector component must use center points of the
same color as the adjacent variable component.

2.3. Clause Components. The construction of the clause components is shown in Fig-
ure 4, for the case where literalx2 has a different logical parity thanx1, andx3 has the
same parity. (If both literals have the same parity asx1, the connector components are
both attached likex3; if both literals have the opposite parity, their connector components
are both attached likex2.)

The connector components from three variables meet in such a way that there is a
receptor region of an “L” shape into which additional squares can be packed. Any literal
that does not satisfy the clause forces one of the three corners of the L to be intersected
by a square of the connector. Three additional squares can be packed if and only if at
least one corner is not intersected, i.e., if the clause is satisfied.

From the above components, it is straightforward to compute the parameterk, the
number of locations that are to be dispersed by a distance of 2:k =∑n

i=1 ni +
∑

e∈E ne+
3m.

k is polynomial in the number of vertices ofGI and part of the input for the dispersion
problem. All vertices of the resultingP have integer coordinates of small size, their
number is polynomial in the number of vertices ofGI . Since there is a packing ofk
2-squares, iff there is a satisfying truth assignment for the PLANAR 3SAT instance, we
conclude that the problem is NP-hard. We are left to show the claimed bound on the
approximation factor.

2.4. Smaller Distances. To conclude the proof of Theorem 1, we argue that a solution
within more than13

14 of the optimum size requires a satisfiable PLANAR 3SAT instance.
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Fig. 5. An upper bound on the approximation factor: variable components for(2− 2α)-squares (top) and
critical points (bottom).

Suppose we have a solution fork many 2(1−α)-squares, withα < 1
14. This increases

the feasible region for packing squares by a width ofα at each boundary, and it decreases
the size of the squares to 2− 2α. As before, we assume that this solution is lower left
justified. See Figure 5 for a solution of this type in part of a variable component. We
argue that there is a corresponding solution for 2-squares, as shown in Figure 6. In both
bottom parts of the figures, the sets of feasible center positions are shown as connected
white neighborhoods of the critical points. We see that each such neighborhood is the
union of a number of horizontal and vertical rectangular strips of width 2α. We say that
a strip is a(zx, zy)-strip if it containszx points with distinct integerx-coordinates, and
zy points with distinct integery-coordinates. Clearly, any strip is either a(1, zy)-strip or
a (zx,1)-strip.

We say that a 2(1− α)-square is atx-depth 0 if its left boundary meets the boundary
of the feasible region. Inductively, we say that a 2(1− α)-square is atx-depthi if it
is not atx-depthi − 1 or lower, and its left boundary meets the right boundary of a
2(1− α)-square at depthi − 1. They-depth is defined analogously. By construction,
a square atx-level i and y-level j is centered at position(−(2i + 1)α,−(2 j + 1)α),
mod(1,1). Sinceα < 1

14, this implies that no 2(1− α)-square atx-level 1, . . . ,5 can
be contained in a(1, zy)-strip.

Now consider a(zx,1)-strip containing a 2(1− α)-squareS5 at x-level 5. Then there
must be a chain of 2(1− α)-squaresS4, . . . , S0 at x-level 4, . . . ,0, such that the right
boundary ofSi−1 touches the left boundary ofSi . By considering the construction of
the components, one sees that allSi must be centered within the same strip. There is no
(zx,1)-strip with zx > 9; thus, we would have to placeS0, . . . , S5 within a horizontal
distance of not more than a critical distance ofs= 11+ 2α. (Figure 7 shows the critical
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Fig. 6. An upper bound on the approximation factor: variable components for 2-squares (top) and critical
points (bottom).

distance for connector components and clause components.) However, 6(2 − 2α) =
12− 12α > 12− 12

14 = 11+ 2
14 > 11+ 2α. Thus, there cannot be a 2(1− α)-square at

level 5. Since there are at least four white and four black points in any(9,1)-strip, we
can move each square to the right, until itsx-coordinate is integer.

