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Theorem 2.35:   Computing the     vertices of the convex hull can be done in                 . 

Introduction

Task:
Given: Set of n points in Rd

<latexit sha1_base64="KkE2r8HbKl2ezfXvllZOspe6uT0="></latexit><latexit sha1_base64="KkE2r8HbKl2ezfXvllZOspe6uT0="></latexit><latexit sha1_base64="KkE2r8HbKl2ezfXvllZOspe6uT0="></latexit><latexit sha1_base64="KkE2r8HbKl2ezfXvllZOspe6uT0="></latexit>

Wanted: Smallest enclosing convex object

Intuition in     :R2
<latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit><latexit sha1_base64="m1SxVjH4nAdt4vncMUuU5ZF2yQY="></latexit>

Draw points on a wooden board.
Put in nails at points.

Let a rubber band snap to the nails.

Theorem 2.18:   Computing the convex hull takes                  .⌦(n log n)
<latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit>

k
<latexit sha1_base64="NlnReWEYRALanUogT0yP15wGEpM="></latexit><latexit sha1_base64="NlnReWEYRALanUogT0yP15wGEpM="></latexit><latexit sha1_base64="NlnReWEYRALanUogT0yP15wGEpM="></latexit><latexit sha1_base64="NlnReWEYRALanUogT0yP15wGEpM="></latexit> ⌦(n log k)

<latexit sha1_base64="YyJG1TrY7L+Wuzj0wK7u6kWVCZ4="></latexit><latexit sha1_base64="YyJG1TrY7L+Wuzj0wK7u6kWVCZ4="></latexit><latexit sha1_base64="YyJG1TrY7L+Wuzj0wK7u6kWVCZ4="></latexit><latexit sha1_base64="YyJG1TrY7L+Wuzj0wK7u6kWVCZ4="></latexit>
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Superhero!
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Definition - I

Definition 2.1
For p, q 2 Rd

<latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit><latexit sha1_base64="rxlzvfLMgdvHHLfKLT8VJktNNZE="></latexit>

: pq := {x 2 Rd | 9↵,� 2 R,↵,� � 0,↵+ � = 1, x = ↵p+ �q}
<latexit sha1_base64="fzBljIEKLneOibeYhr0xHWHCJL4="></latexit><latexit sha1_base64="fzBljIEKLneOibeYhr0xHWHCJL4="></latexit><latexit sha1_base64="fzBljIEKLneOibeYhr0xHWHCJL4="></latexit><latexit sha1_base64="fzBljIEKLneOibeYhr0xHWHCJL4="></latexit>

Definition 2.2
For                                 point             is a convex combination of                       , if{p0, . . . , pn�1} ⇢ Rd

<latexit sha1_base64="Hb7PgJ0WajOmd8XsibDnBQV5xVE="></latexit><latexit sha1_base64="Hb7PgJ0WajOmd8XsibDnBQV5xVE="></latexit><latexit sha1_base64="Hb7PgJ0WajOmd8XsibDnBQV5xVE="></latexit><latexit sha1_base64="Hb7PgJ0WajOmd8XsibDnBQV5xVE="></latexit>

x 2 Rd
<latexit sha1_base64="/qUMRMD2LnJQqdtSvdRfYtzVK3k="></latexit><latexit sha1_base64="/qUMRMD2LnJQqdtSvdRfYtzVK3k="></latexit><latexit sha1_base64="/qUMRMD2LnJQqdtSvdRfYtzVK3k="></latexit><latexit sha1_base64="/qUMRMD2LnJQqdtSvdRfYtzVK3k="></latexit>

{p0, . . . , pn�1}
<latexit sha1_base64="6v9726xBXuM2HILnbRfpiRTWGbk="></latexit><latexit sha1_base64="6v9726xBXuM2HILnbRfpiRTWGbk="></latexit><latexit sha1_base64="6v9726xBXuM2HILnbRfpiRTWGbk="></latexit><latexit sha1_base64="6v9726xBXuM2HILnbRfpiRTWGbk="></latexit>

with  1.

