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Computational Geometry:
„Dealing with geometric problem with methods of Computer Science“
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Michael Ian Shamos: Computational Geometry, Diss. Yale, 1987.
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Wanted: Partition into triangles
Given:    Polygonal floorplan

Example: Polygon triangulation

Computational Geometry Today

Status quo:
Polynomial-time algorithms for 2D problems

„Let P be a set of points in the plane …“
Trends:

Interaction with application fields
-> Potential: new challenges.

Geometric problems:
Easily stated
Easy to visualize
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Reminder:
Runtime as a function of „input size“ n

<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit>

Details:

n
<latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit><latexit sha1_base64="OZCZtFDMyWAxCWFwF/ooo8yhH/w="></latexit> „sufficiently large“

Input size: #basic components (points, lines, circles, …)

Runtime := #basic operations (comparing numbers, computing distances, ….)

Asymptotic bounds

Upper bound (Runtime of algorithms, complexity of objects, …).O(·) $
<latexit sha1_base64="m/t1YQY2FT1WRqTK7Y8YqHkW+aw="></latexit><latexit sha1_base64="m/t1YQY2FT1WRqTK7Y8YqHkW+aw="></latexit><latexit sha1_base64="m/t1YQY2FT1WRqTK7Y8YqHkW+aw="></latexit><latexit sha1_base64="m/t1YQY2FT1WRqTK7Y8YqHkW+aw="></latexit>

⌦(·) $
<latexit sha1_base64="4HTiQgWVDhOrmCo9rVCrfsDfYz4="></latexit><latexit sha1_base64="4HTiQgWVDhOrmCo9rVCrfsDfYz4="></latexit><latexit sha1_base64="4HTiQgWVDhOrmCo9rVCrfsDfYz4="></latexit><latexit sha1_base64="4HTiQgWVDhOrmCo9rVCrfsDfYz4="></latexit>

Lower bound (Solvability of problems, runtime of algorithms, …).
Master theorem
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Algorithmic Tools

Binary search in               , sorting inO(log n)
<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

O(n log n)
<latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit><latexit sha1_base64="Gon4nDmcMYrmwsqNcKQhbruHmKE="></latexit>

Median and Rank-k in O(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

AVL trees and priority queues

-                query timeO(log n)
<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

-                update timeO(log n)
<latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit><latexit sha1_base64="/ToSlLhJHc6DofFv7I4ulkuEzQI="></latexit>

-                memory consumptionO(n)
<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

Hashing
Perfect dynamic Hashing [Dietzfelbinger et al., 1994, Pagh und Rodler, 2004]
-                query time
-                expected update time
-                expected memory usageO(n)

<latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit><latexit sha1_base64="Ln2ty862FUYjFVlR0iJau/kKgLQ="></latexit>

O(1)
<latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit>

O(1)
<latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit><latexit sha1_base64="5bafyo5A8y7e1S9g3tzpQlYVe+w="></latexit>
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!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

p, q 2 R2
<latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit>

Point-line test:
Does point             lie on directed line through                ? r 2 R2

<latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit>

If not: Does it lie left or right of the line?

Observe:
A(4(p, q, r)) > 0 ,

<latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit>

p, q, r
<latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit>

oriented in counterclockwise (CCW) order

Point-line test  (I)

r

p

q

Oriented area      of 4(p, q, r)
<latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit><latexit sha1_base64="IvbbUsX/1iV3I4e7s5cNKkPgO28="></latexit>

A
<latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit>

A(4(p, q, r)) =
1

2

������

1 p.x p.y
1 q.x q.y
1 r.x r.y

������
<latexit sha1_base64="DiWjKxAn0b8ybMI2TUZ9tAFspzQ="></latexit><latexit sha1_base64="DiWjKxAn0b8ybMI2TUZ9tAFspzQ="></latexit><latexit sha1_base64="DiWjKxAn0b8ybMI2TUZ9tAFspzQ="></latexit><latexit sha1_base64="DiWjKxAn0b8ybMI2TUZ9tAFspzQ="></latexit>

r

p

q

14



A(4(p, q, r))

8
<

:

> 0
= 0
< 0

9
=

; , p, q, r

8
<

:

Linksknick bilden
kollinear sind

Rechtsknick bilden

9
=

;
<latexit sha1_base64="jhOE1+hW76dmGb8KVd8y0fguDY4="></latexit><latexit sha1_base64="jhOE1+hW76dmGb8KVd8y0fguDY4="></latexit><latexit sha1_base64="jhOE1+hW76dmGb8KVd8y0fguDY4="></latexit><latexit sha1_base64="jhOE1+hW76dmGb8KVd8y0fguDY4="></latexit>

Three predicates:
collinear : R2 ⇥ R2 ⇥ R2 ! B

<latexit sha1_base64="DARtIWzY59EEBwnCKpkX5UuEggQ="></latexit><latexit sha1_base64="DARtIWzY59EEBwnCKpkX5UuEggQ="></latexit><latexit sha1_base64="DARtIWzY59EEBwnCKpkX5UuEggQ="></latexit><latexit sha1_base64="DARtIWzY59EEBwnCKpkX5UuEggQ="></latexit>