With a similar argument, we conclude that none of the(5,1)-strips that occur in
connector components and clause components can contain a 2(1− α)-square at level 3:
then we would have to fit four 2(1− α)-squares within a distance ofs = 7+ 2α, see
Figure 7. This is impossible, since 4(2− 2α) = 8− 8α > 8− 8

14 = 7+ 6
14 > 7+ 2α.

As a consequence, we conclude that in any(5,1)-strip, we can move each square to the
right, until itsx-coordinate is integer.

s=7+2α
s=7+2α

(a) (b)

Fig. 7.An upper bound on the approximation factor: clause components (a) and connector components (b).
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False

Fig. 8.Pure geometric dispersion: a variable component and a “false” truth assignment.

Similarly, we argue for(zx,1)-strips with smallerzx, and for(1, zy)-strips. Thus, we
get a solution where all 2(1− α)-squares are centered at integer points, concluding our
proof.

2.5. Other Variants. Using the same construction, we can show similar results for the
other forms of dispersion. (See [12] for a basic discussion of the case of unit circles.) In
each case we just have to construct a variable component that allows two feasible packings
of the same cardinality; a connector component that allows two feasible packings of the
same cardinality; and a clause component that allows a packing of three objects if at
least one variable satisfies the clause, and only two objects, if none does. As an example,
see Figure 8 for a variable component for pure geometric dispersion in nondegenerate
connected regions, with a placement corresponding to a “false” truth setting of the
variable. We summarize:

THEOREM6. Unless P = NP, there is no polynomial-time approximation scheme for
pure geometric dispersion or for dispersional packing.

It has already been pointed out by Fowler et al. [12] that a similar construction
can be used for proving hardness of PACK(k, L) for norms other than theL1 norm. In
fact, it is possible to use our approach for establishing the existence of a bound on the
approximation factor foranynorm. See Figure 9 for the case of dispersional packing,
where the corresponding unit ball is an ellipse. Shown is a variable gadget with two
pairs of exits; the two different shadings for the ellipses (“color classes”) indicate the
two different feasible placements of a set of maximal cardinality. Connector gadgets are
formed like the lower part of the variable gadget. Figure 10 shows a clause gadget. The
connections to the three adjacent variable gadgets are from the upper left, the lower left,
and the lower right. If one of those three corners of the clause gadget is unoccupied, then
two unit balls can be placed. (If the corner on the lower left is unoccupied, then choose
the two light unit balls as shown in (a); if one of the two other corners is unoccupied,
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Fig. 9.A variable gadget for the case where the unit ball is an ellipse.

place two disjoint unit balls as shown in (b).) If all three corners are occupied (meaning
that none of the corresponding three variables satisfies the clause), then it can be seen
from Figure 10(c) that only one additional unit ball can be placed.

Furthermore, it is straightforward to see that the construction can be carried out such
that a certain minimal amount of overlap is guaranteed between placements of the same
color class, or between critical placements in a clause region. This means that sufficiently
small shrinking of the unit balls does not change the overlap of these critical placements.
If we interpret this small shrinking as a scaling by a factor sufficiently close to 1, it
follows that for this slightly reduced size, we basically get the same solutions as for the
original size of the unit balls. Thus, there has to be a bound on the approximation factor,
and there cannot be a polynomial-time approximation scheme.

Our above techniques already give a partial answer to an open problem by Ravi et al.
[30] by showing a bound on possible approximation factors. In fact, we can modify our
techniques to show that the performance ratio of1

2 established in [30] is best possible for
the case ofL1 or L∞ distances, if we allow the set of feasible locations to be disconnected.
The proof proceeds similar to Theorem 1 by giving a reduction of PLANAR 3SAT. Variable
components are chosen as shown in Figure 11(a), consisting of single points at closestL∞
distance1

2. Clause components are chosen as shown in Figure 11(b). If there is a solution
with minimum distance 1, no two neighboring points can be chosen, and we must have a
satisfying truth assignment. Furthermore, any feasible placement of squares larger than
1
2 can be transformed into a feasible placement of 1-squares by simply expanding the
squares. This means that any approximation algorithm with a performance ratio better
than 1

2 would need to find a satisfying truth assignment, which is impossible, unless
P= NP.