nX

i=0

↵i = 1
<latexit sha1_base64="RvqSBdk3PxNiJSL4+5JVJW+uXUo="></latexit><latexit sha1_base64="RvqSBdk3PxNiJSL4+5JVJW+uXUo="></latexit><latexit sha1_base64="RvqSBdk3PxNiJSL4+5JVJW+uXUo="></latexit><latexit sha1_base64="RvqSBdk3PxNiJSL4+5JVJW+uXUo="></latexit>

nX

i=0

↵ipi = x
<latexit sha1_base64="yRQIPXExJNURCDNd0gIx1pKsoRc="></latexit><latexit sha1_base64="yRQIPXExJNURCDNd0gIx1pKsoRc="></latexit><latexit sha1_base64="yRQIPXExJNURCDNd0gIx1pKsoRc="></latexit><latexit sha1_base64="yRQIPXExJNURCDNd0gIx1pKsoRc="></latexit>

2.

pq = {x | x Konvexkombination von {p, q}}
<latexit sha1_base64="bAhPqtYANztCFPACSykFILKWibc="></latexit><latexit sha1_base64="bAhPqtYANztCFPACSykFILKWibc="></latexit><latexit sha1_base64="bAhPqtYANztCFPACSykFILKWibc="></latexit><latexit sha1_base64="bAhPqtYANztCFPACSykFILKWibc="></latexit>

4(p, q, r) = {x | x Konvexkombination von {p, q, r}}
<latexit sha1_base64="GaX4l7VaTbm5f4RQ7oj8m8dfNw8="></latexit><latexit sha1_base64="GaX4l7VaTbm5f4RQ7oj8m8dfNw8="></latexit><latexit sha1_base64="GaX4l7VaTbm5f4RQ7oj8m8dfNw8="></latexit><latexit sha1_base64="GaX4l7VaTbm5f4RQ7oj8m8dfNw8="></latexit>

9↵0, . . . ,↵n�1 2 [0, 1]
<latexit sha1_base64="HK2YMjBnS7bftY2K7CSIRaBAUVM="></latexit><latexit sha1_base64="HK2YMjBnS7bftY2K7CSIRaBAUVM="></latexit><latexit sha1_base64="HK2YMjBnS7bftY2K7CSIRaBAUVM="></latexit><latexit sha1_base64="HK2YMjBnS7bftY2K7CSIRaBAUVM="></latexit>
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union of all                   with                   .

Union of all convex combinations with at most             points in

Definition - II

Definition 2.3
Convex hull                   of                                    :conv(P)

<latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit>

P := {p0, . . . , pn�1}
<latexit sha1_base64="928z546M8CPGyoUDVfX+cKhSGeI="></latexit><latexit sha1_base64="928z546M8CPGyoUDVfX+cKhSGeI="></latexit><latexit sha1_base64="928z546M8CPGyoUDVfX+cKhSGeI="></latexit><latexit sha1_base64="928z546M8CPGyoUDVfX+cKhSGeI="></latexit>

conv(P) := {x 2 Rd | x Konvexkombination von P}
<latexit sha1_base64="m0b6v7oLww3a9Uq+jMfgRlAX/xc="></latexit><latexit sha1_base64="m0b6v7oLww3a9Uq+jMfgRlAX/xc="></latexit><latexit sha1_base64="m0b6v7oLww3a9Uq+jMfgRlAX/xc="></latexit><latexit sha1_base64="m0b6v7oLww3a9Uq+jMfgRlAX/xc="></latexit>