(p, q, r) 7! (A(4(p, q, r)) = 0)
<latexit sha1_base64="yJx0+5WEe2Are3ZW+hpsE/wcukE="></latexit><latexit sha1_base64="yJx0+5WEe2Are3ZW+hpsE/wcukE="></latexit><latexit sha1_base64="yJx0+5WEe2Are3ZW+hpsE/wcukE="></latexit><latexit sha1_base64="yJx0+5WEe2Are3ZW+hpsE/wcukE="></latexit>

(p, q, r) 7! (A(4(p, q, r)) > 0)
<latexit sha1_base64="JCMTnahRof7d8JnQwj1Sc03lSk8="></latexit><latexit sha1_base64="JCMTnahRof7d8JnQwj1Sc03lSk8="></latexit><latexit sha1_base64="JCMTnahRof7d8JnQwj1Sc03lSk8="></latexit><latexit sha1_base64="JCMTnahRof7d8JnQwj1Sc03lSk8="></latexit>

leftTurn : R2 ⇥ R2 ⇥ R2 ! B
<latexit sha1_base64="x7NWrjf5UMZaH7xytKM+TfKrkek="></latexit><latexit sha1_base64="x7NWrjf5UMZaH7xytKM+TfKrkek="></latexit><latexit sha1_base64="x7NWrjf5UMZaH7xytKM+TfKrkek="></latexit><latexit sha1_base64="x7NWrjf5UMZaH7xytKM+TfKrkek="></latexit>

(p, q, r) 7! (A(4(p, q, r)) < 0)
<latexit sha1_base64="5vNpzA3UqKi1zB76F1q5+vR7ufE="></latexit><latexit sha1_base64="5vNpzA3UqKi1zB76F1q5+vR7ufE="></latexit><latexit sha1_base64="5vNpzA3UqKi1zB76F1q5+vR7ufE="></latexit><latexit sha1_base64="5vNpzA3UqKi1zB76F1q5+vR7ufE="></latexit>

rightTurn : R2 ⇥ R2 ⇥ R2 ! B
<latexit sha1_base64="KQBUVDixiaQn5nQ77R45ikOgxUo="></latexit><latexit sha1_base64="KQBUVDixiaQn5nQ77R45ikOgxUo="></latexit><latexit sha1_base64="KQBUVDixiaQn5nQ77R45ikOgxUo="></latexit><latexit sha1_base64="KQBUVDixiaQn5nQ77R45ikOgxUo="></latexit>

15

Observe:
A(4(p, q, r)) > 0 ,

<latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit><latexit sha1_base64="dnHso1W/iW9At8kmX5CqtuJ+06o="></latexit>

p, q, r
<latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit><latexit sha1_base64="TL9jG19vgcPBn+AH0xUZwSLyVLY="></latexit>

oriented in counterclockwise (CCW) order

p
q

r

p
q

r

p
q

r

  Left turn                                 
collinear

 Right turn                      

collinear

leftTurn      

rightTurn      

Point-line test (II)



!
<latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit><latexit sha1_base64="0bnvsZAYetQ8fjiaxRZK4oYrcFI="></latexit>

p, q 2 R2
<latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit><latexit sha1_base64="CzAaax1oHQdSWEpPRBqjRPQVl3Y="></latexit>

Point-line test:
Does point             lie on directed line through                ? r 2 R2

<latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit>

If not: Does it lie left or right of the line?

Does point              lie on (CCW) oriented circle? 

(induced by                    )          

r 2 R2
<latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit><latexit sha1_base64="vI7OOCD+Tc4HtCaVhjyueXukkTU="></latexit>

s, q, p 2 R2
<latexit sha1_base64="Ybac8uqmncvJzorX/y+q1fXtIY8="></latexit><latexit sha1_base64="Ybac8uqmncvJzorX/y+q1fXtIY8="></latexit><latexit sha1_base64="Ybac8uqmncvJzorX/y+q1fXtIY8="></latexit><latexit sha1_base64="Ybac8uqmncvJzorX/y+q1fXtIY8="></latexit>

s

p q

r

Geometric primitives

r

p

q

Intersection test (given pairs of segments, etc…)
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Frequent abbreviations and notation

Notation:

     :=  segment between       ab
<latexit sha1_base64="Qhlhg+yMUhJS68MqGTPDZD40Zys="></latexit><latexit sha1_base64="Qhlhg+yMUhJS68MqGTPDZD40Zys="></latexit><latexit sha1_base64="Qhlhg+yMUhJS68MqGTPDZD40Zys="></latexit><latexit sha1_base64="Qhlhg+yMUhJS68MqGTPDZD40Zys="></latexit>

a, b
<latexit sha1_base64="Jjpd25fR2zGde9ybpuFCPHptwMw="></latexit><latexit sha1_base64="Jjpd25fR2zGde9ybpuFCPHptwMw="></latexit><latexit sha1_base64="Jjpd25fR2zGde9ybpuFCPHptwMw="></latexit><latexit sha1_base64="Jjpd25fR2zGde9ybpuFCPHptwMw="></latexit>