(a) (b) (c)

Fig. 10.A clause gadget for the case where the unit ball is an ellipse: placement of ellipses within the clause
gadget (a); placing two ellipses when the clause is satisfied (b); placing at most one ellipse when the clause is
not satisfied (c).
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(a) (b)

True False True False

Fig. 11.An upper bound of12 on the approximation factor, if the regionP may be degenerate and disconnected—
variable components (a) and clause components (b).

It should be noted that a result of a similar flavor was given by Formann and Wagner
[11] for the problem of maximizing the size of nonoverlapping labels in a map. In this
problem, the sized is to be maximized subject to the following feasibility condition: for
each pointpi in a given finite setP, a square of sized is to be placed with a corner at
pi , such that all squares are disjoint. The decision version of this problem corresponds
to the one for a dispersion problem with a discrete set of possible locations. Unless
P= NP, a bound of12 on a possible approximation factor is proven for this map labeling
problem. Despite these similarities, the dispersion problems treated in this paper are a
little different: in general, we are dealing with a continuous, connected set of feasible
locations instead of a discrete one. This means that other techniques are needed for
establishing bounds on approximation factors.

We conclude this section by noting two other types of problems that are loosely
related to dispersion problems. Beauquier et al. [3] have studied the problem of tiling
finite subpieces of the infinite chessboard with rectangles of fixed size (1,a) and (b, 1);
using techniques similar to the one by Fowler et al., they showed that the problem of
deciding the existence of a tiling is NP-complete ifa,b ≥ 3, while it is polynomial for
a,b ≤ 2. Finally, the problem of covering a discrete point set, instead of “packing” into
it, is well studied in the context of clustering—see the overview by Bern and Eppstein [4].

3. A 2
3 Approximation Algorithm. In this section we describe an approximation

algorithm for geometric dispersion with boundaries. We show that we can achieve an
approximation factor of23 for the case where the feasible region is a rectilinear polygon,
beating the general performance ratio of1

2 that was presented in [30]. We use the following
notation:

DEFINITION 7.

• Theα-neighborhoodof ad-squareQ is a(d+ α)-square with the same center asQ.
• Thehorizontalα-neighborhoodof ad-squareQ is a((d+α)×d)-rectangle with the

same center asQ.
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• For a polygonal regionP and a distancer , P− r is the polygonal region{p ∈ P |
d(p, ∂P) ≥ r } obtained by shrinkingP by a distance ofr .
• Let Par(P) := {(ei ,ej ) |ei ||ej ; ei ,ej ∈ E(P)} be the set of all pairs of parallel

edges ofP.
• Let Dist(ei ,ej ) (for (ei ,ej ) ∈ Par(P)) be the distance of the edgesei andej .
• With AS(P,d, l ), we call the approximation scheme from [20] for the problem maxk

PACK(L), whereP is the feasible region,d is the size of the squares, andl is the width
of the strips, guaranteeing that the number of packed squares is at least within a factor
of ((l − 1)/ l )2 of the optimum, as described in the Introduction.

Note that the approximation schemeAS(P,d, l ) can be modified, such that the re-
sulting algorithms are strongly polynomial: if the number of squares that can be packed
is not polynomial in the numbern of vertices ofP, then there must be two “long” par-
allel edges. These can be shortened by cutting out a large rectangle that can be packed
optimally. (In terms of the original “shifting technique” by Hochbaum and Maass, this
corresponds to cutting the rectangle only twice at a large distance, instead of slicing it
up into an exponential number of parallel strips.) This procedure can be repeated until
all edges are of length polynomially bounded inn.

