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Tutorial #4 — Voronoi diagrams, cutting and glueing



Scissors congruence



Congruence

Two polygons are congruent if there 
exists a transformation consisting of 
only translation and rotation for one 
into the other.



Scissors congruence

Two simple polygons  and  are scissors congruent if we can subdivide their 
area into polygons   and   such that  for any , the 
polygon  is congruent to . (This corresponds to cutting and glueing…)
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Scissors congruence

Two simple polygons  and  are scissors congruent if we can subdivide their 
area into polygons   and   such that  for any , the 
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We want to show that any two simple polygons of equal area are scissors congruent. 

Start with rectangles and triangles!



Scissors congruence
Triangles to rectangles… to other rectangles
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The Wallace–Bolyai–Gerwien theorem

Visualizing scissors congruence

http://dmsm.github.io/scissors-congruence/

http://dmsm.github.io/scissors-congruence/


Scissors congruence – Notes and open problems

Monsky’s Theorem (1970) 
A square can never be divided into an odd number 
of non-overlapping triangles of equal area.

Open Question #1 
Can Monsky’s Theorem be generalized for cubes of 
higher dimension?

Open Question #2 
Is it possible to bound from below the number of 
cuts required to show that two polygons have the 
same area?

https://en.wikipedia.org/wiki/Monsky%27s_theorem

https://rak.ac/files/papers/wallace-bolyai-gerwien.pdf

https://en.wikipedia.org/wiki/Monsky's_theorem
https://rak.ac/files/papers/wallace-bolyai-gerwien.pdf


Voronoi diagrams



Properties

A Voronoi diagram  divides 
the hyperplane based on which 
element of a discrete point set  is 
closest by some metric. 

How do the unbounded faces relate 
to the convex hull ? 

What if we wanted to divide based 
on which two points are closest?
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Higher orders

An th order Voronoi diagram of  
divides the hyperplane based on 
which  points of  are closest. 

Here: nd order Voronoi diagram. 

How can we compute this?
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Higher orders

An th order Voronoi diagram of  
divides the hyperplane based on 
which  points of  are closest. 

Here: st order Voronoi diagram. 

How can we compute this? 

… using .
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Farthest-point, th order(n − 1)

An th order Voronoi 
diagram divides the hyperplane 
based on which element of a 
discrete point set  is farthest by 
some metric. 

Can you think of some relation to 
the convex hull ?
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An th order Voronoi 
diagram divides the hyperplane 
based on which element of a 
discrete point set  is farthest by 
some metric. 

All cells are unbounded, i.e., the 
dual graph is a tree. A point  
has a non-empty Voronoi region 
exactly if it lies on the boundary of 
the convex hull .

(n − 1)

P

p ∈ P

conv(P)

Voronoi diagrams
Farthest-point, th order(n − 1)



Farthest-point Voronoi diagrams
Properties of edges and vertices



Farthest-point Voronoi diagrams
Properties of edges and vertices

Edges are equidistant to two 
sites, closer to all others.

Vertices are equidistant to at least 
three sites, closer to all others.



Degenerate cases: Collinearity
What if all points lie on a line?

st1 nd2 rd3 th4 th5



Enclosing disks



In general position (no four points on a common circle this time)! 

Given: Points  in the 
plane, in general position. 

Wanted: An enclosing disk  of 
minimal radius . 

Can you characterise  based on ? 

Can you think of a fast approximation 
method? Which factor can you achieve?

P := p1, …, pn
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A -approximation2

Given: Points  in the 
plane, in general position. 

Idea: Compute in  an axis-
aligned bounding box via  
and  coordinates, use
the smallest enclosing disk. 

The diameter of this disk is larger than 
, which bounds the 

diameter of any enclosing disk from 

below, by a factor of no more than .

P := p1, …, pn

𝒪(n)
min

max

max{δx, δy}

2

Smallest enclosing disk