Unless stated otherwise

Abbreviations:

# := cardinality (e.g., #vertices of a polygon)
w.l.o.g.: Without loss of generality

|A|
<latexit sha1_base64="TLi3PvSksjx0HfHlHULgS931Otk="></latexit><latexit sha1_base64="TLi3PvSksjx0HfHlHULgS931Otk="></latexit><latexit sha1_base64="TLi3PvSksjx0HfHlHULgS931Otk="></latexit><latexit sha1_base64="TLi3PvSksjx0HfHlHULgS931Otk="></latexit>

:= cardinality (but also, e.g.,          =  #vertices of polygon    )|P |
<latexit sha1_base64="Ig9sRfV/r01hRsSJ7yCvy3bfUKY="></latexit><latexit sha1_base64="Ig9sRfV/r01hRsSJ7yCvy3bfUKY="></latexit><latexit sha1_base64="Ig9sRfV/r01hRsSJ7yCvy3bfUKY="></latexit><latexit sha1_base64="Ig9sRfV/r01hRsSJ7yCvy3bfUKY="></latexit>

P
<latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit><latexit sha1_base64="lBASpbbEt3VU7S2BpsEUYnFA8Ik="></latexit>

:= Boundary of set@A
<latexit sha1_base64="NfcF//4oMu7wFvtAgunLWBcTHEo="></latexit><latexit sha1_base64="NfcF//4oMu7wFvtAgunLWBcTHEo="></latexit><latexit sha1_base64="NfcF//4oMu7wFvtAgunLWBcTHEo="></latexit><latexit sha1_base64="NfcF//4oMu7wFvtAgunLWBcTHEo="></latexit>

A
<latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit>

:= Interior of set A
<latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit><latexit sha1_base64="HRu2t5t0efgPE5rk5OjOYKesuKs="></latexit>A�

<latexit sha1_base64="AL6DSuJtT9MhmuG5FwioBFh/QWo="></latexit><latexit sha1_base64="AL6DSuJtT9MhmuG5FwioBFh/QWo="></latexit><latexit sha1_base64="AL6DSuJtT9MhmuG5FwioBFh/QWo="></latexit><latexit sha1_base64="AL6DSuJtT9MhmuG5FwioBFh/QWo="></latexit>

18



Further definitions

Path connectivity:
A ⇢ Rd

<latexit sha1_base64="DRpLXzyZ2ChfjFRnFsbMn1LxHNc="></latexit><latexit sha1_base64="DRpLXzyZ2ChfjFRnFsbMn1LxHNc="></latexit><latexit sha1_base64="DRpLXzyZ2ChfjFRnFsbMn1LxHNc="></latexit><latexit sha1_base64="DRpLXzyZ2ChfjFRnFsbMn1LxHNc="></latexit>

(path-) connected 
:,

<latexit sha1_base64="p86Ls3fvvpieLCpHphV6pF7AO0M="></latexit><latexit sha1_base64="p86Ls3fvvpieLCpHphV6pF7AO0M="></latexit><latexit sha1_base64="p86Ls3fvvpieLCpHphV6pF7AO0M="></latexit><latexit sha1_base64="p86Ls3fvvpieLCpHphV6pF7AO0M="></latexit>

8a, b 2 A : 9
<latexit sha1_base64="vdkjWRqIDlTrNvpk9Ddnwcaj1m0="></latexit><latexit sha1_base64="vdkjWRqIDlTrNvpk9Ddnwcaj1m0="></latexit><latexit sha1_base64="vdkjWRqIDlTrNvpk9Ddnwcaj1m0="></latexit><latexit sha1_base64="vdkjWRqIDlTrNvpk9Ddnwcaj1m0="></latexit>

continuous curve                    � : [0, 1] ! A
<latexit sha1_base64="rBB4ondfm0ifsbUxu/0VMdVJA1A="></latexit><latexit sha1_base64="rBB4ondfm0ifsbUxu/0VMdVJA1A="></latexit><latexit sha1_base64="rBB4ondfm0ifsbUxu/0VMdVJA1A="></latexit><latexit sha1_base64="rBB4ondfm0ifsbUxu/0VMdVJA1A="></latexit>

with                             .�(0) = a, �(1) = b
<latexit sha1_base64="iZO4WGyANoa2/zVprNsezwuVz2Y="></latexit><latexit sha1_base64="iZO4WGyANoa2/zVprNsezwuVz2Y="></latexit><latexit sha1_base64="iZO4WGyANoa2/zVprNsezwuVz2Y="></latexit><latexit sha1_base64="iZO4WGyANoa2/zVprNsezwuVz2Y="></latexit>

a

b

�
A
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