In the following, we describe our algorithm. The idea is to perform binary search
over the set of possible distancesd between a location and the boundary, or between two
locations. At each step, we try to find a solution of distanced for k locations by calling
the approximation schemeAS(P− d/2,d, l ) for the number of locations at distanced.
The binary search determines the largest distanced for which the approximation scheme
with l = 6 finds a feasible solution fork locations. The approximation parameterl is
fixed to l = 6, the smallest integer for which the approximation factor((l − 1)/ l )2 of
AS(P − d/2,d, l ) is larger than2

3, because then the approximation scheme guarantees
that there is no feasible placement of more than 36/25*k manyd-squares. As we will
see from Lemma 10, this implies that there cannot be a solution fork many (3d/2)-
squares.

We first describe a simple version of the binary search algorithm that works for
rectilinear polygonsP. After proving its correctness and performance ratio, we sketch
how the binary search can be performed more efficiently. The case of general polygons
P is addressed in the concluding section.

ALGORITHM 8.
Input: rectilinear polygonP, positive integerk.
Output: a set ofk locations, such thatADis(P, k) := d is the minimumL∞ distance

between a location and the boundary, or between two locations.

1. For all (ei ,ej ) ∈ Par(P) do
(a) Perform binary search for the smallest integerm, 2 ≤ m ≤ k + 1, with the

following property:
• Fordi jm := Dist(ei ,ej )/m, AS(P−di jm/2,di jm,6) returns a feasible solution

for at leastk locations at distancedi jm .
(b) Letdi j be the distancedi jm for the critical valuem.

2. Letd be the maximumdi j for any(ei ,ej ).
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THEOREM9. For rectilinear geometric dispersion with boundaries of k locations in a
rectilinear polygon P with n vertices, Algorithm8 computes a solution ADis(P, k), such
that

ADis(P, k) ≥ 2
3OPT(P, k).

The running time is strongly polynomial.

For proving this theorem, we need the following lemma:

LEMMA 10. Let P be a rectilinear polygon such that k many(3d/2)-squares can be
packed into P− 3d/4. Then at least32k many d-squares can be packed into P− d/2.

PROOF. Consider a packing ofk many(3d/2)-squares intoP − 3d/4.
Clearly, we have (

P − 3d

4

)
+ d

4
⊆ P − d

2
.(1)

For constructing a packing ofd-squares, it suffices to consider the region that is
covered by the(3d/2)-squares instead ofP−3d/4. After expanding this region byd/4,
we get a subset ofP−d/2 by (1). In the following we construct a packing ofd-squares.
At any stage, the following observation is valid.

OBSERVATION 11. Suppose the feasible space for packing d-squares contains the hor-
izontal (d/4)-neighborhoods of a set of disjoint(3d/2)-squares. Then there exists a
(3d/2)-square Q that has the leftmost position among all remaining squares, i.e., to
the left of Q, the horizontal(d/4)-neighborhood of Q does not overlap the horizontal
(d/4)-neighborhood of any other(3d/2)-square.

While there are(3d/2)-squares left, consider a leftmost(3d/2)-squareQ. We dis-
tinguish cases, depending on the relative position ofQ with respect to other remaining
(3d/2)-squares. See Figure 12. The positions of squares are described by their central
points, we assume thatQ has position(0,0).
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Fig. 12.Constructing a packing ofd-squares.
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1. To the right ofQ, the horizontal(d/4)-neighborhood overlaps no horizontal(d/4)-
neighborhood of another(3d/2)-square. See Figure 12(a). Hence we can pack two
d-squares into the horizontal(d/4)-neighborhood ofQ, at positions(−d/2,−d/4)
and(d/2,−d/4)without intersecting the horizontal(d/4)-neighborhood of any other
(3d/2)-square.

After removingQ from the packing of(3d/2)-squares, the assumption of Obser-
vation 11 is still valid for thek− 1 remaining(3d/2)-squares.