Theorem  2.4 (Carathéodory)
conv(P) =

<latexit sha1_base64="dSGyeZ25NISJpDPDzC1EkotkUhA=">AAAC33ichVFLS8NAEJ7GV1tf9XHzEiyCXkoigr0IBR94ESrYVlCRzbrWpZsHybZQS8/exKs3r/qP9Ld48MuaCirihM3MfjPz7Ty8SMlEO85rzhobn5icyheK0zOzc/OlhcVmEnZjLho8VGF86rFEKBmIhpZaidMoFsz3lGh5nd3U3+qJOJFhcKL7kbjwWTuQ15IzDeiytMzDoLd+7jN9w5ka1Icb9o59WSo7FceI/dtwM6NMmd TD0hud0xWFxKlLPgkKSMNWxCjBd0YuORQBu6ABsBiWNH5BQyoit4sogQgGtIN/G7ezDA1wTzkTk83xisKJkWnTGs6BYfQQnb4qYCfQ7zi3Bmv/+cLAMKcV9qE9MBYM4xFwTTeI+C/TzyJHtfyfmXal6ZqqphuJ+iKDpH3yL549eGJgHeOxad9EtsHhmXsPEwigG6ggnfKIwTYdX0Ezo4VhCTJGBr4YOp0+6sGa3Z9L/W00NyuuU3GPt8q1arbwPK3QKq1jq9tUo0Oqow6OaT/RM71YzLqz7q2Hz1Arl+Us0TexHj8AZfuWeA==</latexit><latexit sha1_base64="dSGyeZ25NISJpDPDzC1EkotkUhA=">AAAC33ichVFLS8NAEJ7GV1tf9XHzEiyCXkoigr0IBR94ESrYVlCRzbrWpZsHybZQS8/exKs3r/qP9Ld48MuaCirihM3MfjPz7Ty8SMlEO85rzhobn5icyheK0zOzc/OlhcVmEnZjLho8VGF86rFEKBmIhpZaidMoFsz3lGh5nd3U3+qJOJFhcKL7kbjwWTuQ15IzDeiytMzDoLd+7jN9w5ka1Icb9o59WSo7FceI/dtwM6NMmd TD0hud0xWFxKlLPgkKSMNWxCjBd0YuORQBu6ABsBiWNH5BQyoit4sogQgGtIN/G7ezDA1wTzkTk83xisKJkWnTGs6BYfQQnb4qYCfQ7zi3Bmv/+cLAMKcV9qE9MBYM4xFwTTeI+C/TzyJHtfyfmXal6ZqqphuJ+iKDpH3yL549eGJgHeOxad9EtsHhmXsPEwigG6ggnfKIwTYdX0Ezo4VhCTJGBr4YOp0+6sGa3Z9L/W00NyuuU3GPt8q1arbwPK3QKq1jq9tUo0Oqow6OaT/RM71YzLqz7q2Hz1Arl+Us0TexHj8AZfuWeA==</latexit><latexit sha1_base64="dSGyeZ25NISJpDPDzC1EkotkUhA=">AAAC33ichVFLS8NAEJ7GV1tf9XHzEiyCXkoigr0IBR94ESrYVlCRzbrWpZsHybZQS8/exKs3r/qP9Ld48MuaCirihM3MfjPz7Ty8SMlEO85rzhobn5icyheK0zOzc/OlhcVmEnZjLho8VGF86rFEKBmIhpZaidMoFsz3lGh5nd3U3+qJOJFhcKL7kbjwWTuQ15IzDeiytMzDoLd+7jN9w5ka1Icb9o59WSo7FceI/dtwM6NMmd TD0hud0xWFxKlLPgkKSMNWxCjBd0YuORQBu6ABsBiWNH5BQyoit4sogQgGtIN/G7ezDA1wTzkTk83xisKJkWnTGs6BYfQQnb4qYCfQ7zi3Bmv/+cLAMKcV9qE9MBYM4xFwTTeI+C/TzyJHtfyfmXal6ZqqphuJ+iKDpH3yL549eGJgHeOxad9EtsHhmXsPEwigG6ggnfKIwTYdX0Ezo4VhCTJGBr4YOp0+6sGa3Z9L/W00NyuuU3GPt8q1arbwPK3QKq1jq9tUo0Oqow6OaT/RM71YzLqz7q2Hz1Arl+Us0TexHj8AZfuWeA==</latexit><latexit sha1_base64="dSGyeZ25NISJpDPDzC1EkotkUhA=">AAAC33ichVFLS8NAEJ7GV1tf9XHzEiyCXkoigr0IBR94ESrYVlCRzbrWpZsHybZQS8/exKs3r/qP9Ld48MuaCirihM3MfjPz7Ty8SMlEO85rzhobn5icyheK0zOzc/OlhcVmEnZjLho8VGF86rFEKBmIhpZaidMoFsz3lGh5nd3U3+qJOJFhcKL7kbjwWTuQ15IzDeiytMzDoLd+7jN9w5ka1Icb9o59WSo7FceI/dtwM6NMmd TD0hud0xWFxKlLPgkKSMNWxCjBd0YuORQBu6ABsBiWNH5BQyoit4sogQgGtIN/G7ezDA1wTzkTk83xisKJkWnTGs6BYfQQnb4qYCfQ7zi3Bmv/+cLAMKcV9qE9MBYM4xFwTTeI+C/TzyJHtfyfmXal6ZqqphuJ+iKDpH3yL549eGJgHeOxad9EtsHhmXsPEwigG6ggnfKIwTYdX0Ezo4VhCTJGBr4YOp0+6sGa3Z9L/W00NyuuU3GPt8q1arbwPK3QKq1jq9tUo0Oqow6OaT/RM71YzLqz7q2Hz1Arl+Us0TexHj8AZfuWeA==</latexit>