2. To the right ofQ, the horizontal(d/4)-neighborhood ofQ overlaps the horizontal
(d/4)-neighborhood of one or two other(3d/2)-squares. Without loss of generality,
consider the case of two(3d/2)-squaresQ1 andQ2, centered at(x1, y1) and(x2, y2),
and assume thaty1 < y2 and|y1| ≤ |y2|, implying y1 < 0< y2. Consider the cases:
(a) y2 > d. See Figure 12(b). Pack twod-squares into the horizontal(d/4)-neighbor-

hood ofQ like in Case 1, positioned at(−d/2,−d/4) and(d/2,−d/4), with the
second one possibly intersecting the(d/4)-neighborhood ofQ1, but no(d/4)-
neighborhood of one of the otherk − 2 (3d/2)-squares. Sincex1 ≥ 3d/2, a
third d-square can be placed at(x1, y1), so it does not intersect the horizontal
(d/4)-neighborhood of any other(3d/2)-square.

Packing these threed-squares and removing bothQ andQ1 from the packing of
(3d/2)-squares leaves the assumption of Observation 11 intact for the remaining
feasible space.

(b) y2 ≤ d. See Figure 12(c). Theny2 − y1 < 2d, so the(d/4)-neighborhoods of
Q1 and Q2 do overlap, and ad-squareP0 placed at(3d/2, y1 + 3d/4) stays
within the union of these neighborhoods. SinceQ1 andQ2 are disjoint, we must
have y2 − y1 ≥ 3d/2, so y1 ≤ −d/2 andd/2 ≤ y2. It is not hard to see
that as a consequence,P0 can only intersect the horizontal(d/4)-neighborhoods
of Q, Q1, Q2. Furthermore, we can place two mored-squaresP1 and P2 at
positions(x1, y1−d/4) and(x2, y2−d/4), without intersecting horizontal(d/4)-
neighborhoods other than the ones ofQ, Q1, Q2. Finally, we packd-squaresP3

andP4 into the horizontal(d/4)-neighborhood ofQ at positions(−d/2,0) and
(d/2,0). Sincex1 ≥ 3d/2 andx2 ≥ 3d/2, the interior ofP3 and P4 remains
disjoint from the interior ofP0, P1, andP2.

After removingQ, Q1, Q2 from the set of(3d/2)-squares, the assumptions of
Observation 11 are still valid.

This iteration is performed while there are(3d/2)-squares left. Since at any stage, we
replace a set ofi many(3d/2)-squares by at least 3i /2 manyd-squares, it follows that
we can pack at least 3k/2 manyd-squares intoP − d/2.

PROOF OFTHEOREM9. It is not hard to see that there are only finitely many values
for the optimal value between thek points. More precisely, the following holds for the
optimal distancedopt:

There is a pair of edges(ei ,ej ) ∈ Par(P), such that

dopt = Dist(ei ,ej )

m
for some 2≤ m≤ k+ 1.(2)

In order to determine an optimal solution, we only need to consider values that satisfy
(2). For every pair of parallel edges ofP, there are onlyk possible values for an optimal
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distance of points. Thus, there can be at mostO(n2k) many values that need to be
considered.

We proceed to show that the algorithm guarantees an approximation factor of2
3.

By binary search, the algorithm determines, for every pair of edges(ei ,ej ) ∈ Par(P)
of P, anm with the following properties:

1. 3
2di j = Dist(ei ,ej )/m (2 ≤ m ≤ k + 1) is a possible optimal value for the distance
of k points that have to be dispersed inP.

2. Using the approximation scheme [20], at leastk manydi j -squares can be packed into
P − di j /2, with di j = Dist(ei ,ej )/m.

3. If m> 2, then, ford̃i j := 2
3Dist(ei ,ej )/(m− 1), we cannot packk manyd̃i j -squares

into P − d̃i j /2 with the help of the approximation scheme.

Property 1 follows from (2), Properties 2 and 3 hold as a result of the binary search.
From Lemma 10, we know that at least 3k/2 many2

3dopt-squares can be packed into
P − 1

3dopt, sincek manydopt-squares can be packed intoP − dopt/2.
Let kopt(P − 1

3dopt,
2
3dopt) be the optimal number of(2dopt/3)-squares that can be

packed intoP − 1
3dopt. With the parameterl = 6, the approximation scheme [20]

guarantees an approximation factor of( 5
6)

2. This implies

kopt(P − 1
3dopt,

2
3dopt) ≤

(
6
5

)2
AS(P − 1

3dopt,
2
3dopt,6)

< 3
2 AS(P − 1

3dopt,
2
3dopt,6).