(d+ 1)
<latexit sha1_base64="+/Qzx+eJ7d/S+fA48JT7k0aKL5k="></latexit><latexit sha1_base64="+/Qzx+eJ7d/S+fA48JT7k0aKL5k="></latexit><latexit sha1_base64="+/Qzx+eJ7d/S+fA48JT7k0aKL5k="></latexit><latexit sha1_base64="+/Qzx+eJ7d/S+fA48JT7k0aKL5k="></latexit>

P
<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Corollary 2.5
P ⇢ R2

<latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit>

) conv(P)
<latexit sha1_base64="sEnDAImhkoWx0Y4sp/cL8flngRQ="></latexit><latexit sha1_base64="sEnDAImhkoWx0Y4sp/cL8flngRQ="></latexit><latexit sha1_base64="sEnDAImhkoWx0Y4sp/cL8flngRQ="></latexit><latexit sha1_base64="sEnDAImhkoWx0Y4sp/cL8flngRQ="></latexit>

4(p, q, r)
<latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit>

p, q, r 2 P
<latexit sha1_base64="yItk3pyTgYEDGaMET+m5MUkG24c="></latexit><latexit sha1_base64="yItk3pyTgYEDGaMET+m5MUkG24c="></latexit><latexit sha1_base64="yItk3pyTgYEDGaMET+m5MUkG24c="></latexit><latexit sha1_base64="yItk3pyTgYEDGaMET+m5MUkG24c="></latexit>

6

 convex combination of   



d = 2
<latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit> @ konvexes Polygon P : P ✓ P ( conv(P)

<latexit sha1_base64="BV9JNYBVdc7JT1us0HqATEoAf9E="></latexit>

2.  For          :  convex polygon   

3.  For          :                    conv. polygon     with minimal circumference (area) with

Alternative Definitions

Lemma 2.6
The following definitions are equivalent to Definition 2.3.

1. conv(P) :=
\

P�P,P konvex

P

<latexit sha1_base64="zJTPzhJCo4pHwz1nGBB0aGN7Uw4="></latexit><latexit sha1_base64="zJTPzhJCo4pHwz1nGBB0aGN7Uw4="></latexit><latexit sha1_base64="zJTPzhJCo4pHwz1nGBB0aGN7Uw4="></latexit><latexit sha1_base64="zJTPzhJCo4pHwz1nGBB0aGN7Uw4="></latexit>

d = 2
<latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit><latexit sha1_base64="btsmNavEjt1LgPuQ4ND1YffbxfA="></latexit>

conv(P) :=
<latexit sha1_base64="9xj4kE9vc1miGLzHit1R1Gwlq7A="></latexit><latexit sha1_base64="9xj4kE9vc1miGLzHit1R1Gwlq7A="></latexit><latexit sha1_base64="9xj4kE9vc1miGLzHit1R1Gwlq7A="></latexit><latexit sha1_base64="9xj4kE9vc1miGLzHit1R1Gwlq7A="></latexit>

P
<latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit>

P ⇢ P
<latexit sha1_base64="pGHEatL+LylyAcE+wDaVvIh1tqw="></latexit><latexit sha1_base64="pGHEatL+LylyAcE+wDaVvIh1tqw="></latexit><latexit sha1_base64="pGHEatL+LylyAcE+wDaVvIh1tqw="></latexit><latexit sha1_base64="pGHEatL+LylyAcE+wDaVvIh1tqw="></latexit>
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Computing the Convex Hull - I

From now on P ⇢ R2
<latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit><latexit sha1_base64="f88hXNr7la7Kpn3/tH0fm1n9+Fk="></latexit>

First Approach: Find vertices of                by eliminationconv(P)
<latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit>

Negation of Corollary 2.5:

= non-trivial convex combination of               .pi, pj , pk
<latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit><latexit sha1_base64="H4jyoCFPqN+58kZLxVAC2Uz5vFc="></latexit>

Algorithm 2.7

x
<latexit sha1_base64="3N1fKOYDhpb67GHShUxhrSLIGBE="></latexit><latexit sha1_base64="3N1fKOYDhpb67GHShUxhrSLIGBE="></latexit><latexit sha1_base64="3N1fKOYDhpb67GHShUxhrSLIGBE="></latexit><latexit sha1_base64="3N1fKOYDhpb67GHShUxhrSLIGBE="></latexit> not vertex of conv(P)