It follows that

3
2 AS(P − 1

3dopt,
2
3dopt,6) > kopt(P − 1

3dopt,
2
3dopt) ≥ 3

2k.

This means that at leastk squares are packed when the approximation scheme is called
with a value of at most23dopt.

For d̃i j this means that̃di j >
2
3dopt and therefore32d̃i j = Dist(ei ,ej )/(sdi j +1) > dopt.

Hence, for every pair(ei ,ej ) ∈ Par(P) of edges, the algorithm determines a value
di j that satisfies3

2di j = Dist(ei ,ej )/sdi j and is a potential optimal value, and the next
larger potential value is strictly larger than the optimal value.

The algorithm returns thed with d = max{di j | (ei ,ej ) ∈ Par(P)}. Therefore,
3
2d ≥ dopt, implying

ADis(P, k) = d ≥ 2
3 dopt = 2

3OPT(P, k),

proving the approximation factor.
The total running time isO(logk · n40). Note that the strongly polynomial modi-

fied version of the approximation scheme [20] takesO(l 2 · n2 · nl 2
), i.e., O(n38) with

l = 6.

It should be noted that it is possible to speed up Algorithm 8 by better organization
of the binary search. Instead of performing binary search for allO(n2) pairs(ei ,ej ),
theO(n2) valuesDist(ei ,ej ) can be sorted in timeO(n2 logn); then theO(n2k) values
Dist(ei ,ej )/m form ann2 by k matrix with nondecreasing rows and columns. Using



468 C. Baur and S. P. Fekete

sorted matrix techniques (as described in [15] for geometric problems), it is possible
to find the optimald with O(logn + logk) calls to the approximation scheme, and
O(n2 + logk) additional overhead. As the exponent ofn in the resulting complexity is
still a rather large 38, we leave it to the interested reader to work out the details.

4. Conclusions. We have presented upper and lower bounds for approximating geo-
metric dispersion problems. In the most interesting case of a nondegenerate, connected
region, these bounds still leave a gap; we believe that the upper bounds can be improved.
It would be very interesting if some of the lower bounds of1

2 could be improved.
If we assume that the area ofP is large, it is not very hard to see that an optimal

solution can be approximated much better than within a factor of1
2 or even2

3. It should
be possible to give some quantification along the lines of an asymptotic polynomial-time
approximation scheme.

We believe that it is possible to modify Algorithm 8 to make it work for the case of
general polygonal regions. Lemma 10 still applies, so we only need to argue that similar
to the condition in (2), there is a discrete set of critical sizes ford that can be examined by
binary search, such that the resulting complexity is polynomial inO(logk). It is clear that
any critical sizedi j is determined by a set of at mostk squares that cannot be expanded
locally. For rectilinear polygons we saw that this corresponds to a “row” or “column” of
at mostk squares that fill the distance between two parallel polygon edges. For general
polygonal regions, it is not too hard to obtain more general conditions on locally maximal
sets, but it takes some extra work to get sufficient structure in the resulting set of critical
sizes to be able to apply matrix search techniques, and the resulting algorithm is strongly
polynomial.

As we sketched above, similar upper and lower bounds can be established for other
norms. It should be interesting to tighten some of the resulting approximation bounds.

Like for packing problems, there are many possible variants and extensions. One
of the interesting special cases arises from considering asimpleconnected region. The
complexity of this problem is unknown.

CONJECTURE12. The problemPACK(k, L) is polynomial for the class of simple recti-
linear polygons P.

It is clear that any locally optimal solution can be assumed to be lower left justified,
i.e., the squares can be packed in some greedy fashion from the lower left; however, at
any stage, there may be many possible greedy placements for a new square. Choosing a
lexicographic minimum of the feasible positions may not yield the optimum, as can be
seen from Figure 13.
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Fig. 13.An instance with a best lexicographic greedy packing (left); the optimal packing (right).
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