<latexit sha1_base64="uuIFcVKcyVc4R+JzUFpXu1x1xsw="></latexit><latexit sha1_base64="uuIFcVKcyVc4R+JzUFpXu1x1xsw="></latexit><latexit sha1_base64="uuIFcVKcyVc4R+JzUFpXu1x1xsw="></latexit><latexit sha1_base64="uuIFcVKcyVc4R+JzUFpXu1x1xsw="></latexit>

, <latexit sha1_base64="e+TlU+bj0JgfqWRRIpAGStqbMrg="></latexit><latexit sha1_base64="e+TlU+bj0JgfqWRRIpAGStqbMrg="></latexit><latexit sha1_base64="e+TlU+bj0JgfqWRRIpAGStqbMrg="></latexit><latexit sha1_base64="e+TlU+bj0JgfqWRRIpAGStqbMrg="></latexit>

9pi, pj , pk 2 P : x
<latexit sha1_base64="uFeSccHZ+k0iMj5TOMgd5Af8qrM="></latexit><latexit sha1_base64="uFeSccHZ+k0iMj5TOMgd5Af8qrM="></latexit><latexit sha1_base64="uFeSccHZ+k0iMj5TOMgd5Af8qrM="></latexit><latexit sha1_base64="uFeSccHZ+k0iMj5TOMgd5Af8qrM="></latexit>
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all points in
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is unmarked };



Polar angle wrt    -minimal point in    .

Per triangle:          further points

Analysis of Algorithm 2.7:✓
n

3

◆
2 ⇥(n3)

<latexit sha1_base64="SIo5kcm5SP6cjul/hCYjLkvbisc="></latexit><latexit sha1_base64="SIo5kcm5SP6cjul/hCYjLkvbisc="></latexit><latexit sha1_base64="SIo5kcm5SP6cjul/hCYjLkvbisc="></latexit><latexit sha1_base64="SIo5kcm5SP6cjul/hCYjLkvbisc="></latexit>

triangles

⇥(n)
<latexit sha1_base64="XBrnqMhWKsBRyw8jLAcg1aGAf7k="></latexit><latexit sha1_base64="XBrnqMhWKsBRyw8jLAcg1aGAf7k="></latexit><latexit sha1_base64="XBrnqMhWKsBRyw8jLAcg1aGAf7k="></latexit><latexit sha1_base64="XBrnqMhWKsBRyw8jLAcg1aGAf7k="></latexit>

Sort         verticesO(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

Total runtime: O(n4 + n log n) = O(n4)
<latexit sha1_base64="VUIn20iu6unURVRYBMHkAhDpaNs="></latexit><latexit sha1_base64="VUIn20iu6unURVRYBMHkAhDpaNs="></latexit><latexit sha1_base64="VUIn20iu6unURVRYBMHkAhDpaNs="></latexit><latexit sha1_base64="VUIn20iu6unURVRYBMHkAhDpaNs="></latexit>

Sorting criterion:
CCW on               .conv(P)

<latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit><latexit sha1_base64="/t2piO7DmyR6/3l5puvtBu2rEKE="></latexit>

y
<latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit><latexit sha1_base64="Rqv1OJ0HvPtRkW9A+oXCoJj0LPc="></latexit>

P
<latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit><latexit sha1_base64="RkngBNwRhou9HPVXRo/8VhiVPHU="></latexit>

Issue: Do we need trigonometry? 0

1

2

34

5
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Choose the „y-minimal“ point by lexicographic order: 

(p.x, p.y) x (q.x, q.y) :, ((p.x < q.x) _ ((p.x = q.x) ^ (p.y  q.y)))
<latexit sha1_base64="W+ZQ/e6/U+2/hg5ZTyvQUqod/3g="></latexit><latexit sha1_base64="W+ZQ/e6/U+2/hg5ZTyvQUqod/3g="></latexit><latexit sha1_base64="W+ZQ/e6/U+2/hg5ZTyvQUqod/3g="></latexit><latexit sha1_base64="W+ZQ/e6/U+2/hg5ZTyvQUqod/3g="></latexit>

x
<latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit><latexit sha1_base64="2SGrCujzIsWRDIDKK/zaKeEFmQo="></latexit>Analogously: by   -coordinate

Lexicographic Order

Lexicographic order

(p.x, p.y) y (q.x, q.y) :, ((p.y < q.y) _ ((p.y = q.y) ^ (p.x  q.x)))
<latexit sha1_base64="JbHCSoJ7HNEaEN7qlBhvDnyaCNs="></latexit><latexit sha1_base64="JbHCSoJ7HNEaEN7qlBhvDnyaCNs="></latexit><latexit sha1_base64="JbHCSoJ7HNEaEN7qlBhvDnyaCNs="></latexit><latexit sha1_base64="JbHCSoJ7HNEaEN7qlBhvDnyaCNs="></latexit>

10
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Sufficient: pairwise

comparion of points s, q

<latexit sha1_base64="Q1Oa3POyZ72vMWqdsMorvVBvvIE="></latexit><latexit sha1_base64="Q1Oa3POyZ72vMWqdsMorvVBvvIE="></latexit><latexit sha1_base64="Q1Oa3POyZ72vMWqdsMorvVBvvIE="></latexit><latexit sha1_base64="Q1Oa3POyZ72vMWqdsMorvVBvvIE="></latexit>

Sorting by Polar Coordinates

Observation:

Goal: CCW order

Sort by polar angle.

Check relative position

of        wrt pmins

<latexit sha1_base64="SpfmFhZ/ntpFXs2lnMOY8jfhMmI="></latexit><latexit sha1_base64="SpfmFhZ/ntpFXs2lnMOY8jfhMmI="></latexit><latexit sha1_base64="SpfmFhZ/ntpFXs2lnMOY8jfhMmI="></latexit><latexit sha1_base64="SpfmFhZ/ntpFXs2lnMOY8jfhMmI="></latexit>

q
<latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit><latexit sha1_base64="4MrocAr/eDmdtExPcn90YTM/HZI="></latexit>

4

5

s

pmin

r

q

s < q?

Consequence:

Predicate: a  b :, ((a = pmin) _ (a = b) _ (leftTurn(pmin, a, b) = true))
<latexit sha1_base64="s+REezyvOxfhdk13EsTV9ewAvqM="></latexit><latexit sha1_base64="s+REezyvOxfhdk13EsTV9ewAvqM="></latexit><latexit sha1_base64="s+REezyvOxfhdk13EsTV9ewAvqM="></latexit><latexit sha1_base64="s+REezyvOxfhdk13EsTV9ewAvqM="></latexit>
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Review: Sorting
Algorithms and Data Structures 1

Various algorithmic paradigms

Sorting algorithms:

Incremental methods:
- Bubble Sort, Selection Sort, Insertion Sort

Divide-and-conquer methods:
- Quicksort, Mergesort

Methods based on data structures:
- Heapsort, sorting by AVL tree

Other methods:
- Bucket Sort, Shellsort, …

13



Incremental Methods

Difference: Selection Sort <-> Insertion Sort
Selection Sort: Search in unsorted part of array
Insertion Sort: Search in  sorted part of array

1 2 3 4 7 8 6 5 2 3 5 7 1 8 6 4

Selection Sort Insertion Sort

i
<latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit>

i
<latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit><latexit sha1_base64="pB9dZ5tou9fzh6IybjMAHPE03Ro="></latexit>

minindex insert

Approach:
Selection Sort: Find next element for extending the order
Insertion Sort: Insert next element, such that sequence remains sorted

14



Divide-and-Conquer

Split (Quicksort) or combine (Mergesort)

7 5 3 2 1 8 6 4

3 2 1 4 7 8 6 5

3 2 1

1 2 3

2 3

2 3

7 8 6 5

5 8 6 7

8 6 7

6 7 8

Quicksort

7 5 3 2 1 8 6 4

7 5 3 2 1 8 6 4

7 5 3 2 1 8 6 4

7 5 2 3 1 8 6 4

5 7 2 3 1 8 4 6

2 3 5 7 1 4 6 8

1 2 3 4 5 6 7 8

Mergesort

15



Sorting Methods Based on Data Structures

16

„Algorithms and Data Structures“: AVL-tree



Sorting as a Lower Bound

17

Theorem 1.18:   Computing the convex hull takes                    

      in certain models of computation.

⌦(n log n)
<latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit>

Proof: Recall that comparison-based sorting takes                  . ⌦(n log n)
<latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit><latexit sha1_base64="LkrHsA1+7nHrBsIkiSwcYEuiaZ0="></latexit>

Consider a set of n numbers,                    . x1, . . . , xn

Map them to the points                                  .(x1, x
2
1) . . . , (xn, x

2
n)

The convex hull yields the sorted order of numbers.

3, 5, 1, 2, 4, 7, 6
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Thank you!


